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ABSTRACT. It is shown that the Eisenbud—Wigner relation for time-delay holds for potentials
H?) that are O(r~ 3/2=¢) at oo, This improves previous results in which ¥ was required to be
0r~*=¢) and O(r~3~*), respectively.

| INTRODUCTION

I Martin [1] and Amrein, Jauch, and Sinha [2] the relation between time-delay and the S-matrix
(the socalled Eisenbud—Wigner relation) was derived under certain hypotheses which in the context
o potential scattering amounted to assuming that the potential ¥ is spherically symmetric and
0r~4¢) ¢ >0, at r - o, In Jauch, Sinha, and Misra [3] and Martin and Misra [4] a time-
idependent method, utilizing a trace class condition, was employed, and although no spherical
ifmmetry was assumed, the relevant decrease of V{(r) at infinity was O(r~3~¢). In this note we

thow by the time- dependent method that it s sufficient that ¥(r) be O(~*/*~*) at infinity, thus
bridging the gap between the ranges of validity of [1, 2] and [3, 4]. Probably a sharp condition for
M1)is O(~2~€) if one can avoid a time dependent expression for the derivative of SX) via Fourier
Iansform,

Recently Tee [5] investigated a sharpening of the approach of [1}. It may be seen that the
“proach of [4], with some modification, may be pushed through to obtain the Eisenbud—Wigner
Wation for ¥ that are O~ 3~*). Our approach is simpler and follows that of [2].

For earlier work on time-delay see Jauch and Marchand [6) and Smith [7]. For the existence
° welghted time-delay operator for ¥ which are, roughly, @¢~3~¢)in R* but without
“Mection to the S-matrix see Lavine [8]. For recent work on & time-delay operator as a dressed
h"'“ in the context of hyperbalio equations, see Lax and Phillips [9] and Amrein and Wollenberg

10], Ror original papers on the Eisenbud—Wigner relation, which states that

TN = —is*(\) dSQ)/dA
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where 7(7) is the mean time-delay (sometimes called the “sojourn time’) of a particle under
interaction as compared 1o a free particle, and where S(A) is the S-matrix at energy ), see
Eisenbud [11] and Wigner [12].

2. THE MAIN RESULT

Let (H, H,) be a simple scattering system for which Q, =3 — lim e/ ¢~ o oxist a5 ¢ - 400
and are asymptotically complete (see [2]). Then S = Q2 _ is unitary and [S, Hy] =0 so that in
the spectral representation of Hp, § = {S(A)}. Time-delay in such a setting is defined for a particle
initially in a scattered state f to be

oo

AT() = lim (\F,VQ_f1? - IFU 1) dt )]

whenever the limit exists. In (1) we have written ¥, =e~'H? U, =e~Ho! F = multiplication
by the characteristic function of the r-ball in R*, and f € 4 «(Hp), the latter usually comprising
all of = L*(R*). For convenience let us utilize the conditions of Propositions (7.11) and (7.14)
of [2) which are abstract versions of the time-delay approach of [1]. From these one may assert
that if (@) IF, U} and §F,USf 1 are integrable on 0 < t < o for each 0 < € <o and

®) WV, Q_ - U)flis integrable on —0 < ¢ <0 and b(V, Q_ - US)f kis integrable on

0 <t <o, then the limit in (1) exists and moreover

a0

AT() = lim (SU, [F,. S]U,f dt. @
==Y

We now assume furthermore that H, has spectrum [0, %), S is a function of H, and that
FE€mu(Hy) C 3H,(Ho) with compact support in [0, %). Fora p € C5(0, =) such that
P(Ho)f = f, we set S,(A) = S(A)p(A) and denote by its S, Fourier transform. If § is such that
S L§,,(1)I(] + Ir1) dr <, then one obtains, as in [2], the Eisenbud—Wigner relation:

AT(f) = —i(f, S* dS/dHo ). )}

In [2], the assumption that § is C* was used to verify all the integrability conditions. In
Theorem 1 we show that some of the integrability conditions are consequences of the rest.
First we recall a lemma, the proof of which is a simple application of functional calculus and
Fubini’s theorem.

LEMMA. Let ¢ be such that its Fourier transform is integrable. Then o(Hy) =
(20)" S §r)US & o

THEOREM 1. Let S be a function of Hy, f of compact support in (0, =) in the spectral
representation of Hy,. Assume moreover that [~ JME,U Sl dt <eoforall 0 <r <<,

382



I - Uy dtI <, and that [IS,()I(1 + I71) dr < co. Then () and (B) above are

wtisfled and one obtains the Eisenbud—Wigner formula (3). O
Proof. We need to verify that the other half of (a) and (8) follows from the first half,

For (o) we have

VF.US(Ho)N = VFUS(Ho N
=y AF,U, £ 8, ()02 drt
S(2ny V21 S, () IF,U,_ A1 dr.
Thus

@[ VEUSEHIA & S (8,01 [ IEDA b a
0

()

Similarly, for (8), we have, using intertwining,

IF,UA dt) (f 8,(r)ldr) < oo,

Iv,Q_ - US)hdt =(2m) lﬂj 00V = Un)S,(Ho )N de

0 0

(21r)"'j
v, - Uy IS(T)U;'fdrlldt
0

< I J 1S, drl(v,_,Q, - Uy )l de
0

ISp('r)ldf [ [ IV, Q. — U ds +

R j AR dsJ

< ( J IV, - U;/II ds) (J 1S,(n)dn) +
0

200 ] 1) dr < e,

3
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In potential scattering, Hy = —A, H=H, + V, V is a multiplication operator ¥(x), and under
well known suitable conditions H is selfadjoint with D(H) = D(H, ). Denote by
9, = {fEL*(R*)If€ CRR® - {0})}. Then (e.g. see [2, section 13.1]) one has for all
J€ 9 4y the known decay estimate I(1 + IQ)""~U,M1S ¢, (1 + kl-n-e2,
P e D™, Clearly then VF,U1€ L' (R, df) since IF,(1 +HQI)'*¢h= (1 +r)1*¢ Thys ¢p,
first part of (a) is satisfied by these f. Moreover

ﬂ(V,Q, -Un = e, - viun

te 1o

=|J E(V;U,ydsml WU dsl,

t t

as in the Jauch—Cook criteria, and for potentials ¥ = ¥, + ¥, with (1 + x)* ¥, (x) EL*(R?)
and V,(x) S (1 + Ix)™27", 0 >0, it is known (see, e.g., Section 13.1 of [2]) that
IWUSIS 3 (1 +1s)™2"" 23, 0 D™/, 0' < 5. Thus f € D 4 satisfy L5 = WV - U diI<e

and the (a), () conditions of Theorem 1.

Turning then to the crucial condition of Theorem 1, namely, that f L§p(‘r)l (1+ 17l dr < o=,
we restrict attention to the case V spherically symmetric so that S is a function of H, in each
partial wave expansion component. By partial wave analysis (eqn. (11.45) and problem 13.3(c)
of [2]) it follows for all positive integers n that

15,(7) (1 + [11M), = US,(0) + G)"SSVA), S g (1 + 7YV
Interpolating between n = 1 and n = 2 we get

15,(r) (1 + Ie)312* €, S gl + 3124 €YW),
Because by Schwarz’s inequality,

1]§p(1)(1 I E(f (1 + 12 = dn)! 2 18, ) (1 + Irl20 ey
we have the following:

THEOREM 2. Let Hy =-A, H = Hy + V, V spherically symmetric, [§ rIV(r)l dr <o,
Vry=0(~3/2~€)asr = o Then the hypotheses of Theorem 1 are satisfied and we have

Lisenbud—Wigner relation (3) forall f€ 2 5. o
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