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ABRTRACT

It Lhe unbeurded worsion of Lie rangoe assigninenl problor for all-to-ell conwmuni-
cation in 113, a wet of w rad'o stations are Dlaced arbvitrarily on a ling the opjective s
to arsign ranges to these radie-stations anch thar each of them can communicate with
the othors (using at most o 1 hops) and the total power consumption s miniruom.
Aozinple inerementsal algorillun [or his problom s prosoesed shich procdices oplirmam
anlntion it {n®) tivne and (0%} space. This is an improvesment in the Tusming time
by Lnetor ol ooover the el znown exlstiog algscilhm for v ssaoe srobloo.
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1. Inmtroduction

A multi-hop mobile radio opetworls, 13 a selfcorganized and rapidly deployable net-
work in which neither o wired backbone nor a centralized control exisiz. The nel-
work nodes communicate with one another over scarce wireless channels in a multi-
hop fashion. U= importance has hoeen inereasod doe to the fact that, theee ociasts
gituations where the installation of traditional wired network s inpossible, and in
gorne cages, avert i 19 possiole, I Involves very hivh cosl In comparizon o radio
nerworks, Seversl variations of routing, broadessting and scheduling problems on
radio networks arc discusecd in the literature 1, 2, 3, 4, 5]

A radin networlk is a finite set of radie-stations 8§ located on a geographical rogion
wiich can communicate each other by transmitting and recelving radio signals.
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Each radio-station & € 5 is assipned a range p{s) (o positive real mumber). A
radio-station & can communmicate (ie., send o message) directly (e, n i-hep) to
any other station £ I the Enclidean distance between 5 and ¢ 1s less than or equal
to ols). If & can not conumunicate directly with ¢ duc to its assigned range, then
eormunication between them can be achieved using rmulii-hop transmissions, The
power power{s) rogquired by a radic-station & to transmit a message to anather
radio-station &' satisfies % = v 4], where d[s, &) is the Euclidean distance
between s sud &, 3 is referred to as the distance-power sradient which may vary
from 1 ter 6 depending om warions envieonmental factors; (= 13 is the transmis-
slon quality of the messape. We sssume the ideal case, 1o, 3 = 2 and ~ = L
Thus, the total eost of a range assignment & — {p(s) | s £ &} is written as
enst(R} — E__;E_E. s = 2555{ o(s1)?. I the wumber of hops (k) is small, then
cammunication hetweon apadr of radio-stations happens vory quickly, but the power
cansumplion of the eniire radio nelwork becomes high, On the other hand, il A s
large, the power consmnption decreases, but cormmmnication delay rales place. The
Lradenfls betwesn power conswmplion of the radio network and mecimum number of
hops needed between s communicating pair of radio-stations are studied extensively
[, 7].

In 1T variation of this problem, the n radic-stallons in et S ave placed arbiirarily
on a lime. Sewveral variations of the 102 renge assignment problem for h-hop adl-
to-all comgnunicadion are studied by Kirousls ev al. [6]. Tor the uniform chain
case, e, where each pair of comsecutive radic-stations on the line is at distance 4,

toe tight wpper bounds on the minimmm cost of renge assipnment is shown to be
2l

OPT), = 3{d°n " 1 ) for any fixed h. In partienlar, if A = Dilagn) in the uniform
chain case, then (PT; — (-'-){53%]. For the general prablem in 11}, ie. where the
points are arbitrarily placed on a line, o Z-approximation algorithm for the range
asaignient problan for A-hop all-to-all comununieation = proposed by Clementi et
al. 8]. The worst case running time of this algorithm is O{hn*). For the unbounded
tase, Le., where b — v — 1, a dynamic prograanming based G0} tine algorithm is
available @) which produces a range assignment. achicving minimnm cost. Efficient
polynomial fiwe algorilhos for the oplimal 1T range assigoienl for broadeastiog
from a single node are also available [%, 10].

We propose a simple algorithm for the unbounded version of 1D range assignment
prablem for all-to-all commmnication. It runs in O(n?) time using Hn?) space,
This mproves the cxisting time complexity result on this problem by o factor of
o keeping the space complexily invariant 6. In spile of the [t thal fhe model
consicered in this paper ia simple, it is nschal in studying road traffic information
swstem where the velicles [ollow roads and messages ave transmitted slong lanes,
Typically, the curvature of the road is small in comparisom to the transmission range
a0 that one may consider Lhal the vehicles are moving on a line [9. Several other
vehicular technolngy applications of this problem can alse be fonod in the literature

[11, 12, 13, 7].

3. I'reliminaries

Lel & — Js1,s2.0000 60k be a sel of o ooadicestalions placed on a line, Wilhout
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logs of generality, we name the elements of 5 as {2, 50...., 5.}, ordered from left
to righe, We will use disg, 5;) to denote the distence berwonn the radio-stations
g and g5 A range ossignment for the set of radio-stations 8 is a vector W =
{ols ), plead, oo, o5}, where ols;) denotes the range sssigned to radio-station
2, € & Ghen g orange assipnment R, the corresponding eomsmanication groph,
denated by fry = (&5, Ryl 15 a dirceted graph whaose sot of vortices correspond to
the radio-stetions in 5, and the edge set Ex = {5, 8;)|dis:, 850 < piei)}

Dellnition 1 4 communicelion graph Gr comesponding lo o vange assignment B
iz said to he h-bop connected if frowm each verter 5; £ 5 there eriste a direcfed path

of lergth less than ov equal lo b (o cvery olher verler 55 £ 8,

P each radio-slalion s, we msinad an accay D which contaios Lhe sel of dis-
taners {a(s, 550,75 = 1,...,n}, Now we have the following lemma.

Lemma 1 For any given b, 4 B = {p1.02,-.., )t denoles the A-hop oplimum
rarge ossigneeent af ds, 80,00, 80 b for B-hop all-to-all comomunication then pg © Dy

foralli=1,2,....n.

Proof. Lel us sssume that p; — ¢ [or soane 4, and + & Dy Lel O'g be the corre-
sponding communication graph. Surely, Win{fh} < r £ Mop{i)}, since failing
tho left-hand terminal condition disables g to cransmit its messnge to any memoer
in &% {a b, and the right-hand terminal condition susures the I-hop reachability of
§; 1o all other vertices in 5. Asgsume chat the clements in £2; are sorted in incercasing
order, and there exist a pair of consecutive elements e, 3 € D) such that o < v < 30

Congider a different range assignment B = {p, e, om0 1 @1, -, o), and
its corresponding comununication graph Gre. The difference of R from B is the
range of & (e instead of 73 only. Bar, this change does not delete any edee from
. Therefore, Gx = G, Thus, the b-hop connectivity of each wertex in 5 to
all ather vertices 1= mamtained for the range assignment, B, Again, costi R —
cost(R) — r* + a® < cost(R). Hence we have the contradiction that R is the
CRLIIIN DHELEE asslgnnent., 1

Note: The resnlt stated in Lemma 1 is valid i the range assignment problem is
considered in any arbilrary dinendion.

Feomn now onwards, wa shall restrict onrscheas to the unbounded versinn of the
problerm, e, i =n—1. Here the optimal solution corresponds to o range assigniment,
such that the commmnpication graph &g 18 strongly conveeted, and the sum of
powera of all the radio-stations s minimum. The following two lemmate indicate
lwer Dnportanl feadires of the oplinnen range assignmend,

Lemma 2 Let p be the range assigned lo a verler sy 5. and sy be vespectively
the rightmost and leftmest radio-staftons such that disg, &) < o and dis. 8 < o
Now, if we consider the optimum range assignment of the radie-stofions {sp, 804,
s By o Bro, &) ondy subjeet to the condidion that plag) = p. then (%) the mange
nesigned to the radio-station s, is epual to d{s,, 8, ) foralle=6641,...,4 1,
aud () the ronge assigned to the rodio-station se @ egual to d{ag, s5--) for all
G=¢+1¢42,...,1.

Proaof. Let Gr be the communication graph corresponding to & opllinum range
assipnment B, Clearly, in g there are dirceted paths from s to s and g0 a8
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Fig. 1. Mustration of Lemnma 2,

Since, for any two positive real mmbers p and g, (p+q)* > p*+q° and the objective
ts to minimize the power, the lemma follows (sec Figore 1), ]

Lemma 3 Fn eplimum renge assigniment B = oy, po, oo b o = di8), 80 and
FPr = d':_sn—'l : STL] -

Proof. On the contrary, lot us assume that g — dis. s ::l._ where 4 2= 20 MNow, we
prove the lermma considering the lollowing two cases : (1) pe < d(s2, .5t] and (i) pg =
sz, 8. In Case (i), Iet ns consider a mmhﬁf-[} Hh'{lf:_Ijllli-"]'.iT P I R L

where pf = die), 82}, 64 = dlsz,8:). 04 = pa. 0 = pa-.. 0, = o Node that, the
commnmication praph corresponding to the range azsipument 75 s still strongly
connocted, and mst[?%’} = cost(R) — [d{s1.5;))% — p& + (d(s1,82)¥% + {d(s2,5:))?
— costlRY — 2dia:, s20ed(sz, 85} — p3 = fr.r':'.l'['P:I In Chase I'ii} also, lel us con-
s]dm a modified :;‘15"5]'-71]]']‘]!:"111: Ro= Jpb.ph. ool ), where o) = dis a0). 0 =
i = Paee.. gl = Py Nole that, the communication graph corresponding o
ihe now ra.ngc &auignmnnt R i atill stromgly connected, and cost{R') = eost(R}

(s, a2 4 (dia, 820)? — cost{R) — 2d{a), 82082, 55) — {d(s2. 507 < cost(R).
Therefore, in hoth the cases, there iz another range assignment B with g =
d{a), 80) whose cost is less than Lhat of R, The second part of the lemuma can

be proved n exactly similar manner, O
thr proposed algorithm is an incremental one. We denote the aptimal range as-
glenment of o subset Sy = {9, 80,08 by Ry = {p% pf, pi} Here the
prablem is given Ry for all § — "’,3“. f2, ohtain Ry by considering the nes

radio-station sgy) = 5. An almost similar d-. nanic programming .ﬂpproadl is used
in {6 for solving the same problem i {n?) time. Omr approach s based onoa
detailed geometric analysis aof the optimam solution, and it solves the prablem in
i’)(n*' fitne.

3. Method

We sgeume that for esch 7 = 2,3,... & the optimal range assipmment of 5; =
161.82,.. ., 4;} Is stored in an arrey R; of size j. The elements in R ; are o R
pi} and eost{R,) = Eu iV The redio-station sp_- is the next element under
consideration, An obvious chobee of B for making the comnmunication graph
fFr, . strongly connected is ﬂi::'_ = dfisn, spyq ) and IEJ;:_-' = vrvarel ol S, S ) fJﬁ].
Lemma 4 says that this may not lead to an optimum result.

Tapmma 4 (d{sk, 5py 102 < cost{Ru_-t — cost{Ry) = (mox{d(sy. spr1). piN? —
(0 — (s, 804002

Proof. In R4, 84 will receive range equal to d{ s, sp4) for eonnecting it with
its closest member s, € S (gee Lemma 3). Thus, the lelt hand side of the inequalily
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O8] (10 [140] {10 721 [2] iz) [9]

{b)

Fig. 2. Proot of Lemma 4.

tollows. The equalicy takes place when s is reacnable from some member in 5
with its cxisting renge assignment in Ry I this situetion does not take ploce,
then one needs to extend the range of some member in 8y to reach s, The
mequality in the right hand side follows from the obvions choice s, for which the
ratge pb < disp,sppnd, and is extended to disy, sppo). Here, the equality fakes
place it pi" i, 1) |
TNustrative examples are demonstrated In Figure 2, where the distance Detween
cach two conseentive nodes is shown along that edge: the range assignment for cach
nade before aud after inserting radio-stetion sy are shown In parenthesis and square
bracket, respactively. From the left hand mequality of Lemmma 4, the range of 204
iie., ptﬂ] needs to be assigned to disg, spp1) (see the range assigned to s5 in both
the fipures}. Now we anslyee the different cases that may be observed in %y, and
the actions necessary for all those cases such that at least one member of 55 can
comnunicabs wilh vpy in 1-hop, and the total cost becomes minimum,

The simplest situation oceurs if dis;, sp40) = oF for at least oned = 1,2,.. .k In
this case, pfF0 — of for all § — 1,... k. I d(ss,8041) > pF for all ¢ — 1,... .k,

then we need fo incresse the range of sowme member in Sy for the commnication
from S to 5,10 This may sometime necd changes in different elements of By to
acuieve Wy . We have demoustrated two examples in Figure 2, where the ophimal
range assigninent of {s-, s, 53, 84,831 8 obtained from that of {&1, 82, 85,84}, The
optimal range assigument, in R, and Ry are glven in pareuthesis and square bracket
regpectively, In Fipure 20a) the optimal range sssignment is obtained by incremont-
ing the range of 53 aoly. Bub in Figure 2{b), in addition to nerementing the range
of g4, the range of sy is needed to be decremented to get the oprimal assignment.
W nse Rﬁ .9 to denote the optimum range assigsnment of the members in Sy
subject to the condition that pf‘*" = dis;, 8p01). Now, Ri: can be obtained
by computing Ry ) forall ¢ — 1,2,.. &, sud fhen dlentilying an @ such thal
cost I:'Ri.'l U= Mint cost(RL_ ). We first describe o preprocessing step. Next, we
deseribe in detail the computation of R .
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3.1. Preprocessing

In this step, we create the tollowing two matrices using the given aet of radio-stations
S =14, 80,000, 80 )

Tl It is an w x v matriz. s (4, j)-th entry contains the index e (8 =5 < g) smeh
. i—1
that {sq, 5] = Mazg_dlsg, 8511

T2: Ir is also an o on matrie, Ths (4, 7i-th entry containg an index e such that if
& iz assigned the range disg, &5 then g can communicate with &, in 1-hop,
but g can not communicate with s, (resp, #,41) in L-hop depending on
whether € <0 j (resp. # 2 5).

Lemina 5 Both the matrices T1 and T2 ecan be computed in O{n®} time.

3.2. Comnputation of R} |
First, we introduce the notion of feft-cover which will be used extensively in design-
ing our algorithm.

Definition 2 The left-cover of o rodic-sfation &, for s assigned range p is the
left-most radio-station sz which i repchable from s, in 1-hop. Thus, sp = lefi-
eover &g, 0, where 3 < o and dls,, 850 < p < disa. 85 10 IF 5 =1 then the
right-hand dnequality condition is not required,

Similarly, the right-cover of &, for its assipued range pois defined as s, = right-
coverf g, pi, where v = o and disq, 5.0 < p < d(8,. 5, 1), O v =12, the right-hand
inequality condition is not required.

For notational earvenionens we will use gy to denote ﬂﬁl dorg— 1,2, k+1. Wo
first assign p; = dis;, spq1) snd peq) = disg, geq1 ). Let sp = lefl-cover{s;, p; b This
implies, & can comununieste with all the radin-stations {se, 8o, 000800, i S
veer Spor b= 95% {say) in 1-hap, but 8; can not communicate with s;_1 in 1-hop. Lei
us denote S87 — {se, Sep1,y -0 o, s b amd 585 — syl s s b Thus,
we have §§° = 5§51 U §5%,

Dy applying Lemma 2, we assipn gy — ding, 5500 for all & 555, and p, —
dis;, 55410 for all 5; € 8884 {8}, Due to this changed range assignmend, none of
the nodes in 55} can comumunieate with s node Lo the Jell of % o 1-hop, bul there
may exist some member(s) in the set 8} whose left-cover is in Se_1. Let s, be
the lellmeost radic-slation sueh thal 8, — lefl-cover{sq, pa) [of some 5, € 55}, We
now need to consider the following two cases depending on whether (1) m < f and
{1y m = £,

Case (i) [r < £ Using the same argument as stated in Leinma 2, we [uwrther up-
date the range of the radio-station s; to p; = d(s;, 5501 ) forallj=m,m{1,....£ |
{see Filpure 3(a)), This makes the communication subgraph with radic-stations
Ty Bl o os 821y FFy oo Bie e, SR Fostrongly connected, Uhis new assignment,
of ranpe may cause some one to the left of 54 to be reachable in 1-hop from
LSy Smg1s e ooy 82o1 b We npdate the set 557 to 957 U s, St .o 801 b Asa
result, 557 iz also being npdated sccordingly, and m is considered to be ag £, Apsin,
wi need to comsider one among the cases (1) and (). Note that, while calenlating
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Fig. . Hlostration of Ja) Caze (13, (b)) Oage (i) with we = £ =1, and (o) Cage (i) with m =48> 1.

the lefi-eover of the updated set of nodes S5, we need to consider enly toe newly
added nodes in S5},

Case (ii) [ = £]: Here several nodes in 85} exist whose assignerd range enanles
it to communicate with s, in L-hop but not with s, (if exists), Thus, Case (1)
fails to remr (see Figure 3eli. Here 857 — dan fme. o0 %, oo, S5, 8pes boand me
i# referred to as the mazimal-lefi-cover, The optimum renge assignments for the
radin-starions in S8° are as follows:

o o= disg, 5010 (as asaumed),
o gr=ais; e torall j=4 1,442,k +1, and
o py=ais; siq ) forall j=mm+1,. .0 1.

Observation 1 The lefi-cover of every member ine S5 with respect to the above
range assigrnent los inside S50

Newe, two cases may arise depending on whether me = L orm = 1. For m = 1, the
aptimmm range assipnment Ri- , I8 alrcady computed {see Figure 30}, However,
if o= 1, we need to compute the range assignments of the members in 5,1 and
cetablich comrminication among 5% and Se, -

Let us now consider Ry, and set gy = R [j] for § = L2,...,m — 1. Since Ry
suppoTts strong connectivity among the members in Sq, at least one member in
S 1 directly {in 1 hop} communicates with & member in 55% with the range
assignment W, Let s, be the rightmost member in 98¢ which is directly (in 1 hop)
reachable from e merber . © S 1. But, no clement in 55 can communicate with
8o with its presently sssizgned range, We now introduce the concept of eritical-
aap and use it to deseribe two procedures for restaring the strang connectivity in
the enlire Spy.

Definition 3 Lel {54, 8.0, 8} de a sequence of radie-slations such thal & —
M c:.‘r:i'=lfi{.€_1-, #4000 = dis- 8r0) (eoy). Here, A dg guid £o be the critical-pap of the
sequence of radic-slations {5, 800 00.-.. 88},

Lemma 6 et (s, 85,0 and (&, 501 be two pairs of radic-stations such that o =
¥ o= ool < b oand the range assigned to s, and sy be g = disg, 5,00 ond pr =
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sy, s ) respectively (ree Figure 47a)). If the criticol-gap in {sp, s 00500}
5 d{so, 5,.2), where B =5 7 < o', then dn the optimm (cost) range asstgrmend
af the radie-stations {8., Se—, 0o 8y dor o 8 b (8 py = diag, 8,00 for j =

e+ Lot 2 Tond ik g = dEnsppl for i =rt Lo+ Laab—L

Tig. 4. FProof of Lewmos 6.

Proof. Siwce p, = disa, 800, go = d{spsp) and o < ¥ < o < b, lhe com-
rrmnication graph among the nodes {4, Sepr,- ... 80} remaing strongly conmected
il we choose an index ¢ £ [V,0] and assign (1) p, I3 equal to d(s;,s;-,) for
J—a—l,e—2,. . tand (1) py i comal to disy, sepq ) for f =4+ 1042 06—
{see Figure 4(b} for the demonstralion). Thus, the total cost becomes {d(s,, s.01)% +
(s + Y0 (s s DT S0 (s, s )P

j=a+1 J=i1 fi

= (d{sp %0 ))? + (d{sp, 50 ))7 + Efi;llidf%-sg+1]')2 — {5, s 17 As dlse, 800)
is the critical-gap. the minimum cost is achioved for £ = 7. LI

b

Fiz. 3. Froof of Lemma 7.

Lemma 7 Let (s, 800 and (85, 30 ) b two pairs of madie-stafions sueh thaet B <
a < o = boand the range assigned fo &, and sp be pp = diag, s and gy =
dian, s ) respectively (see Pigurs 8faw)). S the eritical-gap dn {8, 801,00 500 )
t5 e, 5710, then dn the optimim (cost) ronge assignment of the radie-stations
TEedvrr, gk (8o = dlspain) for j = VO + L oo,a— 1, i) py =
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dag,e50) fori=a+l,a+2,...,7, and (i) p; =dlsj, 851 forj=7+1,74
2 =1,

Proof. Proof is similar with Lemma & r

321, FProvcedure-1

This procedure s applicable If g = . Since the members in S9° are strongly
connected with their existing range assiznments and g = o, there exists some
radic-station (g} to the right of s, whose assigned range enables it to reach & radio-
station to the left of 5,. We assome that sp is the lefimost one among sneh radic-
stations, where m < # <0 g, Thus, o situation as in Figure 4(a) (iznoring the
suffixes of the radio-stations) appesss hers, Let A = dis,,3.401) be the crifical-
gop i L&, 851,22, 8,0 Wo apply Temma 6 4o update the range assignment as
{p; = dis;,85_1),5 = 7.7 —1,...,m} (see Tigure 4(b)}, The range assignments
af the other radio-stations remain unchanged, and the strong eonnectivity of the
entire Sp4 s restored, The cost of the updated range assicnment is then computed
and stored in O% We also allocate a wariable o and initialise it with (0 Ilere 7%
and o are used respectively to store the optimum cost af ?i‘.“:+-_ and the aptirmum
choice of e whose range 14 to he lncreased for commonication with S,

Wote that, if g = m then this pracedure is not applicable. In that case, we mitialize
O Ty E_’::' pg-._ whers o, Is the presently assigned range of &5 " Is uilialised will

il

322, Provedure-2

This procedurs iz execured irrespective of whether = o0 w0 = m. Here we
restore the strong connectivity by inereasing the range of a wnember v, € 557
a0 that it can communicate with a member in 5, 1. We consider each member
= .5'.5'1 separately, sud incresse il canee o op, — disg, swo1s This needs
npdating the ranges of the radio-statioms in 87 to achirve the minimum eost.
We use (R, | po — diss.5)) Lo denole the oplimum range assignnents for
maintaining strong connectivity among the members in Sy with o = di=, 500
and gy — disg, o0

Consider the computation of cost{Ry ) | 5, — dls,, 5,211 Hers, the following
two ingtanecs arc created whore wo necd to compuce the eriticed-gap for updating
the ranges of the mudio-slalions in 557,

The range sssigmuents g, = dis,ose) (@ m) amd p, = dise, o1} are such
that, both &, and s, can communicate with a non-empty subset of radio-
stations, neavely 8,1, S, Sa b where o = mednfp, o0 We compute the

crifical-gap &y = M a'j:.?;Tln—ld{Sj: 41 :' = d(5-, S"T'l"l} KEF“FJ-
Lot s = right-cover{sy, po), Whore po = disq, sm-1). Az orighally 557 was

strong connected, there must exdst a radio-station s5 {3 = of) which oan
commuieats with a node sge (say) to the left of 540 in 1-hop. In other words,
s = left-eower{sa, pal. Thus, 5, and 59 can communicats with a non-emply
subsct of radic-stations, namely (Sw, 8oyl -0. .80 p. Where 98 = Max(e, 37
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Fig. 7. [ncressing Lhe range ol sq. and the resnlting temn erition!- paps.

We compute the critical-gap Ay = M flﬂ‘-_?a pdsg sy} = dlsce, soqn) (say).

Mext, we apply Lemuns, 6 and Lemma 7 adequately to revise the range assignmenta
as follows {sce Figurs 6§ for an illustration):

# o, = ddisa, 6 1) (85 assned),

o g = dlagoao) for j=mor— 1o

o pi=dgg. s Nforj=7.7"—1,....0+1,

& U'he ranpe of other radio-stations remain weehsnged.

Given p; = dlsg siot and gy = disa. s ) TR | e — s, sm—1 )] prodices
Lhe minimum cost because (1) apart from p; and pg we need to assign the renges
of (& — 1} radio-stations, {11) we haoe chosen minfoom cosl range assigenenls for
Lhe e — 1 radio-stations {s), 8, .., o1 | from By, (i) the range of each of the
remsining {h — ) radio-stations is equeal o ils distance [bom one among its two
neighbors, and {ivy we have {k — m + 2) such pairwise distances among the radio-
STREIONE { S, Bty oo, S Fooand we have chosen (R — m) such distances leaving
the two erdtioal-gaps & and Ao,

Sotne limes e range g, — diss. o) 18 such that a wory small further increase
of g, enables 2, to comomnicate with s, directly, and thus a larger erifical-gop
lSar, S g1 cab be reduced [bom Lhe Lotal cost of range assignment. The following
two lemmata indicate that only one more range p, = disg, See1) of 2, need to be
cohsidered, and (ke sitbgalion where such a choice of g, may produee lower cost.

Lemma 8 If dis., sre1) £ dis,. 500 + © wheve © = maz{d{s;, 500 7 =
mo— 1, ..., 0" — 1}, then cost() s | Po = diSas8ur1)) > cost(RE, | oo =
d[”n 3 Hr—1 :I] -

Proof. Let disa, sz 1) = d(8q,80) — C1, d(50, Sart1) = B30, Srp—1) + Co. and
D — {m.‘sﬁ(R}'_._i_l Cpy — disg s ) —eosllRE | | po — disa, smo1)h. To prove
D= 0if o = C.

Consider Figure 7, Here D = [{disa, 51 VP (807 {8208 [[d{ 50, 8m-- 1}°

i "I‘2 - {;1-3:12].. where & and Ay are the eritical-gaps for assigning p, = dls,, 5009}
L Lhe Bwer sides of s,.

Since 1 is the marimal-left-cover, we have 82 — O + O = 2d(sg, 51 — O We
also have & < O, sinee we have increased the range of 5, by an amonnt Oy,
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On simplification of the expression of 12, we hase
D — 20 x50, s 1 )H{C2)* —(A P+ {A2) = (817 = (2)° = (AP +(A2) = ()%

The claim of the lemma follows from the fact that £ = 0 O = moelAs As) T

Lerma 9 If g, 43 inereszed to eommunicate with 5,1, then the possible valfues
af pe be be censidered wre A5, oo ) ered d{sa, 8a001).

Proof. The first cooiee of the value of p, 1s obvious. Let us now consider the second
chodee po. = dig,. spe0]. Lot 3y = lefiecovers, dis,, 20200} Following the sane
convention as in Lemma 8, let € = max(d), &) and dis,, 500 1) = disa, 590 + O
From Lemma 8, we have dis,. 5.9} = € + Oy Apain sinee ) = m — |, we have
s, 500 1) dsg, sp) < Ch. The lemma follows from the foct that €0 < O =
sy, syo0n] < O, sinee dieg:, 800qq) = A2 O
Lemma 9 says that, we need to compute oost{RI_ |5, — disa. gm0 and cost
(RE. |8 = disg. 8504105 [or each s, o0 = wm,m 4+ 1,060 AL each step, i the
minirmm of these two costs is less than %) then 0F 35 npdared arcordingly, and
¢ 13 also stored in o, Finally, costiRy ) = € Il o" = 0, we need to run
Procedure-1 onee :Lgfml o get the optimonm range assignment Ry . Otherwise, we
run Procedure-2 with o = o” o get K, ,.

3.3. Compulation of Ry

The following two lommata say that the computation of Re o can he made fagt i
Ry, are executed for i = &,k —1,...,1 In order.

Lemma 10 Let meoand o’ e the mavimal-left-cover for Ry ond Ry, . respee-
twely, Now, if4 < 7 then me < m'. Purthermore, if sp=lefl-cover{s, o) and £ = m',
then m — m'.

Proof. The firat part of the lemma trivially follows from the faet that it s,
is to the left of &5 and disg, e 1) = 455, 8001), then 557 © 857 The sccond
part follows from the Bt that {a) in R—’ 4o the ranges assigned to each node 55 €
S8 (= {smiSmi1000 85-11) 18 d(85.891), and (b} while compueing RS, ;. the
range assigned fo esch node s, © {ae 8000, 0.0, 50 b is equal to d{s,, 8ap0 ). Since
£ = m', the repested computation of lefi-cover will terminate after observing the

|

moaxirnal-lefi-cover m = m’, O

Lemmea 11 Letm" be the maximal-left-cover for RI +1- While computing Ry | for
somed = 1, i 8 =, then cost(RY 1) = cost{Ry,, ).

Proof.  Lel m be the marivl-lefl-cover lor 50 Asd <0 j, £ = m' we have
e = ', While inercaging the range of &, to p (= d{s,, 8m-_ 1) oF &5, 55010 83
disensged in Lermna 9 w communicate with S, y, the srilicad-gop A generated
tor hoth R, | and R}, become same. Let sg = righf-coveris,, p). If 3 < 4, tien
Mo wlue f:'.-.r computing both R}, and Ry hecome same. If 3 > @ then Ay
value for Ry | is greater than Ag value for R}, | because in the former case Ay is

Maz{dise. a1, dlfa i1, faqal - od{s;_ 850} (where d= AMing, 31) and in the
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latter case Aq i Mar{d(s,, fopr ) dl5041, Seva) o oodisi )

The lemrmmne follows from the fact that ds;, sev1) < s, sp—1} and Ag value for
Ri., ie grester than or equal to Ag for R, . O

Lemmata 10 and 11 lead to the following conclusion towards accelerating the exe-
cution af the algarithm.

While computing R | i0{1) cosf{RE_ ) — Min®_ cost{R]_, ) and Lhe muximal-

. Fun - -

left-cover of 540 18 Spme In the range assignment R, (ii) the loft-cover of

4 15 3¢ for its range assigument p) — (s sp b, and () £ = m®, theu

cost{Ry, 1) = cost{Ri, ). So, we need not have to compute cost(RY, ) in
such o case.

3.4. Algorithm

We are now in a position to present the stepwise description of our algorithm,
In the proprocessing stcp, wo croate two matrices 771 and 12 of gize n % e cach
a5 deseribed in Subsection 3.1, Note that, if the (4, j)-th entry of the matrix T2
comtains o and § < § respe 4 > §) then s.— lefecover(s,, ds, 85]) (rosp. 5 —
right-cover(s;, d{s;, 5;11). The input for computing Ry 8 {R;u 5 = 2,3,..., kL
these are computed in the previous (& 1) iterations. In addition, we need four
gealer locations, namely ept, CF, i and o7, and two arravs I and L, each of size
2. The array K is naed for generating Ry, and the array LC eontaing the lefi-
eoter of somme selected radio-stations after assipning their ranges. MMore specifically,
ginch element of the array IO b5 a tople {a,b), whers in < 2 < and s, — left-
eover{ gy, pa). The firat element of LC iz with & = 4, and the indices {o walues)
of ouly those radic-slalions are to be stored o LC suele thal the corresponding b
values are in strietly decreasing order.

Stop 1 Check whether there exiats any radio-station s; € &, whose range o (£
Rl is greater than or equal W disg, sy b I0 Lhe check suecesds, then Lhe
alporithm terminates by copying the elements in Ry in first & elements of
Ry, snd assigniog diag, s ) bo the (k& 4+ 1)-th element of By

Step 2 If Step 1 fails, then (¥ o the algorithm for compuling Ry =)

# Initializve opt «— oo, m+—— h+ 1 and

o Tor each i — k& —1,...,1, execute Lhe lollowing sub-steps Lo cowpule
R . This identifics an ° such that the cost of R‘;;._ is minimum. As
meulioned above, al each ieralion {corresponding lo each value of &)
the array B will be used to generate R, . For the sake of notational
simplicily, we will use p; Lo denove 2[4].

Step 2.1 Compute £ — left-cover{s,, dla, g1 — T2 E+ 1]

Step 2.2 Let m” iz the mazimal-left-cover at the (k — 4% — 1)-th iteration,
which has produced the optinnnm solution till the (& — )-th fteration.
Mow, if £ < m* then execute the following steps (* if £ = m*, we need
nivh have to process s, (by Lemma 11 7
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Step 2.3 Initialize the elements of R as follows. During this process, we alao
campute the meeimal-left-comer e and Lhe secay DO
Step 2.3.1 Auwsivn p; = dis;, 8510 LOptr = 1; LOT = (8,8 m = £
and o =4.
Step 2.3.2 Assign py — (s, e Jor j=k+ 1L EE—1..... i+ 1
Step 2.3.3 fwwj=o—-1l,a-2,.. . ,{do
oy — iz, 50 0 and e — lefi-cover{s,, o).
if e = LO[LC ptr]b, then LO ptr = LO ptr — 1; LO[LO pir] =
(. 1
efdfor
Stop 2.3.4 ifm < £ then cxoonte Step 2000 willy 0 — fand & —
Step 2.3.5 Assipn p; = j-th element of R, for j=1,2,....m - 1.
Brtep 2.4 ifme— 1, Hhen
Clompute € = costi 7).
if O < apt, then assign opl = C, % =1 and exit [rom Step 2.
Slep 2.5 Sel the erilical-gop Ay — 1,
Compute g = Max{ right-cover{s;, o33 j=1, 2, ... o m-1}
{* Sinee S, s strongly connected with range assignments Ry, wo nase
p=m*)
Stop 2.6 (¥ Procodure-1 - IF o > e Lhien execabe (s step. ™)
o (% Compute g, the leff-most radio-stecion which is 1-hop reachable
from the radico-stations to the right of £, incloding itself *)
TEMP = LO pir (* LC ptr will again be used in Procedure-2 {Srep
2.7 %)
while LO[LC ptr].a < p do LOC_ptr = RO ptr — 1
3 = LO|LC pir]h
LO gty = TEMP [* Get back RO ptr )

o Assign 4 = T u] and compute &y = diss, s541) = eritioalgap in
{85,891, -1 8u}

s Hevise the range assignment using the erificol-gop A+ s described in
Lermus 6,

o Compute € = cost{R) — {&1)% + (d(sm, sym—1))°
o If 7 O then set OF — ) o — 0 and % — 4

Step 2.7 {* Procedure-2 ¥} Increage the range of each member in {Su, Smp1, ...
&} ome by ane for communication with 5,1, Let s, be under consid-
eratiog.

Step 2.7a Increase Lhe range of 8, to 5, = am 1. 840

{* Campute &, *)

o Aanion 8= Min(g, o)

o Assign # = T1lm 1, 4] aned compite & — dlsa, #ap1)

{* Compute Ay *)

Let o' = T2[ew, o — 1], (¥ s = right-cover{ s, @i 8o, fm-110 *)

{* Compute 5. the left-most radio-station which is 1-hop reachable from
& raadio-slalion lo the righl of 5, neluding iteclf. #)
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¢ While LO|LC pir|.e < o do LOC pbr = LC e — 1
s 3 — LOC|LO pir).b
o If # = o then set # = T1[7, o).
Onherwize sel 0 = T, o]
o Compule As — dlsg, 594 ].
¢ Compute €' = cost(R) — {pa)® + ({30, 8m_1))° — (A — (Aa)?.
o I0C 2O, Lhen sel O — O, o — o and F — 4,

Step 2.7b Iucresse the mange of 55 Lo g, — dl50. 50041
i Computre Al Let s; be the leftmost radio-station which is 1-hap reachahle
[roen a, ¥
Compute 8 = Maxn(w, 4}
Aasipn ' — T, 3) (* 9 s compuled earlier )
Compute Ay = disg, sp41)
i Compute A%: Let sa0 be the lefb-most radio-station which is 1-hop reachishble
fram a radio-station to the right of s, 1 including itself. #)

o Clompute A5 = Mox{Ap, d(gar, 850011,
o Compute ¢’ = eost(R) — {pa)? + ({50, sar 1) — (AL — [A})%
w JF O < O then set O =, o = o and 3° =4
Btep 3: IT O < opd then asaipn opt — O, and
repent Step 2.1 to 2.7 with o = n®, and copy the walues of £ in 744,

3.8, Correctness of the algorithm

The following lemuny 1x relewant in the eontext of the proof of correctoess of the
algoritnm,

Lemma 12 While compuling the maximallell-cover for e range ossignment Ry )
it is enough to consider pis) = dis;, 811 @8 the range of 5.

Proof. Consider s lypical siluation where m is ithe masimal-lefl-cover with gls;) =
disgsp= ). Here s covers sp towards its left, but not seq for a very small {£)
shortage of range, Le, dls;, 800 — e < plag < dlsg, ee_ ). We will show that il
snch 4 case arises, then also we need notb bave to consider dfs,, 5217 85 a choies for
computation of e (the mazimal-lefi-cover). Here two cases need to be considored,
namely m = £ and o= £

In the first case, the marémel-left-cover computed using pls;) = disg sp- ) will
be the same as the mextmel-lefi-cover with p'{s) = disg, c 1), Thus, the range
assignument of radio-stations Spyq b {5+ using onr algorithm will remain same for
bath the range assignmonts gfs;} and #'(s:). Thus, wo will lasse in terme of cost if
we wse o' (e instead of plag ],

In the sccond cage, for the assignment of p'{s;} = d{s, 60 1), we will surely pet a
tregirnal-left-cover ' where ' < . Here the cost of the ranpe assignments for
the radio-stations S0 — {81, 82, .. & p using o' (5] 15 preater than that nsing



Improsed Algorithm for Mivdmaom Cost Bange Assignment Proslem G833

oi8;). The reason is that, in the former case we only use BT (which in turn uses
R ), wheress in the ludler coase, we cousider Lhe oplitne] range asdlgoment B,
In the prrt 857, surely, the range of one memper in §8% needs to he increased to
reach sy — #p_1. ers the effsct of wereasing the rauge of 5; Lo g5 will also
be considered. Thus the lemmea follows. ]

Theorem 1 Chur proposed algorithm correctly computes R, Ry

Proof.  Afrer assigning gy — (5, Spq4) and computing the masimal-left-cover
7 }ﬂm rnat of rango '1-1&1gm'nnntr= of 554 i= Ei; lm (A8 A1 1)% + (85, 8041 1% +
Yoo (@80, 55 1))%, which s coual to {d{s;, x40 )F + the sum of square of the
leuth of the gap between esch pair of consecutive radio-stations.

While assigning ranges of the members in 5, 1. we need to ensygre (1) the communi-
cetion botween cvery pelr of members in 5y, 1 and (i) & communication from S
to at lenst one member in 8% We have used Ry b {0 b oas the ranee assipnments
of the members in 5y, -, This produces minimum cost satisfving (i} snd {ii) stated
above, due to the following facts

s [n R;,r . WE have ’m = dr- 1'1'.!1'\-r'm—'|%II f‘ql?'? Lemma 1l:3,":1 and

o Il there exisls some aother range assignmenis K. for the members in Sy
with cost less than that of Ry S {pe b then R U pn b would have cost
less ithan Ry,

Nexi, we have eslablished lhe comenunicalion fom S5 lo S, by incressiong
the range of anly one radio-station. Each clement s, £ 5591 is considered for this
purpose. Ior each s, ouly bwo leasible choiees of range (see Lemma 99 1s considerad,
and the cost it computed by increasing it range and doing necessary modifications
of the range of oiher radic-stalions considering two erifical-gops A and Ag. Thus,
the correctness of the algorithm follows. |

Complerity analysis

The worst case time complexity of compuring Ry, 1 assumes the fact that no cloment,
By & Sy exists with gy = s, 8p00) BT denotes the time Lump]exi‘t.'l. of computing
R}, then the toral time complexity of compnting Ry is & = Maxb_ Ty, We nivw
LHJLJlldJE the worst case value of T;,

In Btep 2, the computation of smesimal-left-cover (m} needs O(E+1—m] time. Dut,
Lemma 10 says that, the total time needed for computing the marsdmal-lefi-cover
oz all the reuge sesignments (R 6 — b k—1,..., 1 s COHE)

While computing R}, for some i, the worst case sitnation with respect to the time
complexily arises when me £ 1. Here, Sleps 2.5 and 2.6 execule in Ou) Lme using
the preprocessed matrices T'1 and T2, This may be (k) in the worst case.

Step 2.7 noods to e repeated for cach s, © 993 with two feasible ranges, In cach
eaze, the compulalion of eritical-gop for s, needs amorlizsed O01) lime wsing the
array L' Finally, Step 3 needs another Ok} time. Thus, we have the fallowing
theorem statlug the worsl case time complesdiny of the algorithen.
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Theorem 2 The time complexity of our proposed algorithm for the optimal range
assigrment of the 1D unbownded range assignment protlem iz O{n*} @n the worst
case. The space complenity is O],

Proof. The preprocessing time complexity is Ofn®). The above discussions say
that T; = €XE) In the wors: case. Thus, the tlme required for computing K
is (2(&%). The fime complexity result follows from the fact that our ineromental

¥

algorithm inscrta n radic-stations on the line one by one in order.

The space complexity result follows from the requirement of space for the matrices
T oangd T2, and the space roquired for storing By for all = 1,2,...,n 1 while
computing ™., C

4. Conclusion

The time complexity of the proposed algorithm is O{n™) which is an improvement
kv a factor n for the unbounded wersion of 1D range assipniment problem over ifs
exiuting result § . We mentioned Leinma 11 for the further accsleration of the
algoritimm, bt could not wae it to improve the time complexity rosult. We hope, o
careful analyais may improve bhoth time and space complexity of the problem,
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