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INTRODUCTION

Let us consider a papulation.with N = rc units represented
by a r x ¢ two-way array. Suppose each row represents a group
with respect to some characteristic, and each column representis

 a_gr0up with respect to some other characteristic. Then a prace
| “tical sampling problem may be
n units, so that from any grou
Samples including more than k
non-preferred, following Sengu

%55 < TR ¥ 1,j in order to ensure the positiveness Oof The esti-

mator of variaﬁce of the HTE, where ni,and nijérethe first and
second order inclusion probabilities respectively. Now if the
%gglu51on probabilities are made cornistant, then the demand will he
:automatlcally satisfied as in the case of SRSWOR. Moreover, data
“analysis will be extremely simple, This is a problem of deep
- 8tratification. Sengupta [1] has posed and partl? desolved this
. problem with k = 2, In that paper he has shown the procedure of

sampling in the following cases

(1Y «r

(ii) r=c¢ =o0dd, n & + 1

C

1
N

even , n T + 2

(iii) r $ ¢, min (r,c) = odd, n £ min (r,c) + 1

(iv) r # ¢, min (r,c) = even, n € min (r,c).
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In this paper the problem haé‘ﬁé@ﬁﬁsolved when r = ¢ for

general k, and the sampling schemes along with their implementa-

tion as a software package has been shown for the following three

cases ¢

(a) r =¢ =0 (mod k) , n § r(k=1) + k
(b) r=¢ =1 (mod k) , n ¢ (r=1)(k=1)+k
(c) T =

¢ =3j (mod k) , 2 £ J € k=1, n £ (r=j)(k=1)+k

clearly (i) and (ii) above are particular cases, putting k = 2,
of (a) and (b) respectively. Case (c) is entirely new, since this

case aTrises only if k 2 3.

In section 1 sampliné designs of cases (a) and (b) are
described in details. In section 2 design of case (c)zis diSCUSSed;
Section 3 describes the algorithm to implement %he design. Section
4 gives some results of the algorithm, as obtained from the COMputqg

output. Section 5 discuss about the possible scopes af'improvement;;



‘Section 1 ¢

In'this-sgction samplinglscheme of the first itwo cases are
‘described, Bul before that,'some notations and a few lemmas are
necessary to be explained.

S ql c2| | Ck o
Let A. (1%, 2%, ..., k) = Number of ways a P xq

-~ Psq
o 4{:1):&«._-:1 k 1a r‘ﬁ'\”u"ﬂ‘uPM‘n “lere

blnary matrix can be filled up by pk isk}n such a way that cy

calumns are fllled up by one 1y ¢ columns are fllled up by two

2
15 and SO on upto ck columns are fllled up by k 13. 0bv1ously
for a solutlon to ex1st L C; =@ and L 1c = Pie Hence g can
| i= i=1 T T

bE'SEfeI§3&:apped from the-notation. Also if'some“ci-is*zérﬂ,

that term, if it is not the last term, may be optionally omitted.
With this notation the following two lemmas can be easily verified.

Lemmaal-:ngl ( lk, 20, ...;-ko ) =1

Lemn;l’a,:.2 : A (kPYy = (P)a

5 L ((k-l)k,kp"k).

p-l
Next observe that the sampllng problem is equlvalent to the

;follow1ng'matr1x problem :

Let there be a r x ¢ binary matrix., Fill up the matrix by n
ls so that at most k 1s are put in any row and in any column,

Here we are interested about the cases when r ='c. So from now on

population size, N, will be a perfect square, %2

Cﬁﬁtd--; LI



Let fij denote the number of samples containing both the

i«th and j~th population unit., Then in this case, i.e. the case
where the matrix is square, it is clear that there are two types

of fij , and hence two types of nij,depeﬁding on whether i-th and

j=-th unit belong to the same row or same column, or not. Let

a =-fij if i=th and j-th unit belong to same row or same

T,k

column in the r x r array arrangement. [ From now on, the under-
lined phrase will be understood.}

Now letan m x m matrix be filled up with km 1s. Then the

- : m
total number of ways by which this can be done 1s Aw&k ). Then

it is easy to verify.

, _ o me2 (0 w_qyk  meky
Lemma 3 ¢ a | = ((ep ) Ay (Ck=1)7, K70,

Let ﬂij denote the second order inclusion probabilities if
i~th and j=th unit belong to same Trow OI same column and ={.

A
denote the same if otherwise. This convention of 3 3 and n{. is

L3
followed throughout this paper and whenever there will be more -
than one design in consideration, they wiiifbé written as nij(D)
1@“? “{j(D) to correspond the design D. Then the f¢llowin.lemma
ié true;' ' . -

Leﬁma 4 : If (i) n is the sample: size,
(ii) i is a fixed population unit,

Contd...i



(iii) there are x js such that j # i and i,j belong to the
':Same Ir'Oow Or sgme column, .
(iv) there are Y J$ such tha£°j.%-i ang .j is‘not~considefédn
in condition (iii), then |
T ynij = (n-1)m_.

Next let N = m2, n = km and the sampling design D'is to fill
up the m x m matrix by n 1s such that each rowjéhéiééCh'Cﬂlumn
contains exactly k ls. In this case, as well as in all the
sampling schemesi;g:bafgistqsseq;;éiéf¥?first-onaerliﬁblusion
probabilities are constant due to the random choice of units.
Hence in all these cases "y = inclusion probagbilities of the i~th
unit = n/N. l ”

By lemma 2 and lemma 3
nij(qz = Ay / Ahl(km) =rk(k-15 / [m'(m;I)ﬂJ L
Noww by iemﬁla 4,
J _‘ |
or (m—-l)2 n{E(D!) = (kmel) k/m = 2(m=~l) k (kéiJ)[m.(m-l)]

2(m=1) ﬁi-(Df),+ (me1)? n{i(D/) = {n-1) ni(ﬂii .
= k{km=2k+1)/m
. /'y _ s /T 21
We are now in a position tosdestribe tﬁéﬁéémpliﬁg séhemes.

Contdl -. L



Case (a) : r = ¢ =0 (mod k), n ¢ r(k-1) + k, N = r2.

Letr=c=% . Thenn__(_"km..

“.1l.9. assume n = km, since if n < km, then we can further
sample n units from km units using SRSWOR.
Sampling scheme (D;) : From r x T matrix choose anm x m

submatrix at random. Then fill up that submatrix by n ls at

random so that each row and each column contains k ls.

. - /
Then “ij(Dl) = - (r)2 ﬂij(D_)

m*(m=1) k{k-1) r o 3 2 and 3 ]
r;(f-l) m(m-1) vosme s

_ mk(k-l)f?
r%(r-1)
’ (2=2) / (p” 2(m=1)?  k(km=2k+l)
ni5(B) = ./ (D7) = Dedm=l)T | k(kme2krl)
lJ-_ ! (I‘)2 nlJ 1‘2(1?-1)2 m(m-]_) .
m o 3
_ km(km=2k+1) _ km(kr—r=k+1)
-2 oDt
_ km(k=1){r-1) _ mk(k=1)
- r“(r-1)° rz(r-l)'

. . | . | o
S0 .. = T D = constant, as our requirement,
nlj(Dl) = ij( l) | ’ 1 'Contd..--i-



Case (b) : r = ¢ =1 (mod k), n & (r=1)(k=1) + k, N = r2

LEt I = C = Eégiil + l{ Then nli kmi

As in case (a), assume n = km.,

Sampling scheme (D2) + Choose design Dél with_probabiiity f and
design D22 with probability 1-f, notationally

¢ (1-f) D

Dy = f Dy

2 227

WhéTE'Dzl 18 same as Dl 1n;9a$?-(a) and;DQQ

is as follows
Fill up the r x r matrix by (n-1) 1s in such’ a way that each row
and each column contains (k-1) ls. Then put another 1 in any of

the remaining positions,

. To show fhat this design satisfies our demand, we may find
(D21)’ ﬁlJ(DZl)’ TS (D22) n (D22) and then find f*such- that

fnljtnzl) + (l—f)nij(D '

22)*: fnij(n )y + (1 f)n (D ), and

0 ¢ f Sl1_'But]ﬁ{}(péi);éﬁd“ﬁfg(Déz)'aré comparati#ely.difficult
to find explicitly, Inétead we ‘shall solve a=$impler equation
exploiting lemma 4, We shail scl?e“ihe equation,

(D ) + (l—f)ﬂ (D -) =-ﬂ(n-l)/[r2(rz-llj'ff:*:(i)
In appendix it w1ll be shown that these two equations in f are

equivalent,
Corntdecees



From case (a) we get w. (D ) mk(k—l)/[r (r-l)] For k=2,

the design D22 becomes, choeee a permu@ationfmatrix-and then in

the rest of the matrix choose another unit.

- Total number of solution ;(2m—l)1“(2mil)(2m—2),

E |

=

since k = 2 => r = ¢ = 2m=1 and n = 2me
If two elemente in the same IOw are€ flxed, then one of them

must be the speclally choeen one. If we delete that then we have

a 31ngle element 1n ‘that row and the rest ef the matrix can be

filled up in (2m-2)‘ ways to give a permutatlon matrix.

S ﬂij(Dzé);=.2(2m—2)l /ffzﬁ;l): (2m-1)(2m-2)]

== l/[(2m-l)2(m—l)]

¢ = [n(n=1)/z2 = (r2= 1) 5y, (Dyp) 1/ [(x™-1) (my5(Dyy )

- “ij(D22))]

Now (%) =>

Here, %, .(D..) - (D) = ____2141?_____ - 1
130210 T 43220 (ope1)®(2me2)  (2m=1)"(m=1)
- 1/(on-1)?

Contdesees



Correction i

ik o e o v ATl P e ikt

L. e o gi'gage;z ﬁhmuidfbe réadyaﬁ,

v a e ocan be filled. up in {F * E)'way5,'thEn the rest of the
matrix can be fitled in & ((k =2} 4 & -1y )

-

ways, and lastly . - -



o f o= __4m 4m(m-1)
2T (Zm-l)2 17 (2m-1)2
= 2m(2m—3) / 4m(m—1) 2m=3 ; 1

= ] ":l—n
onZ | o2 T TmD M mm <l TR

‘which agrees with'Seﬁguﬁtéf[l].

N T
1i'-¢-._

Next to f;ﬁd ﬁijﬁ?zz) f?£ F 2 3.

Total number of solution.= &ﬁ;((k—l)r)(rz-(RfL)iJ- :

If two elements, say (l,l)ﬁth and (l 2)-th are flxed then
either one of them 15 the speclally -chosen element or not. If

none of them is the sp901ally chosén - element then the flrst TowW
can be filled up in ﬁr ((k-2)k“l (k—l)r_k*l) ways,, and lastly
the special element can be chosen in (r —-(k~1)r) ways. If one of
~ the fixed two elements is the specially chosen element then

 suppress that, fill up the rest of the first row in (k 2) ways
and fill up the rest of the'matrlx in Ar_l((k-2) ,(k-l)r-k+l)

WaVY S

nngy (D) = [(r"z oy (R=2)570, (]P0 (22 (ke1)1) 4
25720 (k=052 (1) ™41y 1A ((ke1)T)

(rzu(k-l)r)]

Cbntd ERE NN



s =

- 10 -

i

[(E72) (22-(k=1)2)42(5-2) JA; ((k=2)*71, (k1)

r—k+l)

(Z A ((k-z)k'l,(&-l)r*k+l)(rz-(k-l)r)

Il

. ( T4 __2 ) / ,I.r(f_k+l)

.r-+ »

|

(k-l)(r-k+l)(rk-2r+2)/trfrq1)r(r~k+15]

(k-l)(rkA2r+2)/[r2(rul)]

k=1) khlggrk-2r+2
n;4(Dy) = “13(022) "5"“"‘

r (:-1) r“(r=1)

_(kvl) Ne=\T
r(rel)

r T (r=l)

. Numerator of f =.E£§:£l - LE_:%lﬁhrligrk-2r+22

= [n(n=1)=(r+1)(k-1)(rk-27+2) }/z

n{n-1) = (£41) (k=1) (rke2rs2)
(r41) (k=1)(nerk+2r=2)

CQﬂtdh. »
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nr(k¥l)—(r+i)tk;l)(rk‘2r+2) [** v = (n=1)/(k=1)]

[nr—(r+l)(n-r+l)]/[(r+l)(n-n+r-l)]

(£2en=1)/(z2-1)
. lwn/(N-l)-

H

SND>1 WS E L L.

Also, n { (N=1) => f 2"0 |

I-f 1

l'i 0 ( f i 1 ]

So finaglly D2 becomes

n N
Dy = (1 =gey ) Dy + o7 Poo
Section 2 3

In this section sampling scheme of the third case is

described,

Letr-_-:c:—k:r.—-_i-_j. Thennikm.

As in case (a), assume n = km.

A s :,:_‘_g:__ﬁ; | |
AT e



- 12 -

Sampling scheme (D3) ¢ Choose design D31 with probability f and

design Dy, with probability ( 1-f), notationally,

D3 = f D31 + (1-f) 932 ’

where D31 15 Same as Dl in case {(a) and D32 15 as follows @

Fill up the r x r matrix by mk + (jk - k - j) 1s in such a
way that each row and each column contain ékact1Y5(k-1) 1s. fﬁgn:

remove any (jk -k - j) 1s.

To show that this design satisfies our demand, we shall solve

_ n(nel 4
fniJ(D3l) + (l--rf)ﬂij (032) _;szz:I%’ due to the réason dlscussedr

in scction 1.

) - n(k—l)

Now, T (D

ij ‘Ha1

To find nij(Dsz),'note that

_ ry,(k=1l)r
total number of solutions —-Ar ((k-1) ¥( jk—k—j)

= ( kfl ) Ar-l ((k"'Z)k_l’ (k“l)r-k+l) ( gll::i3_§ )-

Contd,...-
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Soon = (k-l)(r—j)+k = kr-r-jk + j+k and

n=l = (k-l)(r—g) + (k-l) (k~1) {r~3+1)

INNT?HT§”§alculate nlJ(DSQ)

Iftwﬁ elements in the. "f’irst-”;:ww are set to 'i"i, then the rest
of the first row can be filled up in (r-z) ways, thqn the remaln-
ing rows can be :fi].léﬁiL up ix-'f ”;Arwr(szﬂk_l (k—I)r"k+]) ways and

then (jke=k=j) units can. be cancelled in ((gziafja) wuvsl

My - -

(G A ((k 2)k“1, (k-r)r"k+l ((§;f3f32)

Jk—k J

( Ir )Ar ((k 2)k-l.(k_l)r-k+l)((k-l)r j

_ (r—2)£§k—l)£(rék+izi:;"'"1dm:

- (k=3)I(r=k+l) izl (Jk-k_g)'((k_l)r;gk+k+j;2) f(k—l)r)'
(k—l)(k-2) f
I\
_ (k=2) (kr=r-jk+k+ )[(k—l)r-ﬁ“-l)(k-l) _H

T (r—l)(kr—r—l)

L - F d

' Contdecese



- 14 -
_ (k=2) (kr=r=jk4k+j) (k=~1) (T=j+1)
- (r=1)(kr-r=1)

_ (k=2) (k=1)(z=j+l)n

Y (r-l)(kr—r—l)

_ (k—2)(n¥l)n
e —
r“(r=1)(kr-r-1)

_ n(n=1)/r?=(x%-1)n(n-1) (k=2) /[2*(x-1) (kr=r-1) ]

(%=1 [n(k=1)/[z%(x=1) Jon(k~2}  (n=1)/[r?(x-1)(kr-r-1)]]

_ (n=1)[1-(e41) (k=2)/(kr=r~1)]

(2#1) [k=1-(k=2)(n=1)/(kr-z-1)]

(n=1) [(kemr=l)=(r+1) (k-2) J/ (czmr=1) _

(r+1) [(k=1) (kr=r=1)=(k=2) (n-1) J(kz-r~1)

(n=1)(kr-r=l<kr+2r-k+2)

~ (r41) [ (k=1) (kr-r=1)=(k=2) (k=1) (x=j+1)]

(k=1) (r=j+1) (T~k+1) N
| (k-l)(r+1)[kr-r—l-(kréjk+k~2r+2j-2)] '

(r—j+1)(r-k+l)/[(r+l)(r+jk—k—2jflij. ﬁ

COn't'd- L I



Next to show that O { f £ 1.

r 23 (by definition of r ) => r = j 4+ 1 >0
Also, * + 1 > k “* k > r is meanihgleés..
-‘.I‘-k+l>0-

Next r.+ i O-

Finally * + jk = k = 23 + 1

r - j+ jk -k *°j-+.l.'
_ o= (r=3) + (j-1) (k-1).

- But r'zﬁj, j2 2, kw253'=>'r'+ jk =~k =25 + 1 > 0,
cEso. ' '

%To show £ £ 1, we have to show

(r = 3§ + 1) (r=k+1) < (r+l) (r+jk~k=2j+1)

leeo r2 - Tk 4+ r « jr + Jk + J 4+ T ~-K + l

< r2 + rjk - rk - 2rj + T+ T+ jk - k“23 + l

ieee j & ik = o = 23
iye- l £ K =7 = 2

L
L

l.€¢ r + 3 £ rk which is true since r > k > 3.

S0 finally D3 becomes-

b, = (EmH)(@ekel) oL (g (z=jel)(eoke))
(r+l)(r+3k"k"2i+l) 3L 0 7 (r41)(r+jkek=-2j+1)

)D32l

| .Contd'-’il.



section 3 3

In this section a brief description of the algorithm is given,
I'o understand this algorithm no knowledge of high level Programie
ing language is required. The interestad Teader is referred to the

source program (name is SAMPLE ) of this algorithm, ‘available with

the author, .

Description of the algorithm :

Before describing the algorithm, a subalgorithm GENERATE is

necessary to be desc¢ribed,

GENERATE : This algorithm inputs 2 matrix, say, S, and integers k__
and L. S is a binary matrix and it is filled up by Os-and 1ls, If
S5 is filled up in subh a way that the row sums and column sums are
all k then we call it a solution. This subalgorithm can generate
all such solutions in a systematic way. But, according to our need,

1t generates only upto the L-th soiution.
Now the main algorithm is described

Step 1 t Input population size (N), Sample size (n)‘and'maximum
number (k) of units allowed_from any group.
Step 2 ¢ Calculate (a) r =N [ N should be a squared number ]
(b) 7 = r(mod k) .
() m = [r/k].(kel)+Ll.

Cﬂntdy'i oo



Step 3

Step 4

Step 5

Step 6.

Step ¥

L

If j = O then perform Step 4,
if j =1 then perform Step 5,

if otherwise then perform Step 6.

From r rows and r columns choose m rows and m columns

at random. Find in ‘how many ways an mxm bmary matrix

can be filled up by mk 1s so that each row and column
- sum become k., To flnd this number, say T, a recur31ve
:relatlon i1s used, the relation belng dlscussed in detail
 at the end of this section. Next, choose a randam number,

_say L, between 1 and T, Then us1ng GENERATE get the L-th

solutlon. Now perform Siep 8 to construct the sampling

units. [ This corresponds to design Do 1+

Calculate f = l - n/(N—l) Perform Step 7.

.CalCulate [(r—j+l)(r-k+l)] /[(r+1)(r+jk-k—2j+l)]

Perform Step 7

Choose a random numbér s € {0,1], If s ( f then perform

Step 4. [ This corresponda-to d951gn D21 oY 931 depending

fon the previous step. ]

~ Otherwise find in how many waysgn T x r binary matrix can

“be filled up by I‘““T‘D 1s so that.each:.row and column sum

become k~l. As in Step 4, get a random solution of-ﬁhis

form using GENZRATE. [This corrcsponds to design'D,, or

D32'depending'an theﬁprevioua.stepil
| B | Contd---.-



- 18 -

Perform Step 9 if tﬁe previous step is Step 5;

otherwise perform Step 10.

Step 8 ¢ At thls stage we havean m X m submatrlx filled up with

Step 9 3

Step'ldﬁ

mk ls, To interpret 1s of the submatrlx as sampllng

units, note that.(k,[)-th entry,of-the maln r X r mairix
corresponds to [ (k~1)r+f]-th sampling unit. So if
(i,j)=th entry of the submatrix cofresponds to (k,f)-th
entry of the matrix, then output [(k—i)r+[] if (i,j)=th
entry of the submatrix is 1. In this way, output all.
the, sampling units and terminate the algorithm,

At this stage, we havean r x r matrix filled up with

another
(mk-1) ls. Make/zero entry 1 at random. Then if (k,f)-th

entr? of the matrix is 1, output [(k-l)r+{]. In this
way, output all the sampling units and terminatg'the

algorithm,

At this stage, we have anr x I matrix filled up with
mk+(jk=k=j) ls. Choose any (jk-k=j) of those 1ls at
random and ﬁake them O, Then 1f (k,[)=th entry of the
matrlx is 1, output [(k=-1)r+f{]. In this way, output all

~the sampllng units and termlnate the algorithm,

Contdesese



- 10 -

Nﬁ%é'ihat in the algorithm it is assumed that n ='mk;'8ut
“if n < mk “then n unlts from the mk chosen units may be selected

at random for.the requ1red outwut.

To find the number of waysan m x m binary matrlx can Dbe £i1led
up by mk lb $0 that each row and column sum become k, we use the

follow1ng-recur51ve relation 3

c Ch C -j
Result : A (1%, 22,,.,, k k) - x(. l)...( k)Am_l(l 1
191
| —Jk
ok Ky
e K L
where 1 = [(jl’...’jk) : O S_ ji S_ Ci yi, and ) Jl = Kk J with

1~l!

the convention that (2) =0 if r > n,

Initial condition, (as given in lemma 1), is

S
Al( 1

O 0o,
$ 2 ’Iil'k ) —

Note that the set I is difficult to be implemﬁﬁted¢ It is
implemented with the help of a recursive algorithm. Hence to
evaluate'the total number of solutions we-need?two algorithms
which are both self recursive as well as mutually recursive. The

detail of thesec algorithms are not discusscd here, since they may

be found in the source program,

Contdeeeeo




- 20 -

Finally we should note that ifdia not a good idea to attempt
to find the recursive formula for éach kK separately. Because even
for k = 3, the right hand side Will'cantain ten terms. Even if one
is very patient to find explicit formula for, say, upto k = 10,
then also that program will not work for k > 10. Hence it is

necessary to implement the set Iiby a recursive algorithm,

Section 4 :

In this section some sample output of the algorithm are given,
In each case we have taken the sample size to be mke So no further

subsample is required. Notatlions used in the results are :

N : population size, assume population units to be labelled
L1y25e00eyNy
n ¢ sample size,

kK ¢ maximum allowed number of units from any group to be sampled,

D : the design chosen for sampling, svailable designs are

D D.,» D D,., D

Dy 207 B3y as indicated in this paper,

21 32

S ¢ the sample set,
f : the convex combination factor of D2 or D3 as the case may be,

as indicated in this paper.

Contdeeess



- 51 -

16,n=6,k=2, D""Dlj

S=[6 7, 11, 12, 14, 1;6]_;

Output 1 ¢ N

Output 2 ¢ N =25, n =6, k =2, D=D, , f =0.,7500
s =12, 49, 10, 22, 25 ]
Output 3 : N =25, n =9, k =3, D =D, , £ = 0,4000

' s$=11, 3, 8 10, 12, 14, 17, 19, 25 ]

Output 4 : N

i

36, n =8, k =2, D = Dli,'

s =1[2, 4 15, 16, 20, 24, 33, 36 ]

Outputlivrji

Rl

36, n =13 k =3, D=1D

s=[2,4,5,15,17,18,22,23,24,26,27,28,32,33,36 ]

Output 6 N

49, n =15, k =3, D=D,, o £ = 0.6875

21

Output 7 : N

H

49,-n ?‘l5s”k5£'3;'ﬁ'ﬁ‘n22, *f = 0.6875

[5,7 11,13 17 18 27, 28 31, 3 36,37 43,44, 46 ]

N
I

OUtpUt 8 2 N = 64, n = 15, k = 3, D = D3l y f = 0.5833
S = { 2,3,5,1@,1;,14,22,23,24,2?,31,32,42,47,48]

|||||
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OQutput 9 : N

§

64, n =15, k =3, D=D,, , £ = 0.5833

s =1 6,8,13,15,22,23,29,32,35,36,43, 44,49,50,57 ]
Output 10: N =8l, n =21, k =3, D = Jl
s = (4,7,9,12,15,16,22,25,27,31,33,36,55,56,60,64,65,
66,73,74,75]

OCutput 11: N

100, n =21, k =3, D =D

s=1{7,8,10,14,17,18,46,47,50,66,68,70,72,73,76,
82,83,84,92,93,94 ]

121’n=2l’k=3’D=D

OUtpUt 12: N 32 ?

f = 00,6818

s =[ 10,11,20,22,29,31,41,43,51,52,60,61,71,72,
80,81,91,101,111,112 ]

Output 13: N 64, n = 28, k =4, D =D

H

1

S = [l,6,7,8,10,14,15,16;19,20,23,24,27,30531,
32,33,34,36,38,41,42,43,44,49,50,51,52 ]

Output 143 N = 81, n =28, k = 4, D = D

I

s=1[ 4,7,8,9,10,16,17,18,20,24,25,27,33,34,35, 36,
~ 46,47,49,53,55,56,58,60,73,74,76,78]

Contd,. e 9



Output 15 ¢ N =81, n =28, k=4, D = D, , £ = 0.6500

22
s =[5,8,9 15,16 18,25,26 97 29 31 34,35,40,41 42,

49,50 51,55 56 57 54, 65 66 73 74 75]

Output 16 3 N f--.i=~0;5207;

i

s=1[ 16 17,18,19 36,37,38,39, 42, 47 48,49, 63,65,
67, 69 72 73 75 78 82 83, 85 86 92,93 95 96]

SectionTS”i |

The results and algorithm discussed in this“paper_can be
improved in one Or more ways. We indicate some of these:ih this
section, First the restriction-on.-the sample size should be
relaxed. Second, the .number of pﬁﬁulétfon*dhitfpéf cell of the
matrix may be increased. Third, in. scheme (aﬂ;iﬁﬁefnumﬁér of
representatives of a group in a sgmple is either O or k. So for
k =7, say, any sample'will céntain either 7 elemeﬁté'ar none

- from a group. For n < mk, this dlSCGHtlﬂUathn may dlsappear
“partly cr fully. ‘In’ scheme (b) thls number of representatlves.ls

O or k-1 or: k. Hence it is dlSCOntanOUS for k > 3 and n = mk,

In scheme (c) if D,,

is O or k., If D32 ls chosen, then the problem depends on j. If

J =2, then jk=k-=j=2kek~2 = k-2, so number of representatives

is chosen then the number of representatives

lies between 1 and k«l, For j 2 3, the value of jk=k=j increases.

Contdeseces
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Hlence in scheme (c¢) the discontinu;ty disappears completely,
Fourth the.algorithm takes mo;tiofiits.time to execute the
subalgorithm GENERATE. To get thé L—th-sclutidn matrix, this
subalgorithm generates all the previous (L-1) solutions,-which

ldeally it should not. We think that the recursive relation

C c C C C.=j C, =]
A (11l Ky - Ly ool (LK 1 K "k
al L Taeeak ) 2 ( i ) ( 5, ) A rerask )

may be exploited to directly generate the L-th solution,
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 APPENDIX -

In section 1, two equations in flérentléiméd-fo_be'equivalent.
Here we shall show a little more,
Let D = fDl + (1-f) D2 sy wWheTe Q,Dl,Dz-are sampling qesigns,

and f is to be chosen in such a way that ﬂij(DI = ﬂ;j(D)-

)5

_ e w? (DY v — : oo m
Let x, = ﬂij(Dl)’ X, = nij(ﬁl), Y, = nij(DQ)* Yp = nij(D2

L2 :un;;(D) and- z
1] |

,
; nij(D)._.

2
From lemma 4, we get

2(r-1)x, + (£-1)% x, = n(n=1)/2 .. ... (8)

where r2 = N is the_population size and 'n is the sample size as
throughout this paper. | , |
(i) => X = [c ~ 2(r&l)xl]/(rfl)2 whe;e ;_: n(n—;)fﬁz;'h
Also, 2(r-1)yl'+ (r-l)2y2 =méih;i);;§m::;..,..f;.(ii)‘”
- => Y, = [0-2(r-l)yl]/(r-l)2-
Next, by definition Zy = fxl + (l-f)ylij........_.(iii)
and 2, = fx2 + (l"ijz_';'éfﬁ(iv)‘ Qur_g}m ié to_find fhin.sugh

a way that Zy = 22.

Contdes.ee
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Note that since lemma 4 is appliﬁable'for z, and Z, also,

SO 2(r-1)zl + (r—1)2z2 = n(n-l)/r2 eeoes (V).

We now argue that if an f exists such that z then (v)

Finlliagir
L ]

1 T %
implies 2, = z2 = c/(r2~l). S0 we could solve the equation
fxl + (l"f)Yl = C/(I‘2-l) -----.----(Vi_) OIF
fx2 + (l-f)Y2 = c/(rz-l) l-illlll--(vii)

But a straight cut way to find f is to solve-

fx,+ (1~f)y. = fx,_ + (1-f)y. v....(viii). We shall how
1 1 2 2
show that (vi),(vii) and (viii) are equivalent.

~

-7 we solve (viii), we get

Putting the value of.yé in terms of Y, we Qét,

cs2(r~l)yl'* (r-il')2yl ITcA(rz-l)yl
- =--—-_—"""T'_'—_"——=—_T
277 (r-1) (z=1 -
Similarly,
c-(rz-l)xl
Xg = X) = s
2 1 (r-1)
' (r2%~1) (x -y, )
S g mxy) + (yy = y)) = L L
172 7277 (r=-1)

. c-(rz-l)yl (r2-l)(xlﬁyl) _ c—(rz-l)yl

s I = ey / = p————
g
_ (r-1) (r-1) (r —1)(xl—vl)

Contd---n-



If we solve (vi) we get,

: .;” N L 2*?”{_ |
f(Xl Vl) f ¢!(r “l) le_

So {vi) and (viii) give the same solution, -

Next, ifhwe-solvev(viii), we get

c;(rzgl)yz"
> B
)

f =

L ) '

S0 finally we shall shﬁw;

cu(rz_l)y _ cﬁ(rz_l)y

X171 X5™75
c-{2r=2)x o
: = ' d
fow, XyYy —?;:I;g-—l y, an
f c-{2r-2)y:
VKXo o Y o
e B
Xy, - Xy =;cy1a(g;-2)xlyl
A | 172 o

-c(yl-xl)

I

=1

L,

-cxlf(2xﬂ2)xlvl

(r=1)

—(5————)-2— ------.--(i}()
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Next, (i) - (i1) => 2(z=1)(x;=y,) + (z=1)%(x,=y,) = O

or 2(xl - Yl) ='—(r—l)(x2-Y2)

= —2(xl-Yl)/(r-l)_

e Xy T Yy
o C(x=y,=xy 4y ) C ( ) = (%, = v,) ]
tET o T En e T

_ ZEZIf["(xl_Yl) (Zy+1)]= c(vl-xl)/(rﬂ}??........(k)f

Finally, {(ix) and (x) imply,

> .
C(XZI- Y. = xl +ﬂYl ) = (r - 1) (x2yl - xlyz)

2
= (r2 - l) (x2Yl - leQ - xly2 + Y1Y2 )

or, clx,~y,) = (rz-l)yl(xz-yz) = c(xl—yi).~ (f2-1)y2(xl-yl)

c;(rz_l)y ﬂ-(rzul)y | '
or 3 ——_———-l — _——--—-2 ’ prOved.
X171 X"

- CALCcyTTr
L el ’

e s, o - -






S ovar

BEETCS S |
brmgwam-gﬁHPLINB;_

Lype o . | -
settype = set of 1..100; co
vector = array [1..107 of bytey
matrixfﬁ'ahray'El;.lﬂili.161 ﬂf-byte;“
scumV = record {(Set. cum Vector: |
| case class 1 1..2 of |
-1 (content @ vector)y
« 3 (contentset settype)
end; {(of record? | -

var | |
| Uut+ile @ texty

FileNama stringll12] g - N
PmﬁulatimnEizE,Samp1eSize,H': integery
nyR,Remainder M & integer; | |
Fattern @ 1..3: - e

. S | S 103

(B = PopulationSize: Fopulation units are labetlted. 1,2,...,N.
N Fopulation units are arranged in a R X R array. Hence R

i
#
L
=
¥
=
"y

4, Remainder : They are such that f = K % (M ~ 1) / (K — 1) + Remainder. 3

S — procedure. Screenlesign- — = — « = = w . o o e )

procedure Screenlesign g

KyY & integeryg’ IR | - |
procedure TwoChar (x1,¥y1,22,vy2 : integer):
hegin .~ . o R |
Cgotory (xi,yl);
write( chr(17&6) )3
- gotony ®2,v2)y
cwrite( che(i76) )

end g o '

brergin .
clirscry S
for x 1= 5 to 7% do
- TwoChar (x,5,% ,20)

fory 1= 5 to 20 do

- Twolhar (T s 734D 3 )

window (6,6,74,19) 3 -

gotoxy (1,1)y - -

wiiteln;

LowVideo s | * - - S

wrriteln (7 | A sampling scheme based on ') :

writel g ) | S s - o |
HighVideos B | - | N e
writeln {’ “Choice on binary matrices under inequaltity®)§

- hig

writeln{’ restirictions on row totals and column tatakﬁgfff)},:
wreitelng - Lo | | o
weeiteln (s . A dissertation work’) s
writelny' H SR R | |
wiriteln¢’ L, byt
MighVideo; R
wieitetn (/o - ANUP KUMAR DE ‘)
LowVideoy; o A
wiritelng o -
Lriteln(’ © guided by’);

.

- -{'



wreiteln (/- . Ir. BIMAL KUMAR ROYS) ;
L.owVideos; B S | |

celay (10000).;

| window (1,1,80,24)

end; {of Screenllesign)

{ mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm RNE A iphn i el bl L ELEE AR WAL SR SRR B s }
{ = = = e e e e pwmcedure InputFarametErﬁ wwwwwwwwwwwwwww ¥
{ mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm . —-m——-—u} h

{This prmceduﬁa Eitheﬁ 1Nputs mr.aﬁnﬁt#uqtﬁ_the_ﬁeqﬁiﬁed péramEteP$_ }'

procedure InputFarameters
- . o | |

Temporary : integery
begin - o _— -

wirite (“Fopulation size tahmqu be a aquared number) =50y

weadln(PnpuTatlmﬂﬁlzej . | "

FCos= bruno ( Eqrt(Pmpulatlmnﬁlae} ) &

if PopulationSize <% (R * R)Y R

then begin S
nghvldana' - S - -
writein (' Your pmmulat1mn sire is not a gouared numbeh. S0 the pwmgram is halted. )3
writein{’ PPEEE i tm ah&rute the ﬁrmgram agaln’) ' o
H#‘-‘:LT |
- end s -
witite (‘Sample sizg =7 ‘)3 |
_Paad1n(5amp1681aa), o I I
wirite ( ‘Max imum # a?]mwad unitﬁ frmm any grmup = ')
readin(ﬂ)

wr'*lta'i B (Du‘tf ile) s

writein(Qutfilte)

wr1t91n(8utflle,’61van the %mllmwlng ﬁata s7) s
writeln(Outfile) 5 R | |
W|1te1n(ﬁutf1la;’9upu1at1mn size = ,Pmpulatimnﬁiza:ﬁ);‘j"
writeln(Outfile, ' Sample size = f BamplelSize 13)
wr1te1n(ﬂut{1le,’8amp155 inciuding more than’ K 1 3,

! units from any group are nonpreferred.’) o . | -
write]n(ﬁut?il@,’mm—fmwwmmm“m~"mmfm*f"“v~wwfwmm“*mmf“"“~mmﬂﬂ-%~+-~—~~"~*~“-~~~fmmﬁ~““’)

wrltETH(Dutflle) |

Wﬂ1te1n{ﬂut¥11a,’Hence the aa]cuiatad paramatarﬁ areg 1) 3
writeln(Outsilte) s | |
write(Qutfile,’ r*:‘* K1 2) 3

Remainder .:= R mod Ky s .

write(Qutfile,’ - J"’&Rema1nder : 23

Temporary = R div K3 | |

M 1= Temporary * (K - 1) + i

writeln(Outfile,” m=/,M : 2);
M 2= M * I':'-ﬂ o o | : L : T . :
WﬁitE H{DutF1]E‘ "*?*““ff;ff*“ﬁﬂf”“*ff%Tﬁmmmmw&ﬂnwﬁmfm“{};

writeln(OQutfilte) ; .o L e

wirite' n(Dutflla,‘ﬁt most fan 3 347 units may be sampled.’) ;
if SampleSize > n | S | |
then begin

ww1t&1n{ﬂut+1}e,’ﬁm tha ﬁamgle size has baan :ut dawn to ‘N 133,7.7);
Sampiﬁﬁlze = | - | '
erd 5 | S | o .. L B
wrzteim(ﬂutflle, “éﬁw&~—f“&“m*“f~~uwf#wffwmﬁmm“+““*f*“;*“*““f’);

writeln(Outfile)y S | |
writelnl{/Press ﬁp&te har to umntlnue e o« ow’) 3
while not Paypreased do j |

ol F-tate -

enc s (of IﬁputParamaterﬂ}

(o m om e e e functlmn Nammb;natlmnﬁ mmmmmmmmmmmmmmm ple R
{00 o v e 4 shnm e st 1 et 4 A i S Tt e e 84 VY A0S S b Tt e 8 b S e e Sk, S8 L e S PES 1048 AR 448 o e et e Lt SAth TR AL LA B b Ao St et e e et Pt 5498 480 o8 8 S Pt e s e s S st ot St st e oo 1

f!urpmﬁ@ of this. fuanlmn is obvious & is 1nd1aat&d hy its | name.)

----- —_— ,.-.:'_.__ﬂ HHM e rrr—— e cm L aa— e

*Hn.ul

B Y T et



S var

%nnatidh'mmﬁmﬁinatlmnﬁim E" 1ntegar> : integer;
1 It is aﬁﬁumed that. N and R are ﬁmnnﬁgat1ve._§

I Tempawary,Nplual =”1ntegar,
hegln - S -
| it N o< R | |
‘then Naumb1natlmnﬁ = B
| E—]E‘:E it (R = Q) ar (R = N)

-than Ncmmﬂznatlmnﬁ.zﬁ.I_
else begin

1f (N - R} F 24 | SR |
then R N - R; (Since nCr = nCn-r3}
Tempmrary s= My | |
Mpiusl 3= N + 1 o
for I 3= 32 to R do N |
| C Temporary, 1= Temporary (Np1uﬁ1 - I) div 13
Ncmmblnatlmnﬁ g =2 Tamﬁmrary v o
f exrd
end: (of NecombinationR}
e et e et e 3
Lo o e e e e i ¥unct1mn P e e e e e e e e}
{mmmmmmm“nm“mhﬂmmmmnmmw*m“mmmmmmm-mm“mmmuﬁnmmwnmmmmwﬂmmﬁ_mmmm_umm-uwau*e mmmmm )

C{This function is actlve when Remalndew a LIt waturnm & value m* 4, ﬁ 4 F'{ 1,'
- dwpanﬂlng on whether Remainder is 1 or nmt. An any case the ﬁPGCEdHPE Ghmm$e~ |
Bample ﬁhﬁﬂﬁ&ﬁ the aﬁdlnary 5LhEME wlth prmhabliity f } -

tunction F soreal 3 o
V& : .
ttt @ real o
Hp]ual Numeratmr Uenamlnatmr = integer;
begin . S - |
Case ﬁamalnder of o . - |
1 ttt = 1. Q - ./ IPDpuiatimnSize-w 1.0
m1mﬁ - begin o S

Rplusi = R + 1; . SR .

'Numeratmﬂ 1= (Rplusl ~ Remainder) % {Rplusi - k) | .
Denomingtor 1= Rplusl * (Rplusl - F + Hﬁmalnﬁar * (K - 2)) 3
ttt = Numeratmr / Denominator | R

end S -

end {case); o o
Wi 1te]n{i.'lut-F11E, =yttt bhsdd) 5
+ = ttt | o |
w@nd: {of function £3

R pwum&dure ChooseSet — = — = ~ w o o o o o — e e 4
{m“mmmm&wwmmm_“wmm“m“mm_”m“m_m“““_m?“_mmmﬁ_mmm“mmmm“_“mﬂm_mmm_m“mmH“mmmwﬂmw“;}

o This prmceduwe chmm&ea = numberg from the numbeirs 1,20 yN and fmwm
the set LocalSet w1th thaae mhmgan numba#g. Tha selection pPGEEdUPE
L 5 SRSNDR } N N

ptmcedure Chua&aSet(N S : integer; var Units : ScumV) ;
I,U :'1nteger :
L.ocalbet 1 ﬁettyp&- !
{1 : Faunta the number of units chosen so far.
lnits Repreaentﬁ a numbew AMONyg i,ﬁ,...,N. 3

bmgzn {In1t1a11y thare 16 no Elemant in Luaa?Set ¥
-I_:* . .
ucalﬁﬁt  £3, . - | , | -
1f Un1t&.c1a$$ =2 . | : B . o .
then Units.contentset = [Jr e | | .
repeat - : -
(random is a bu11t~1n function whlch pﬁmduaaﬁ a randmm number 1y1ng -
hatween O to N-i. Hence U is a raﬂdmm number Iylng betwean 1 and Nwa.
U g random{N) + 13; - : |
1% ﬂmt (U in mea18at)

SR VA T ST | UONE. T ..,rF....._,.\.-\_.--



W R R A T BT R O R N R A O NE
| LocalSet 1= LocalSet + LUT; ] o
« T =1 + 1 {Dne more un1t is - chosen. J
_ | - oend : - o
until]l (1 = 8)

La=iy . . |
for U = 1 to N do
1t U in LocalSet
1f Units.class =_1
then begin.

Units. cmntentEIJ § = u;,
T o= T o« 1 |
#rd

else Units. EUHtEHtEEt 2= Unita.cmnteﬁtﬁat + NERE-
- wwlte1niﬂutf11e) S | -
end; {of ChooseBetl.

{ OU M Bt L4018 L4149 BAtRR AL L0 S0 oS ek b S1S00 S9934 NS s s S N H40%4 P et mEHE A HRGL ek s b 99900 b R A et LM S Ttk S Ak 34084 Wb e, s Tt 4bn AR e mdmd $HiAS MM P SrReR SR Y48 W ek Pt s PR SR i Semma Rl AP SR b v . Sesn 89P0 OO Arere P et S Batrt e 3
e e e e e prmcedura COUNE ~ ~ = = = = e m e e e e ]
{: -n-u-uu-.q-m.-qunnmul—nl-u.luﬂmn“_n““ﬂm-ﬂ_“mmmh““““_—““-_-? mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm }

{This pracedure cmuntg the tmtal # EﬁTutlﬂﬁﬁ o f the $m11mw1ng problem :

)

et there be a binary matrix of dimension NoOfRows X NoOfColumns which is fm'
be filled up by NoDfRows X k 1s such that @ach row will contain k 15. 85_.
k¢ is the makimum # 1is that can be put in any ruw/ca?umn.

{2 i a vectmr of dlmenﬁlan k' such that CLIT Q1VE$ the # rmiumna wher@
H mmr& 15 mﬂn be put. Hance CEIE+EE“}+...+EEP] = NQQ%leumns 3

procedure amunt(Nmﬂ%meg,L_: integer; C,: vector; var result @ real) s
Woa : R . o -

Tamparary eal s

H o VEEth,_

I integer;

(M o oo oot e e e s e gt e vt e ot ek e 2 i i e o s . it o i i i esimr o ms ] )
(% ] =~ = = = - - procedure cuunt 1ﬁmp ~~~~~~~~~~~ 1 %)
o e e e o o o i 2 e i e e 2 e 1 %)

t It we say EEIJ represents the # 1~ th type am?umn, then thlﬁ pwmceduww
choses J Index—th type column(s), O <= ] <= min{(Remaining » CLIndex 1) ,
and multiply the coefficient by {EtlﬁdEhJ Go3) . Thus by caii1ng itsel +
recursively it generates s single term in the right hand side and calling

the main procedure mutual iy recurs ively it generates the whole Plght hand
% ide of the recursive fmrmu]a to ava]uat@ total # sm]utlmnﬁ L

pﬁmaedure count ?mmp(lndex,Remalnlng,CmaF¥1alent H 1ntEQEﬁ);
N oE ’ '
J Newtme+flmlent,MawlmumPuﬁﬁleEw? 1ntag@ﬁ;
beginn o - S
14 ﬁemalnlng = ()
then begin | “
| fair 3 o= i to (Inde = 1) dm
BEJ] = OLJ1s
BLIndex] = BEIndEf] + CEIndex],-
count (NoOFRows ~ 1 WK B yresult) g
Tampuraﬁy = Tempmrary T+ Emeff1C1ﬁnt gD reauit
- oend B - |
elae if Index = 1 o
thenm if CL1] }“ Ramalnznq
_then begln L | '
- BL1Y = BEIJ + Ctl] - Remalnlng.J_ | - |
- NewCoefficient 1= Coefficient = Nmmmb1nat1mnR(C[13 Rema1n1ng)
cmunt(N¢G+HQW$ -~ 1,k B, result) - |
Tempmrarv 3 Temparary + Neowe%F1ﬂ1enL * PESHTt“'
| - end ' |
. else
el se
rergin | ! | .
s B A ¢ Remaxnlﬁg D LEIndEH]'
thern MaximumFossible = Remainina



B ﬁ Pras tMUmFD8S 101 & 235 LLINdex.d.s

for J 5= 0 to Maﬂlmuum551b1e do ';

hegin . N
N Inde:-:*-: ﬂ'-k -
then Bk = CLk] m-J' | |
& s BEIndan :m BLIndexl + EEIndex] - Js
RCIndex - 13 J‘ |
NewCoefficient = Coefficient * Naamb1natlmnH{D£Inderj J)
- count, 19mp(1ndem e Remaznlng -3, Newtm@¥+1clent)

if Inr.:le Lx ko
- then BLIndexl
end A

zs EEIﬁdEHJ + J - ELIndEH]'

- | end |
end: {of count_loop?

if (NoOfRows = 1)
then if CL1Y = Kk
| then result = 1 |
- else PE&MYt KR
elee if k= 1 o
then begln |
- result = 13 : |
for 1 = 2 to MoOfRows do
- result = result * 1
end |
e¢lse begin | | . | |
-~ Temporary f" QL3 CTempmrary W111 aucumulate the va?ueg m% each te%m in the Fl@ht hand 51ﬂe }
rount _loop{k,k 1) (Coefficient is imitialised to 1.7 L
Coraesult o= Tempmrary |
. - end o
ehd;_{mf'amunt}

_ - . , _ | _ -3
(o e = S e wff prmcadura Emﬁﬁtruct“'m e e e mm e e e
U S e e s e e e et s o e e o o e e -

. . . - "
.mﬂ-——-mﬂﬂr-rpnnq_ﬁum_—-“m-_-n-Mmumn-—h—ﬂ“w-ﬂﬂﬂhﬂaﬂﬂmmmnﬂ!-ﬂiﬂﬂmmﬂn}
L} _ d = -

procedure Construct (85 @ matrix) g

Varr - . _ -
MadUnits,Lastnit,I @ integer;
Cancel ,Row,Column ¢ ScumVi

el 1 %)
(% ] o e e e e Prmaedure Prlntmatw1> wwwwwwwwww 1 %)
(% 1

'ﬁwmmﬁduwe'printmatriwi{TmEePrimted : matring NﬁD%RuwﬁiNmD¥Cm1umn5 : integer) ;
Woam : S - / | : - - -
I, :’intagaﬁ:~
begin | f
wr*lte(Dut‘FHE, '. ") -
for I =1 to NGB%C&THmnﬁ o
it Pattern I

then write(QOutfile, ﬂaiumn cmntent[l] 4
‘ elee weite(Dutfile,I - 4); | .
wr‘1t31ﬁfﬂut411&!} . ~ , | o )
write (Outfite,’ ‘Y I
for I e= 1 to (4 % NGG%leumnﬁ + 2 dn
. wrltatﬂutf11a, ! 3
wiriteln(Qutfile) i
foor I = 1 to. NﬂDmews dm |
begin |
i{aFattern = 1 - ' -
then write(Dutfile Row. mﬂntantEI] 1 2,°07)
el ae wr1te(@_t¥11e T:2,' () '
for Ji= 1 t& ﬁmﬂ%ﬁmlumna do |
wrltetﬂutflle’TmBePrlntEd £1I, JI 4)

ww1te1ﬁ(0utf11e, )‘)
end 5 L

WIlte(Gut#i1e‘ “ 0y



"E h - BRI |

Turite Outfile, =7)
wrltETHIButfllE)

ernd g
' (1 o o e et e e e e e 1*)
S e T S EFEtedura Cmﬁﬁtructi wwwwwwwwwwww 1 %)
B e T ——

- procadure Cmnﬁtﬁumtl,

var
I

hegih

g d B 1ntegar;

wreite (Qutfile,” 7).
for I =1 to (3 * n) do
wreite (Qutfile, ~’) 3
writeln (Qutfile) s
wirite (OQutfile,’ L) ;
tor Ii**1~tu M do )
fmr o=l oto M ﬂm
if 8501,31 = 1 |
then WPltE(DUtflle R *
wr1te?n(Dut¥1}e, 17} 3

Cwrite (Qutfite,”’ *)' x

end;

for I =1 to (3.% n) do
wrlte{ﬂutflle, -4y

wwlte1niﬁut¥11e} o

{of Constructll

(ngl;aﬁtehﬁtij_mfi} + Cotumn.content[JI1):3);

' '

I I e e e e oo e e ottt e e . o i e ot it o e em e s 2t e 1 %)
L S i T pwmﬁedure Sanﬁtruct” mmmmmmmmmmm 1 %)
o e e e e e o et e o e . e e s < e et e e e e et e et e PR

procedure Cmnﬂtruat-

var
I

Jng Th,Tamp,raw col :Iinteqer=

£T1 Th are temporary: variables used fmﬁ twm purpmﬁeﬁ as 1nd1tated halmw 3

begin

T

bt .

write (E}Ll-t_ﬁf ite,” 7y
tor I = 1 to (3 % n
owrite(Qutfile, -
writeln(Outfiie) ; .
wirite (Outfile,” E )3
for 1 = 1 tm R do -
for J 1 to H do

1f 88[1 J] 1

then wr1te(ﬁut¥11a (R *

i" 1 ™)

+ 5) do
3

1= | A stUnlt dlv (R W”HQ+'1};
TE~:= LaﬁtUnlt mmd (R~ K +.1) 3

it T2 = O
then begin
oW 3= Tl -
T2 = = - t”-"l' 1 -
.Enﬁ ‘ R

(1 -1 +3) 1 3);

EHere wlth the he]p of Tl % TL,”we dealde 3
€abmut the row in wh1¢h we Ehmuld EE&PEh- 3

¥

T4 z== Q§ {wa in. the 1nd1cated OWw we have to find the TE*th $mﬁty éﬂtﬁy.}
Jd e Oy _'€T1 now counts # emﬁty entr1e5 aramlned } L

treepeat”
CJo = I 1 |
if S8Lrow, JJ O L
- then T1 &= Ti + 1f
ntil (T = T2)s

write (Outfile,’ and’, (R * (row -

writeln{utfile,’ 1) :
L-x;r‘*itea{{:}ut{ﬂa, MDA

for I 1 to (3 % n + ﬁ} do
' wr1t9(ﬂutf11e, =) 3 S

1 emm—— l'-—-. l""\-'-"_.-—-rh-"'h_ m—— —n | e _—
P

_}E(AL uNbl EuTL

1Y + .0 : 3);



ML LB AULT L ey
@nd; Lot Cit::nn‘-:atf"*ut{:ti‘}

(* Lo e pﬁmaedure ﬂmnhtructﬁ T TR “_m.f'“‘fjl % )

'ﬁﬁmaaduﬁe Construct3:

var

1,3,7 = intager‘ o
beag in » -
. wr1te(ﬂutf11e, ‘Y ¥ -

tor I 1= 1 to (3 % n} dm H
_wr1te(ﬂutf1!e, el B
wreiteln(Qutfile) ;
wrrite (Outfile,” [7) 3
T oa= 0Oy )
o ITooe= 1. tm K do -
g me.J = ]l to R do
- if 881 yJ3 = 1
then begln' -
T p= T 4+ 13 = |
i nmt (T 1t Canue!.amntantﬁat) -
then wr1t&{0utf11e (R % (I - 1) + 3y 3 3
- oends -
wﬂxte}n(ﬂut$11e, 30
tor 1 =1 to (3 * n) do
write{Qutfile,’ -~} 3
- wititeln{(Out+ile) |
end: {of Emnﬁtructd}

B A, f'—*é.E'w - body of Construct ~ — - - LT e e e e o
begin | | | | 3 T | | N
mEE Pattern of
1 3 begin L
- Row.class 1y

Ehmmﬁeﬁetiﬁ M, me)
.&m?umn.c]aﬁﬁ = 1-
- ChooseSet (R,M leumn)
ﬁrintmatwlv(SS MMy 3
-wr1te1n(ﬁut¥11e} o
- ww1te1n£Dutf11e,’The Ee}antﬁd Eampllng units are )
- Constructil - |
- endy
< ¥ begin
- ';J!"‘lﬂ’tmatl"‘l‘{(SB RaR) ;3
| wrltelniﬂutflla). | .
whzte1n(Dut¥11e,’Tha sel ected ﬁampllng unlta are s 1) g
LastUnit = wandﬂm( R % (H - (h-w i)y + 13 | |
Construct? - |
Cendy L
4 ¥ begin . |
| - printmatrix (88 ,R,R) ;
hwwltﬁiniﬂut¥11e) | -
wwzta?n(ﬂutfx]&é‘The $E1EﬂtEd samp11ng units are 1)
‘BadUnits = Rﬁmalnd&r * (k- 1) - Ky
Cancel .class 1= 2; , - - -
- ChooseSet (R * (k. “.i)yﬂaﬂUHitE,CaﬂﬁET);_
Constructd R |
Cend |
endy {caseld o o - o
writelin(’ - '. ¥  # G 00D BYE* ® %/);
close(Qutfile) s - - |
- FALT |
endy {of Cmnﬁtruct}

.

{ - - m'__“ e - ﬁPmKEdHPE Genewateﬁatrlf e T R
{: .,“.........q..».. --*--w-"---—H---r-H--HH-H-—--I-"------:----n--H-H--—------ﬂ---—---ﬂ-H--m-—-mm-ﬂ-*-*--m-ﬂ--h——---—----—“---H--H-—--r--"HH-H---—mm"ﬂ—-—ﬂﬂﬂmmhﬂ--ﬂﬂmﬂﬂh-ﬂﬂ-—-—--—'—--— } _

{This procedure finds the Hequlredwumhﬁw“th 501 ution matriyx of dlmanﬁlmn .
Hnﬁfhmwa X NoOfColumns, EubJect tm the FEEtPlCtlmﬁ that no more than k Uﬁlts



‘”ph&c&dure{Geﬁaﬁ&téﬂét#iﬁ:fﬂméfhﬁwgkﬂﬁéitﬁTuhﬁﬁ;k'tfintéger;'ﬁequiwadNumheﬁ-}-ﬂéa1l;

var o . R
Resource: ,ColumnSum @ integer :
Tepth ,EmptyColumn .t integerg
Mmﬂfﬁm?utlmnﬁ toreal S
Lolumns . @ vectorj
ﬁamp]eﬁ:heme_:z'matrixr

{ Resource : Total # ls in the matrl | | R

ColumnBum @ Maximum allowed # is ammng a11-cmlumn$.

Depth 2 Used in the for loop. - |

ko Maximum allowed # i1z in ANy mefcmlumn. . o

Lotumns ¢ This is a vector. Its I-th e]emant 91VEE the ¥ ols ﬁtl]] allowed to
he put in the I-th column. . | o

EmvaCm1umn 1 # columns which has no 1 so far., . %
L o o e e ettt . o e e o e e e 1 %)
A A Prucedure In1t1d11$e Tl S D
L e o e ot e e e St 1 o 2 et e e o o e e e 1 %)

pPQC@ﬂHPE 1n1t1a115e5
_Vc:’l!"’ :
1.3 integerys
h@giﬂ | :.ahﬂ. S -
for Ti= 1 to NoDfRows do
+0r J = {1 to Nmﬂfﬂmlumna de
Samp 1 eScheme [ I JI = Oy
MoOfSolutions = RequlredNumber,'
o Ji=1 to Naﬂfﬂmiumna dm
Calumns [J3 = by | .
ColumnSum = k * Nmﬁfﬂa]umna. "
,metyﬁmlumn = NoOfColumns 3
Depth =k - 1 - -
& ;

{This prmcéﬁure”genewateﬁ the solution matPiH in a-&yﬁtematic WaY .3

mwmcadure generata(ﬁampleﬂatrlh.matr1ﬂ: Emlumna vectmb, Cm?umnSum Reamuhce,-
L Nmﬂfﬂmws Emptyﬂm]umn - 1ntegew)
vars B | | o -
J;Jl,ﬁemaining ' 1nteger'
Fossible @ booleani e
{ Fossible @ True 1f it is pmﬁgleE to cump?eta the matrix wlth the Pemalﬁlng.
o 1 RS aubgect to the Lmnﬁtralnta, | :
" Hemaining i When we i1l up the row 1 , We must put 1 & 1n . those cuiumna
o which has not yet abtained its minimum requirement, and th@
rest of resource is ca11ed then "Remalnlng" | o 1

{ This Qrmcedure creates a neatlng mf fmr 1mmg$, where the max i mum 1eve1
ot nesting is Depth.If the maximum # allowed ls is ky then in a partlcuiaw
oW there can beqi Is, 2 <= i <= k in all possible ways. Hence for fined
1s we need i nested £ 1mmp5 and th15 pwuaadure achieves that ﬂEStlﬂg -

o att i .

procedure for 1 aop {LE¥tLimit,ﬂaﬁthziﬁtegEﬁ);
R E - ' : |
¥ Tempmrary - integar;'_“
i:aﬁec;lrz | G
Tempmrﬂarw 2= epth --*'l: . - - | | |
gﬁnﬁrateiﬂamﬁ1eMatr1h,Eu1umnﬁ Gm1umn&um+Temmeﬁry,he uurme+Temﬁmwary,f-
| - Naﬂ%HQWE 4 Empfvﬂmiumn) |
RN




then nglH-
| Hepth-:: Depth ~ 13 | ”
Cfor 1o metle:t to Hmﬂ¥ﬂm1umn5 dL
| if Cmiumnﬁtlj S Q -

then beg1ﬂ

-Samﬂlﬁﬁatrlwimmﬂ¥RQWE I] z= 13
Columngl I, = Cm?umna[I] ~ 13
if Emiumns[l] k- 1} |
then o | | -
| Emptyﬁmiumn 3 == Emptyﬁmlumn.— 1,;
'fmr Nooap (I+1i,llepth): |
aampieﬁatrlh£NGG$HGWE 11 a=-035 -
CotumnslIl = ColumnslIl + 1.I
if Cm]umna[l] = e |

then o | S o
, Emptyﬂm}umn := EmptyColumn + 17y
. end - f , |
cendy (for _toop S . R |
(3 L o o e e o o e e o o e o s s s < %)
T (R D e e e - Prncadurﬁ FlPEt me Fmr lLoop -~ ~ = = - 2 )
O S 2 )

{ This pruaeduﬁe is 51m11aw ta F o mep prmcedurﬁ with the ﬁ1f¥HPEﬂEE that

it filis up the first PGN (last in our ﬁaquenca} and hente 5amet1m55
prints th& matrlh 3 -

nwaa&ﬂure tirst _row _for lmﬂp{ Leftlelt Hmwﬁany - 1ntegew ), T '

AHowMany @ Gives the remalnlng numbew of entr195 O he £illed up 1 tha f1r5t row 3
Covare : D | |

J o3 integer 3
Sbhegin o |
if HowMany = 1'
then .- |
- for J o= Leftlelt tu Nmﬂfﬂm1umn$ do

1{ {CotumnsiJl <> O) and {Samp1eﬁatbl}{1 JJ = ()
then begin -

aampieMatrlhti J] :m 1-

NoOfSolutions = NmD%Sm1utlcns - 1, {count dnwn} o S - |
it Nmﬂ%Su]utlmna £ 0.1 (Rasically we are testing = thut since it is a }
then - {real number so scope of apﬁruxlmatlan is kept. 3

Construct (SampleMatrix) ;
SampieﬁatrlnEl J1oe= O
o &nd | - - | -
S else |
elee 0 |
| for J o= Lafthlmlt to NmD*Em?umnﬂ da

if (Columnst.J] f“-ﬂ} and (Eamﬁlaﬂatrlhti JI = 0y,
- then hegin | . -

Qampleﬂatr1wC1,J1 t= 13 o .
flrst row_for _Yoop (J + 1 , HowMany — 1) ;
amp]eMatw1*E1 J1 =07 . |
N end -
end; {(first_row_for_loop?
(# ] = =~ = — = = ~ = hody of generate -~ ~ ~ — = — — = = w = — ] %}

begin (generatel} |
Fossible 1= falaa, | | g |
if Resource »= NoDfRows £81nca each wmw/mm1umn muﬁt have at Teast & 1 }
then if REEGHPEE s Emptytm1umn
then if Resource <= {(k % NoOfRows) - - S - I |
then if Resource <= ColumnSum {Rememher 1n1t1a11y Em1umn5um = k% NoOfColumns.?
- - then Fossible 1= true; S | |
it Possibl e |
tLhen . ;
if NoOfRows=1 .
then begin | |
for J = 1 to Nmﬂfﬁﬂiumna dm
if ColumnslJl = k.

then Eamp?eﬁatrl £1, Jl y=2 1 qunca eath tm]umn must have at 1eagt two 1 ‘&.}
_qumum BNPR R o P PN v TR, SN o O .




if Remainding =07 . |
then begin (8o, .a am]utlmn is obtained. } | S
| NoltSolutiong o= Nm0+8m1ut1mnr ~ 13 {count down?3l
if NoOfSolutions < 0.1 ' | c
o then Eungtruﬂtiﬁamp1eﬁatrixb
Eﬂd :
eiﬁa €Fut the remaining 17s in- a11 p9551h}e ways }
| Cfirst row for_loop (1,Remaining) -
# L end - '
tor Ji= 1 fo NoOfColumns do
EE Emlumna[ﬁj L T
then beg1n . | -
ndmp}eﬁatrl ENaG%Emws J] s= 1y
_Cm]umnﬁiJl e leumnsEJ] ~1 3
if CmumnsEJJ m= (P 1)
thern | o
| EmptyCm1umn . == Emﬁtytmlumn - 13
tor _loop (J+1,lepth) ' o
'ﬂamp1eﬁatv1hENmD{Ruw5 31 = 0;
ColumnslJ] .w'CmiumHEEJ] +1;
i Cm1umn5£3] = jr.
then B . : -
EmﬁtyEQTumn 1= EmptyColumn -+ 13
- end . AT
end; {(generatel |

{ = = = = - - = = = body m% GEHEF&tEMﬂtPlh e IR E
- begin £ma1n} S - . |
- Resource -“'Nmemes % . L.
initialisey - - -
wr1ta}nimut¥11e,’The émiutlmn matr1w ig’) g -
genawate(ﬁamp1e5chame Cmiumns leumnSum Hegmurue NQUFRQW$ Empty8m1umn}
& {m¥ GEHFF&tEM&tPlF} | | - - | - |

e A R prmtedure Chmmﬁeﬁample ~~~~~~~~~~~~~~~~ b
e s e 0 st ot s v 1 e e 4t e A 8 1, S8 s St S0 0 5 S e =498 3 4 bt i e e O S S e e o P Ht S0 i et = 57 855 5 5 29t o et 2 it et e e s e e e e }

{This IEPGCQduFE.ﬂhéﬁQEE M * | ﬁamp1e'un1t +om N pmpu1at1mn*un1t$, in thr@@ :
. wWays depending on the vaiue m{ the Remainder .} - -

QPGL&dHFE ﬂhmaﬁaﬁample-
-1 |
I 3 1nt@ger-

L:': V@ﬂt{jru e o -
handamNumbar Tmta1 REquiredNumberl:'real

i

(B ] oo e et e e e e e e e e e e 1 e e 1 %)
(% ] = = e - ﬂPGﬂEﬁHPE Drdlnaﬁyﬁﬂheme wwwwwwww { %)

LTh15 pwnaedure mhnmaaﬁ M rows and M columns from the B X R matrla at Pandnm.
Then it findg the # ways in which' this M X M submatrix can be filled up by.
M ¥ bk le. Finally 1t,f1nd5 any.ﬁu;hﬁmatrlh at random .} AR

proacedure Drdlnaryﬁcheme-.
V{:‘H"‘ . |

I :'1ntager;

o3 vector ;
begin
W 1te1n(ﬂutf11e} -
for 1 =1 to (K - 1) Elt'.:}

o GUIY a= Qg
DL T s H:. . '
count (MK ,C, Total) s - |
wr*ztmrﬂﬂut*ﬂe,‘Tatm # smutlnnﬂ == ! ,Tata] » B:102 s
writetn{(’Which solution is raquired Py 0 o, : |
wirite (7 (Input an integer ﬁetween 1 and Tmta1 # solutions) /)

| w@adlnfﬁequlredmumbew)
A S W f"ﬁw ;I"'I"'ﬁJ"I"‘t:’_



then beq1n- o
- cDepth o= mﬂpth - 13 Co
- for I oaw Leftlimit to Nmﬂ%ﬂulumﬂs de
L if Columnalll <> G o -
thaﬁ begin S o s o
-Eamﬂleﬂatrzatﬁmﬂfﬂﬂw' I3 = 1y
ColumnslI] = ColumnslIl = 14§
i Em}umnﬁtil = (k - 1) o
then = | - S
| | EmptyCulumn 1= EmptyColumn — 13 -
for_loop (I+1,0epth): | R
qﬁmpleﬂatrixtmmﬂ¥ﬁmw$ I3 e=-03 -
CotumnslIl := Columnslll + 13
i Culumn&[l] =k |

then o | -
| | Empt?tmlumn e EmptyColumn + 17y
g | S - end I . Y
end - S : -
Coendy (For loopd - o |

(2 oo omm o s o v s s et e e e e o e i 2 %)

~ (¥ 2D = e e Prmﬁeduwe Flwﬁt ﬂmw me Lamp mmmmmmm 2 ®)

B2 oot o o 1 b e 0 5 1 e 2 %)

{ This prmcedura is 51m11aF tﬂ For meg pwmﬁedure with the dl%%&ﬁﬂﬂﬁ& that

it fills up the first rmw (last in o anuence) and hence 5&met1mas
prints the matrlﬁ . -

mwmcadure ¥1r$t _row_ me 1mmp( Leftlelt Hmwﬁany : integer )3 o | -
AHowMany : Bives the remalnlng numher of entries to be filled Lp in the-first row
LN A - R o o . ' - P f - |
J s 1ntegar : I . | | |
_hegiﬁ_ | - | ) S e - .
| it HowMany = 1 - - B o S
- then | | | | ’
for J = Leftlelt to NmG¥Cm1umn5 da o o
 if (ColumnsCI] <9 O) and (Sammleﬁatwlwti J] O |
then begin - |
qampiaﬂatrl}fi J1 oa= 1y
NoDfSolutions = NoOfSclutions “'1, {count downli - |
1 f NmD$5m1utlmn5 < 0.1 {(Basically we are testing = Qwhut since it is a }
then - {real number so scope of ap#;;iimatlmn is kept.
- Construct (SampleMatrix) j o - |
s Samp1eﬁatr1ﬂtl J1oa= 0
end . . B

| | "E15E
else . | |
| - for J 3= Lefthlmlt tm NmD%Em?umnﬁ do -

if (ColumnsCJI) <= Q} and (Eamp1aﬁatr1r£1 Jj = 03;
- then beg1n = .

uampleMatrlwtl g1 :m'i; | - ,
f1r5t _row_for 1Gmp ¢(J + 1 , HowMarny - 1) s
ampiaMatrlaEI JI a0y |
end N -
exrdd g {{irﬁt _tow for 1uap}
(W ] - - --.,' - = = body of generate = « = = = = = o~ . - o~ i %) I

begin {generatel e
Fosgsiblie a= falﬁe' - - - '
it Resouwrce »= NaDfRows iﬁlnca each me/cm1umn muﬁt hava at ﬂeaﬁt-& 1.}

then if Easmurne = EmptyCmTumn
then it Resource <= (k * NoOfRows)

then if Resource <= ColumnSum {Hemembew 1n1t1a11y Cm1umnf?ﬂ%§?k'#gNmB¥Emlumh5l}
th&n Pmﬁﬁlb¥e ¥ o true- - .

- if Pmﬂﬁibi @
then | | g
i NoOfRows=1
then begin |
for J = 1 to Nmﬂ%ﬂu1umnﬁ do
if Columnsl.J] e

t.hen qamﬂiwﬁatrluti J) = i- {Elnae Each cmlumﬂ mu&ﬁ hava at 1Ea$t two 1 'S .3
mhﬂpgdm e e e e A s e g reea w :



" The above: three. lines can be rap1amad hy tha {m11QW1ng llne tn make the ahmlce mf ﬁmlutlun automatic.’ )3

HHMHlPEdNumbEP ==*1nt (randmm * Tmtai) + 1 D 3

o wr1teTn(Requ1wedNumber1= B Gy wth $Q1Utlﬂﬁ 15 Ealecteﬁ ?;?1
Fattern 3= 13 ¢ - o
- BenerateMatrix (M M, F RequlrEdNumbar}

"?r-_.‘

£ = o - - %_m w—- - *_hmdy.mf.CHﬁuﬁéﬁamp1e_% ¥'*w“-f - * “’* “'5f}Q

Ldﬁﬁ Remaznder of
bhegin
wr1te1n{0ut{11e) |
ww1te1n(ﬂut¥11e,’ﬁeﬁlgn DY 15 5@1ecteﬁ. )3
- OrdinarnyScheme
endsj :
L2 bhegin - .
HandmmNumber g randum.
wrltalntﬂutflla} |

{

wrltE(Dut¥11e,*In case . i, EandamNumher *.;,RandmmNQmﬁﬁr:é:dgf?f&jTi

1f RandomNumber { o
~ then begln -
. wrltelnimutflle} : - -
'“ww1te1n(0ut+1ie ’Dea1gn UEI 16 ﬁalectad. )
- 'Drdlnaryﬁcheme | -
. &g -
else begin |
S 'wrltafniﬁut¥11e), |
3 ww1teln(ﬂut¥11a,’ﬂﬁslgn D22 is se1ected. )
- for I =1 to {F‘ ~ 2) dao
CLk —~ 17 1= ﬁ-
count (RyK 1 C Tata1) |
wwiteln(ﬂutflia;’Tutal # molutions = Tmtal 3 8:0);
writeln(’Which solution is recuired ”’) * o -
write(/ (Input an integer hetween 1 and Tmta1 ¥ solutions). 7)Y
- Peadin(ﬁequlredNumber} * T |

. -

AN

AR

{ The abmva thiree iinea can be FEQ]ECEd by, the falltowing 11ne, to male the chuice of ﬁmiutlmn autmmatxa. ) %

ﬂequzreﬁmumber *“_1nt {randmm * Tmtal) + 1.0% 3.

writeln(ﬁequlredmumbar - 8=U mth solution 15 aeleﬂtﬁd.;x,]
Fattern = 23 a
GenerateMatrix (R H | 1 ﬁequlredwumber)
jend. o _
end
2lse begin
RandomBumber ';-Pandmm"_ 
writeln{(Cutfile) ;

wwiteiﬂutf11ei’ln Case E15E, HandamNuthP == ’}Ranﬁﬁmwumhaﬁ:ﬁiﬁjﬁ'

if RandomNumber < f .-
thenh begin o
wwzteln(ﬂut¥11e), |
wrlte1n(0ut¥11e,’ﬁa$1gn ﬂBi 18 5e1ected. BN
OrdinarySchema -
| end-: o
eleae .,
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