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SUMMARY. Let X,, X3 .2 be a sequence of k-dimensional random vootors. It is proved
that in order that the distributions of the Xpn should bo convergont to & limit, it ie necessary and
sufficiont that the distributions of I (Xp) should converge to somo limit for overy lincar funotion 1.

The present paper is concerned with convergence of probability distri-
butions on finite-dimensional Euclidean spaces. It is proved that for a given sequence
{P,} of probability distributions to have a limit, it is necessary and sufficient that the
one-dimensional distributions {P,A~!} have a limit for each linear function A. This
theorem seems useful in situations where the multidimensional theorem involves
heavier computation. For example, this result ensures that in order that the sequence
{P,} be asymptotically normal, it is necessary and sufficient that the sequence (P,A~1}
be asymptotically normal for each linear function A.

In what follows, X is a fixed k-dimensional space and S the o-field of its
Borel sets. Given a measure P on S and a measurable function A on X, there exists
a measure on the Borel sets of the reel line, denoted by PA~!, such that PA-YE)
= P{A-Y(E)} for every Borel set E on the reals. If P, and P, are two measures on
8, P, = P, when and only when P,A~! = P,A~! for each linear function A on X. A
sequence {P,} of measure on § will be said to converge weakly to P if

| ¢dP, > [ gdP
X x

for every bounded continuous function g on X. This convergence is the classical con-
vergence of P. Levy. It is possible to prove as in the one-dimensional case, that on
the space of all measures on X this convergence arigses through a metric (Varadarajan
1958, where a result of much greater generality is proved). The importance of this
result lies in the fact that we can use simple topological arguments in many situations.
We now state & lemma, whioh is true under more general situations (Kolmogorov
and Prohorov 1064) but whose proof in the present case is very simple and
well-known.

Lemma : Let T be a set of probability measures on X. In order that T' is condi-

tionally compact (i.e. T' is compact) it 48 necessary and sufficient that for each € > 0, there
should exist a compact set K, such that

P(E,)> 1—e¢
for all Pel’.

We can now state and prove our theorem.
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Theorem : Let {P,} be a sequence of probability distributions on 8. In order
that there should exist a P such that P, == P, it is necessary and sufficient that for each
linear function A on X the seq of one-di tonal distributions {P,A~'} converges
to a limit.

Proof : 'The necessity of the condition is obvious. We will prove the suffi-
oienoy now. Let I' ={P;, P,,...}. Let A, (i=1,2, ... k) be the projection of X
on ita i-th component. Since {P,A;'} has a limit we can find numbers 4, and b,
such that

P ag, byl > 1—efk

for all n. If we now define K, = {(z,, ... %) : &, < % K by, for s =1,2,... K},

we have
P(K))>1—¢

for all n. This shows, in virtue of the lemma, that [ is conditionally compact. If
T bas two limit points @, and @Q,, then for any linear function A, @,A-! and Q,A-?
are limit points of the sequence {P,A~'}. This sequence is given to converge and hence
it follows that @A~! = @QA~'. Since A is arbitrary, @, = @,. Thus T' can have
only one limit point, say P. Since we have already shown that I' is conditionally
compaot, it follows that P,== P. This completes the proof.

As an intereating application we have the following.

Corollary : In order that {P,} may converge to a normal distribution on X,
it iz sufficient (and also necessary) that the sequence {P,A~} converges to some normal
diatribution for each A.
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