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If the study variables are all related to single
supplementary variable (x) for which information:is available
fdr all poPulatiOn unitﬂ than.stratificatidn and allocation
| may be done in an optimum fashion using the data on X. But
all the characteristica of interest may not be related to one
supplementary'variabla but to two or more auxlllary'variables.
.In such a situation, the units may first be grauped into
primary sﬁrata with respect to the most important of the
stratification variables and then within each of the primany
strata so formed, secondary or sub~strata may be constructed
according to another supplementary variable, and so on. This
procedure is known as multiple stratification or deep strati-
fication. - | ' |

However, our'problem is assoclated to twu-way'strati-

fication of the populatlon units.

Suppose a population consists of'N units and these N
units are grouped 1nto P x'q cells af a matrix of order p by
q. So each cell constitutes one stratum. P denotea the number
'of levels of first stratification varlable and q denotes the

'number of levels of second.stratification*variable.

| Let bij' i=1MDps j = 1(1)q denote the number of
pnpulation units in the (i, J)th cell. Let‘Uijk; k = 1(1)bij



denote the k—th populatian unlﬁiof the (;:a)th cell.;Our
prﬂblem is to draw a sample of.n units from the population

-considering the. following restrictions g~
(i) MINR(i) < total number of sample unlts in the i—th
row < MAIR(i), for all i = 1(1)p
(i1)  MINC(J) £ total number of sampleiunits in -the j-th
column < MAXC(J) for all = 1(1)aq
where MINR(i), MAXR(1i), MINC(3)», MAXC(J)» n are given.
So our problem is o select a matrii|§;= ((aij)), i=1(1)ps

= 1(1)q follﬂwing the restrictions :-

B 0
(A) MIHR(i) < 21 aiJ ¢ MAXR(i)s for all i = 1(1)p
J_

(B) MINC(3) < %- 313-5 MAXC(3)» for all j = 1(1gq
_ 121 , LdJr 10O&; 82

(C) &13 < biJ ¥ i-? '1('1)P! J = '1(.1)‘1

and
‘p g
(D) I I 8;;=12 (given).
i=1 j=1 13 |

‘Wé.mﬁy'sat a large number of-solution'matrices_é;s&tisfying
the ‘above criterla. 8uppase.PNQ denﬂtes the possible number

of !ulutian matrices. Select one matrix aut of PNO matrices

mﬂmlm o



For a sélectéd”méﬁiii.é,2”<(a{3))p;$£.aij'ii@, draw
a sample of 84 4 units fram'bia population units Qf the (i, j)th
cell with SRSWOR sampling scheme, i 1(4)p, 1(1)q.

suppose Pi is the prdbability that@ene.particular unit
of the cell nﬁﬂbered i, will be included in the aampié'and
 Pij is the probability that one partlcular unit of the cell
‘numbered i and another particular unlt of thet:ell numbered
;Jﬁwlll be included in the sample. The (1,3)th cell will be

numbered as e, where s will be ocbtained by the formula
=q(i - 1) + jo

An unbiased estimate for the population total and an
unbiasged estimate of the wvariance of the unbiased'estimatcr
of population total can be obtained by Horvita-Thémpson

method using Pi’s'and_Pij's



« Degeription gbout the daggufer"prﬁgrgg :
"2.1'0b3ectjves_ : ' '

The computer'program'has'been'written in.PASCAL
languege to geb the fallowing things $
(1) to generate all possible solution matrices
(i1) to compute the inclusion probabilities P;'s and:Pij‘s
(iii) to select one of the solution matrices randonly

(iv)  to seluct sample'units corresponding to the selected

golution matrix

(v) to estimete population total and also an eﬁtimata of
 the variance of the estimator.

2.2 Input date ¢
(i) row-dimension = P» _column-dimhsion = Q

(ii) rcw-minimum(i) + MINR(1)s row-meXimum(i) = MAXR(1)s

= 1(1)p
(i1i) column—-minimum(j) = MINC(J)» column-maximum(j) = MAXC(J) s I
¥3 = 1(1)q
(iv) total =

(v) row-priority(i), ¥ 1 = 1(1V)p

(vi) -calum-priazjit?(é)s ¥ 3 = 1(1)q



(vii) population-matrix (1s3) = by4 1if by4 > O then enter

| B the value of Y; g0 k = _1-_(1)bijr“¥ i=1(Nps § = 1(Va.
 fﬁﬁE£e"fijk denotes the value of the k-th population unit of

"%hé'tiﬁﬂjth cell.

2,3 Qutput !

(1) | possible number of generated matrices

 (ii51 tabulation GfJinclusion'prﬂbabilitiée:Pi‘s andiPij‘s
# ,(iii) raﬁdomly selected solution matrix A .

h (iﬁj- iistiné bf Pﬂpulatienfuﬁits-fw

(v) 1listing of sample units

(vi) estimate of population totel and population mean
(vii) exact population total and population mean N

(viii) estimate of variance of the estimator of population

total and population mean

(ix) exact variance of the estimator of population total

and population mean.

2.4-§gb2rggrams'used $

Three main procedures have been used in this progran
viz.y 'matrix-stratification’, 'row~gtratification’s

'column—-stratification’.



If you call the procedure_‘matrix—stratlfication' than
you will get the output under two-way'(deep) stratification.
If you call the procedure 'row-stratification’ then you will
get the output under one-way (row) stratification (each.raw
constitutes a single stratum). If you call the procedure
‘column-stratification’ then you will get the Gutput‘under
one-way (column) stratification (each column constitutes a

single stratum).

The above three main prbbédﬁfes invalvé the following
procedures !

(1) iexact-row
(ii) jexact=-column

(iii) veotor

(iv) incr
(v) incrrr—-row
(vi) incrrr—-column

(vii) transformation—matrix
(viii) inverse—matrix

(i#ﬂ patrix-print -

(%) random

(xi) select-matrix [inside the procedure 'matrix-
stratification']



(xii) check~on-piei [inside the procedure ‘matrix-

stratification? ]

(xiii) check~on-pieij [inside the procedure 'matrix-

~ gtratification']
\

(xiv)  select-row [inside the procedure 'row-stratification']

(xv) .dhédk-on—piei [ingide the proccdure ' rOw-

stratification®]

(xvi) select-column {inside the procedure 'column-
stratification']
(xvii) check-on-piei [insi&e the procedurse ‘'column-

stratification']



3« Method to generate all possible solution matrix %_ o3

i

We have to generate all poss'ible matrices A = ((aij))

such that the following conditions hold ¢

(1)  MINR(1) £ g ai < MAXR(i)» ¥ i =1(1p
=1 0

. o __

(i1) MINC(J) < I 85 < MAXC(J)» ¥ § = 1MDg
1=

(1ii) : ? a.. = n

i=1 3=1 13
(iv) aij £ bijr e ¥ i =1VDpy J = 1(1) g

where MINR(i), MAXR(i), MINC(J):. MAXC(3)» 1o ((bij))
are given through input.

SIIPPOSB £/= (0102 *Pae e GS) &Ild%: (d1d2 s s 80 ds) are ’b'WO

vectors s_u.c.h that all ci's and di's are non-negative

integers and g C. = g d,. We shall say that the vector
i=1 * 3 =" i

g is greater than the vector '_E (or equivalently'% is less

then C ) if 1€ §192s35 +..ys 8§ such that ¢y > dy

We shall say that '_% is '"just greater' than 2} if it is not -

possible to find a vectorL such that E, is greater than ¥V

™y

and V is greater than 2 .



If the vector 2,. is just greater than D then denote it by the
notation ¢ 3 D . o B

Y Py,
Step - 1

Call the procedure 'iexact—_&;?gw', which will give an

output vector R = (RyR, s+se. R)) satisfying the conditions

MINR(i) < R, < MAXR(1), ¥ i = 115 )

i="1 -

This vector 'I; is the minimal in_the' sense that there is no
other vector E" which is less than Ej;and which__ satisfies the

conditions given by (4).

‘Step - 1I

Set 1 =1 and call the procedure 'vector' by fixing
the argument 'it' = R,, which will give an output vector
By o= (xyq %55 oo xiq) ..satisfying the conditions :

q -

I xX,.=R, - - - T |
j=1 13 1 z
. . -' " e (B)
and X, 4 S bij ___.JF j =1Naq - J

This vector (Xi,l xiE seae xiq) is: the minimal ix}f"llthg-.dg_?nse

' ' | - -
that there is no other vector (xi,l_ x{a f“.'. X4 q) which is
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less than (xi‘l xi‘é cese xiti) and _sa‘bisfiEs the-jco.nd_it-ions
given by (B).

Step - 11l

If 1 = p then go to Step VI.

Incresse 1 by 1 W‘"-ﬂ&il the procedure ‘'vector' by fixing the

argument 'aux' = R, #If it is possible to find a vector
(311:312 ""xiq) (minimal) satisfying (B) then go to
Step - I1I1 otherwise

) = (0 O sese 0) and g0 to Step IV,

set (xi1 212 sren Xiq

Step - IV
If 1 = 1 then go to Step -~ V

Decrease i by 1 and call the procedure 'iner' taking arguments
taux? = .Ei and 'it' = Ri.' The procedure 'incr' will try to
find a vector C; such that G, » X, . If it is possible vo
finc_i a8 vector (91‘1 012_ sens Oy ...>,,i.,(:a:j_,l Xgon seee xiq) then

set (xi,l Xgp o0ee xiq)-_.=. (‘c'i‘l Cio evee °iq) and go to

) = (00 eces 0)

Step = III otherwiseyeet (Xy4 Xi5 eeee X0

and go to Step -“ﬁﬂ

Y

Byep -V _

Call the procedure *incrrr—-row' setting the argument

‘aux' = R . This procedure will try to find a vector B such



1

that D » R. If such a vector D canm be found then set
R =D and go to the Step - II otherwise terminate the

process.
Step -~ VI

So we get a matrix X = ((x )), i =1(Mpy J =.1(1) q.
Now if MINC(jJ) = jé’l X, 5 £ _MAXC(_;}), ¥ i 1(‘1)q thén this
‘matrix X is an occurrence of 4 .'Set 4 = X . Setting i = p,

call the procedure 'incr' taking arguments 'aux' = é-%i and

it = Ry If we can find a vector C such that ¢ » X,

" ~l
then set X - C and go to Step - VI otherwise set Xi = 0

and go to Step - 1IV.

'_........._ﬁ_.

: - it 1’:‘ s,
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4, Computation of;PB and P,

Suppose gfk) = ((agﬁ)))n 1 =1(Mps J = 1(1)q be the
k-th generated solution matrix for A , k = 1929133 oseey PNO,
where PNO denotes the number of all possible solutioh maﬁéiceéf5
Supposefs;and t denofe respectively the cell number of
(i»j)th and (i',j')th cell, i.égl s and t are related to
is Jo 1%y J' by

s = q(1 - 1) + J» t = q(il“* 1) + 3! .

| 2 FPRNO e g
Then P g = ﬁ ki’l aj(_lg)/bi 3
(k) (a{k) _ 1y
x)_ 245 (84 Cer. 4 (k)
P = ifi=41it, = and a > 1
st ‘%‘i‘ij y v =3 13
=0 if i =1i'y J = J' and agg) < 1
(k) (k)
= g—i—q——z—fir'i'- if (ie3) A (12 3') and aj(_lg) 2 1
J '3
. ag®y 2 1
=0 if (i) # (1'»3') and agg) = 0 or ai%%. = Q
PNO
1 k
Pet = Fi0 2 Pgt)

k=1
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5. Method of sgelection of sample units ¢

Suppose PNO is the number of possible solutions of A4 .
Select a.random.number from 1”£0.PNO by cealling the procedure
'random® with argument 'n' = PNO: Suppose thé random number
drawn ig g. Select the s~th solution matrix _Au = ((ai;j))"‘
Now for each cell (i,3), if a, 5 > 0 then draw s sample_of
a;  units from bij population units of the (i,j)th cell by
SRSWOR sampling method by calling the procedure 'select—

matrix' taking arguments i =i, j = j» k = 8y ¢

[ Note : For one-way(row) stratification call the proecedure
'select~row  and for one-way(column) stratification call

the procedure 'ruilect-columa’: ]
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L 1

6. Eetipetion gf population botel and rean

Uijk =.kﬁﬁh population unit of the (is3)th cell,

| k =4;2i 'YEE S bij | I

Y :+ variable under stbudy.

Y st Y-value Gf*Uijk.f

i 3k
. vovalue of the k-th sample unit of the (i,J)th cell

: : n
' 8, . = *
i=1 j=1 i3

Vi 5k
LR o= 1-’2, s e aij »

p g U m L.

T= £ I 'Yijk = population total.

i=t1 3=1 k=" |
¥ = /N = population mean.
Congider a vector of gsample units
g = (3114*3’112'“”5'11311'3124'3’122"“'3"42&12'““ypq'i-"pqa*

v+09 JpqPpg)
- (Z/'i Zzl esady Zn)

leess 2, denotes the s-th sample unib, 8 = 1(1)n.

Define X = inclusion probebility of g-th sample unit in

the Bample »
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Theglns = Py if Z_, sample unit comes from the cell numbered h.
.y = joint inclusion probs of -s=th sample unit and s'-th
sanple unit in the sample;

Then 7 Phh! if. Z comes from the cell numbered h and

ss' ~
Zs' comes from the cell numbered h' |

Congider a vector of population wnits -
5* - | (Y,11,1 ,Y.ulq 21 oe 1Y14b11 ’Y‘121 IY122l .o ’Y1 2b,1 2l o & é " .

Yoq1*Ipga? **° Iqupq)

- Z/l'f 22*1 s ev P ZN*
1e€oy Zs* den~ceg the s-th.population unitr;s.=”112, eoesy N

Define

n* = prob. that s-th'populatien unit'will be
includad in the sample.

_”Ph,if Z - populatlon unlt belangs to the cell

"numbered h.

n* , = prob. that s—th population unit and s'~th

population unit will be included in the sample.

Th 15
en g

Phh' if Z * belongs to the cell numbered h
and Z : belongs ts the cell numbered ht.
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Horvitz-Thompson estimate of population total is given by

”~
T

n
gp = 2, 43/Ty

i=" _ _
Horvitz-Thompson estimate of population mean is given by

A M

Variance of ﬁHT is given by

A N 7, " Z#'g
V( mHT ) = i<§=1 (nit nj* - nijt)oﬁir_.ﬁgr) _

41>

Variance of the Ipym is given by

-~ SN oA )
v( ?Hm } = V( Tym J/NT .

An unbiased estimate of V( %hT )'is given by

V(T,)=%5¢% (=l Ay - —al)
BT © 7 1= My 1*1 "

An unbiased estimate of V( Yyp ) is given by

A A A |
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* 1 L=
7 Properties'if ﬁi. g and ﬂ 3
ﬂi* = PIrob. thét i*th'population_uﬁit-will*ﬁe;included
- in the sample.;
Hij* = prob. that i*th[ﬁbpulatign unit_angijfthi_

~ population unit will be included in the sample.

‘The inclusion probabilities %,* 's and 7, .* 's follow the

following relations &- )
(1) LT ( )'EN (n=1) T,

1 Y ﬂ' - ii T = (= - ’
S 1 et d(ﬁi) PR ‘ T
(111> P > Hi * . n (n“1)

i£§=1

where n ig the sampls size.s

In my program the conditlon (i) has been checked'by the
_fprocedure 'check-cn—piai' and the . candltlons (ii) and (ili)

have been verlfied.by'ths prncedure 'chackrenﬂpieij‘
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A A
8. Comments on V (THT ) -

We know that the variance of any estimator is positive
quantity, so it is desirsble that an estimate of the variance

should be positive. But depending upon the inclusion probabi-

lities 7T, 's and 7, '8 the Horvitz-Thompson estimate for the

i] |
variance may be negative quantity. If Hi‘s and ﬂij’s are such
that MM, > Mygs F 1a] € €192y eeesy 0§ 4 then the

Horvitz—-Thomwpson estimate of the varian{:el will ‘ positive.

But if the condition Iinj > nij does not hold for some (i,J)
. . ’

combinations, then there is no guarantee that the estimate

of the varisnce will be positive. There are n_ number of

(i, j) combinations. We can expect that the pr@b&bilityvof
being poesitive estimated variance will be high if there are
less number'of (iy3J) combinations for which the condition .

n.nx, > n, . does not hold.

13 i3



9. Method of generation of random pumbers

1

24

ti
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7. = i~th generated randow number.

a Zy_4 (mod m)

where a and m are consgtants and Z, is an initial number

(specified).

In ny program a,

U

To get a random number

trandom(xy r)'.

16807

32767 = 215 - 1

(x) from 1 to r, call the procedure



10. Computer outputs :

Computer outpute for different sets of data are

attached after the last page of this report.
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