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SUMMARY. This paper presents a simplo solution to the problem of characterzing the
listribution of a gative. integral valued Z, subjected to 8 deatructivo

process when the damage model is binomial and when the Generalized Rao-Rubin condition
holds true, namely, P(X = r|m) = P(X = r|¥ = 0,m),0 < mym< L Z = X4+Y,XandY

are independent r.v.e.

1. INTRODUCTION
In an carly paper, Rao (1965) considered & damage model in which a
discrete random variable (r.v.) Z is subjected to a destructive process which
reduces Z to X < Z. Lot ¥ = Z—X and denote s(r|n) = PX =r|Z = n).

1

When the d distril is bi ial, that is,

a(rln) = (:l) agnr, v<w< |, e (L)

whero ¢ = 1—a, Rao and Rubin (1964) showed that the condition [which
will bo referred to as the RR condition.]

PX=r|n)=PX=r|Y =0,m), r=0,1,... e (L2)

for a fixod valuo of 7 € (0, 1) is necossary and sufficient for Z to have a Poisson
distribution.
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Srivastava (1975) showed that under the binomial damage model (1.1),
the following conditions are also sufficient for Z to be Poisson :

(i) E(X|m)=EB(X|Y=0mvyne(0,1). . (L3)
(i) PX=r|m=PX=r|¥ =km),r=01.. . (L4)

for a fixed > 0 and y7e(0, 1).

While using demage models on data from toxicological experiments,
Talwalker (1975) observed that for suitable choices of , and m, the condition
[which wo shall refer to as GRR, generalized Rao-Rubin condition]

PX=rlm)=PE=r|Y=0,m), r=0,1,... ... (LB)

holds when Z has binomial, Poisson or negative binomial distributions. In
the present paper we solve the converse problem of characterizing the dis-
tribution of Z by the GRR condition.

2. PRELIMINARY RESULTS
Let p,=P(Z=n) and G(s) = E pas™, the probability generating
n=0
function (p.g.f.) of Z. Throughout this paper, we aseume that Z is a non-
degenerato r.v. The GRR conditicn (1.5) yields

.
(—"n'f—r’),' mgt= BT r—0,1,.. . (20)

-
n{‘o Prir ! G(m,;)

Multiplying both sides of (2.1) by " and summing over r, we have tho basic
functional equation for G(-)
Hms+¢1)G(m) = G(ms), —1<s< 1 . (22)

From (2.2), we deduce the following preliminary results.
Lemma 2.1: If (2.1) holds, pr = 0 for r> N (suitably chosen posilive
integer) when my > my and pr > 0 for all non-negative integral r when my < Ty
Proof: From (2.1), taking only the first term from the left hand side,
we have

Prk
m < G(ms)
or,

Pr [G(ﬂ-)—(%:)'] <0, yr=0,1,... .. (23)
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which is impossible if mg << my unless pp vanishes for all r excooding a cortain
positive integer Y.

Now, suppose 7, mg and pg #0 but pgyy; =0 for some k. But
Py = 0 == pr = 0 for r > k-1; thon the oquality in (2.3) holds for r = £,
that ix,

am) = ( ;’,—’l)k> L . (24)

But @(m) <1, which leads to contradiction. Henes pr >0 for all
r=0,1,...

Lomma 2.2: If (2.1) kolds, then moments of all ordera of the r.v. Z are
finite.

We omit the proof of this lomma. It can ba proved along the linos of
lemma 1.1 of Srivastava and Singh (1975).

Lemma 2.3: Let Z = X +Y, where X and Y are oblained by the binomial
damage model (L.1). Lot f(-) be a function with range (0, 1) such thal

EE(X|Z.f(m) = E[X|Y =0,7],vme(0, 1), e (2.5)
where the left hand term gives E(X) under the condition that X is obtained from
Z using the binomial probability f(m).

Then the p.g.f. of Z is of the form

G(s) = eh® . (2.6)
where

h(s) =¢ j'lm dm, c¢=E(Z).
P

Proof : 1t is easily secn that

¢
G(m)

EX|Y=0,m=m

and
E(X|f(m)) = cf(m). v (27)

where ¢ = £(Z) which is finito in viow of (2.5) and G'V(") denotes the first
dorivative of G(-). Hence (2.5) leads to tho oquation

@@ _ cfim) . (2.8)
am T '

and the result (2.8) follows from (2.8).
A344
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Notel: Iffim) = :}h, where p is & fixed constant in (0, 1), then
G(8) = (g +ps)°'?, ¢=1-p. . (2.9)
Noto that f(7) = q’{—m > 7, hence from lemma (1.1), p, = 0 forn > N,

where N is a fixed positive integer. But in this case G(s) is a polynomial of
degreo N. Thorefore % is a positivo intoger and ({(s) = (¢+ps)*/? is the
p.gf. of a binomial distribution.

Note2: If (m) = m, then G(s) = c=¢!»-® which is the p.g.f. of a Poisson
distribution.

Nete 3: If f(m) = I{%;r' g =1—p, then

a0 = (-*

Pl
1—gs )

(2.10)
whieh is the p.u.f. of a negativo binomial distribution.

3. THE MAIN RESULT
In this soction, wo consider the problem of characterizing tho class of
probability distributians satisfying the GRR condition (1.4). Talwalker
(1979) independently studied this problem ana obtained the solution. The
solution presented hero is essentially tho same, but simpler and complete. The
solution of the functional equation (1.5) is presented in the Appendix.

Theorom : Lel Z = X +Y as denfined in (1.2). If the GRR condition
PX =r|m)=PX=r[Y =0,m)

13 satisfied for fivrd values of my, my in (0, 1), then the. following hold for the dis-
Iribution of Z :

(@) If m>m,, then Z has a binomial distribution with parameter
_ (m—my)
p= (=)
(b) If my = m,, then Z has a Poisson distribution.
() Ifm <, then the p.y.f. of Z is of the form

G(s):af"e'("’“" i), s <s - (31)
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where 8, = 1{:?_:’)) and u(t) is any (possibly infinite) measure such that
{ 4t
S
odt) = dp 5 {) . (3.2)
1
where c= @)

Proof : (a) If m > my, it is shown in lemma 2.1 that pr = 0 for r> N
(a suitably chosen intoger). In this case (2.1) becomes

Nor (n4r)!

”):-o Pntr =)

Pr=c-rlpd,r=01,.,N o (8.3)

where ¢ = [G(m)]"* and § = :—’. It follows from (3.3) (for r=N) that
1

((my) = 6¥. Therefore 1n (3.3) wo have only a finite number of linear equa-

tions with an upper diagonal matrix on the left hand side. The solution for

N
Pos -+, Py With the condition ¥ pr = 1 is therefore unique. Obviously
r=0

pr= (‘\:) pr(1l=—p)¥-F, r=0,.., N v (34)
whoro p = 2= is the only solution, that is, the distribution Z is
2 m(1—m,)

binomial.

(b) If 1, = my, it is shown by Rao and Rubin (1964) that Z has a Poisson
distribution.

(c) If my < g, it is shown in lemma 2.1 that p,> 0 for all n =0, 1, ...
ana the p.g.f. of Z satisfies the functional oquation G(mys +¢1)G(mp) = G(mys),
—1< s< 1. The solution of this equation is presonted in tho Appandix
and is of the form (3.1).

Note1: LIf m < m,, then

—(sg—at

o) = I O du), s < s

and the moasuro sx() satisfies (3.2). There aro many measures which satisfy
(3.2). Two of these deserve spocial mention. The first is,

dult) = A=t
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where 4 is a constant. It is easy to see that it satisfies (3.2). In this case

o = 22

8—8)°

Utilizing the condition G(1) = 1, we find
1\2 s\ @
a0~ (12 (-2)

which is the p.g.f. of a negative hinomial distribution.

Another measure is obtained as follows. Lot A be any finite measuro on
[1,4] and define
dul) = S ckdA(8H).
[

It is easy to seo that the moasure s(-) satisfies (3.2). As a special case consider
a measure A which puts a unit mass at r. Then

®
p= X ckAk

and
- ® "
Gsp—8) = [ estdp(t) = X ¢~ ck.
v -
In this case,
e—ano"‘

ck gk r=0,1,2,..

®
where 4 is chosen so that & pr = 1.
=0
Note 2: If GRR condition is satisfied for two sets of values, m <y

and m < m such that (log m—log my)/(log m—log m;) is irrational, then G(s)
is tho p.g.f. of a negative binomial distribution.

To prove this, we observe that
s +1)Gma) = Glmy) e (39)

Glms+)6(m) = G(mis). . (36)
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But since the point s, with lim G(s) = o0, is fixwed, we have
=~

ml=m) _  _
My—m

Dofine 5(3) = ((3,—3), 8> 0. Then equations (3.5) and (3.6) yield

1

Ate) — 1 (M %
cl(}(a)_(y(;’—a). c,:m)l
e — ”'

c.!}(s):G(”—ia), 6= i > 1.

So for integors k, and ke, wo have
N
kb —,(n, x nl)'\
eyteg? G(s) = G (| — — .
Tleg? G(s) ] ("a) ("’ )
If we choose ky and k, such that

m
b
ks log m’
e
then
ky

13 g
)
My my
Here ~ denote approximate oquality.

By continuity of (_J(a), we must have

n:‘c:z b
or
by o logo,
i loge,
or
loge, _ loges _ _psay).

log Tt log O
01;;”_a og -
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loge,  log G(m) . . ..
Togey — TogGm) is irrational For any numbers s > 0, chooso

integers &, and kg such that

Now

kylog ¢y +kglog cg = —alog s.

Then
ky log Z: +ky log % ~ log 3
2
and
= = ((m h |2 K ks
Gs) =G ((771) ("’) ) = ¢;'cp? (1) = s7°G(1).

Thus G(s) = G(s,—s) = G(1)(39—8)~* for all s < s,

Appendix
SOLUTION TO A FUNCTIONAL EQUATION

Now, we give a solution of tho function equation
G(ms+¢)) = cG(ms), —1 <81 s (1)

where m, < m, are fixed values in (0, 1), ¢; = 1—m and ¢ = [G(m)].

Equation (1) can bo written as :

o) = 6 (7' 5-+)

= iy G ((%)Rﬂ‘l‘% ¢1+¢1)- . @)

¢

Applying this repeatedly, G(s) can be extended up to the point s, = %—’ :
23—

Note that s> 1.
Also (1) can be written as

lﬂ,_’ﬂlj_@)_ ¥

Glo) =@ (m m

Applying this repoatedly G(s) can he extended for all nogative values of 8.
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Thus Gts) is defined for (—oo, 5). Also GP(s) > 0 for s ¢ (0, &), s0 from
the funotional aquation we get G*)(s) < 0 for all s (—c0, 8). Lot

]
Glu) = Gag—u). . @

@(w) is completely monotonic in (0, ). By Bernstein’s thoorem (sce Widder
1952, p. 162), there exists a (possible infinito) measure on [0, co] such that

Qlgo—u) = Glu) = “F eWda(t), u> 0 .. (8)
From (1), we have
cGHsy—u) = @ (sn:’[: u ), u>0
or

¢ ] ewda(t) = | eu™ da(t)
[] 0 my

:nj'r'"da (%:t) .. (6)

By uniqueness of Bernstein’s theorom, we have from (6)

cda(t) = da(dt), where 8 =’%’ > 1. 4
1
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