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A two fluid model has been employed o study the oblique propagation of solitary kinetic Alfvén
waves. Formation of solitary waves and double layers is observed. Amplitude, width (in the case of
solitons), and thickness (in the case of double layers) of the nonlinear structures are studied in some
detail. Wider solitary structures are found to exist for obligue propagation nearer 1o the magnetic
field direction. © 2007 American Institute of Physics. [DOL 10.1063/1.2432049]

l. INTRODUCTION

Kinetic Alfvén waves (KAW) can be described as a cou-
pling effect between the Alfvén wave and the ion acoustic
wave modes in wonospheric and space pvluzi,m.'is.l_"i Here the
transverse wavelength of the shear Alfvén wave becomes
close o the ion acouste gymoradivs, po=vkgT. mla,,
kg=Boltzmann constant or the electron inertia length A,
=c/a,,, and the wave becomes modified w be called the
kinetic Alfvén waves (KAW). This mode lies between fast
and slow magnetohydrodynamic (MHD) modes, where the
perpendicular wavelength becomes comparable 0 1on gym-
radius, thereby acquiring dispersion for an obligue propaga-
Liom.

These KAWSs are dispersive waves and can generate a
parallel electric field. Hence, they are responsible more ef-
fectively, compared to the Alfvén waves, for plasma heating
via Landan dampmng. In the process, charge separation oc-
curs because of the deviations of the ions from magnetic
lines of force while the electrons remain attached to the field
ling because of their small Larmor radius. Extensive works
have been done by many workers so far, where one can find
explanations in regards to different scientific satellite obser-
vations [found in senial papers presented in Space Sci. Rev.
70, Nos. 3/4 (1994)).%

Most of the studies relate to the formation and propaga-
tion of solitary kinetic Alfvén waves (SKAW). Employing
the two fluid model, Hasegawa and Mima" Yu and Shukla’
investigated the existence of SKAWSs propagating in an ob-
ligue direction with respect to the ambient magnetic field in
a magnelized plasma with a1 (a=8/20, B=thermal
pressure by electron/magnetic pressure by ambient magnetic
field, =eleciron massfion mass). Works are also done for
=1 (neglecting displacement current,'” using parallel ion
inertia and neglecting displacement current' ). Moreover the
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work of Wu er al'? gives evidence of higher frequency en-
hancement of the spectrum related to density fluctuation for
a1 as observed by space satellites.

In these studies the generation of electric fields that are
parallel to the local magnetic field direction is found to be
self-consistent and accordingly the formation and propaga-
ton of kinetic Alfvén solitons (KASs) have been studied
through the Sagdeev p-uu:nli.'il.Ij Here, the question of the
polential drop along the field lines being extended over large
distances or the confinement to & narrow layer may arise. In
the later case, a double layer (DL), a typical electrostatic
structure producing net potential difference, may be studied
to have a reasonable explanation for the acceleration of
charged particles generating the aurora as suggested by
Alfvén'" in 1958, Studies related to double layers are getling
impetus because of their existence in any plasma system,
from discharge tubes o space plasmas and to the Birkeland
currents supplying the Earth’s aurom. Due o the potential
drop across a DL, acceleration of electrons and positive ions
occur in opposite directions (imrespective of the width of
DL). Such acceleration of the charged particles may resull in
beams or jets of charged particles. On acquirng relativistic
velocities by accelerated electrons and 1ons, synchmolron ra-
diation may be produced in the form of madio waves, x rays,
and gamma rays. Therefore DLs are wsed to explain some
astrophysical observations. Peratt'® has written: “Since the
double layer acts as a load, there has to be an external source
maintaining the potential difference and driving the current.
In the labortory this source is usoally an electncal power
supply, whereas in space it may be the magnelic energy
stored in an extended cumrent system, which responds o a
change in current with an inductive voltage.” DLs in magne-
tized plasma are mainly applicable o cosmic plasmas. The
thickness of the DLs will depend on the wviolation of
quasineutrality in the plasma. Generally quasineutrality can
only be violated over a scale of the Debye kength. In ono-
spheric plasmas, the thickness of a DL is of the order of a
few centimeters.
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FIG. 1. The Sagdeev potential K(n) vs density » is plotted for different
vilues of ef < 1) with k=01, aQ=0.0027.

In most of the works on KAWSs double layer solutions
were obtaimed m the small amplitude imit. In this work an
exact analytoeal expression 15 obtamned for the Sagdeev po-
tential. Also exact numerical resolts were obtaimned for arbi-
trary amplitude double layers. Hem we have considered a
general type of ion motion under the effect of pressure gra-
dient and inertia of electrons moving in the direction of the
external magnetic field. We have adopted a fluid plasma
model since the rate of Landan damping remains small under
inertial effects of electrons.

Il. BASIC EQUATIONS

The basic equations are as follows:
For the electrons,

an, o ( - (1)
— +—(nu.)=0,
a Az v :
. .- j 1 én,
— e "=a(—E_.———‘ ] (2)
ar Az ' R, 02
For the ions,
o S OO O W (3)
— + — (o )+ —(np.) =0, :
ar |';'.l' W r,;: s
i iy i
— v, tt,— =alE +u;, 4
at ix ar i a7 {. X iV I: !
au;, A, Ay, ¥
— U YT = Uy, 5
it o Yoz o (5)
au;. A g au;. " 6)
— tpy,— +v.— =aQE..
o U, Y, s =alE,
From Maxwell's equations
#FE, #E 1 [&n, &
Ry ey Rt e LT B (7)
dzdx dxtdz o) o at iz

Here O=m, /m; (electron 10 ion mass ratio), E =—dd/ dr,
E.=—ayif gz itwo potentials ¢, o are included to justify a
low-@ plasma model), and a=8/20.
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FIG. 2. The Sagdeev potentinl Kin) vs density n is ploted for different
vilues k. with w=0.8 and with eQ=054.

We have normalized densities by the equilibrium plasma
density ng. tme by the inverse of the 1on cyelotron frequency
(7', velocities by Alfvén velocity v,=cBy/(4mngm)'?,
space by p,=cf/w,; (the miio between the velocity of light
and the ion plusmlu frequency), electric fields by T} fev,,
and magnetic field by B,

lll. DERIVATION OF THE SAGDEEV POTENTIAL

For a plasma in a uniform ambwent magnetic field By
along the z direction, the stationary mdependent vanable 7 is
given as p=xk, + k. — ot with w=V/V,, I:f+k__1 =1 where wis
the phase velocity of the wave in the unit of the Alfvén
velocity V. Using this set up for stationary frame, Egs.
i1)=(7) can be reduced to the following:

5 ; 8
n,= E_IM'JJL'A{UHPA( L—=5 )] : (&)
. L LU
1
kv, +kv, . =wl-——], i9)
n,
@ AU g, : .
-— =aQE +uv,,, (1)
n; dn : :
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FIG. 3. The Sagdesv potential Kin) vs density n is plotted for different
vilues of wi > 1) with & =03 and with e(=2.084.
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FIG. 4. The Sagdeev potential K(n) vs density n is plotted for different
vitlues of k. and w with aQ=10.54.

A,

=¥, 11
‘"J r;"il? 11 ': }
o
- ——E=aQE., (12}
n; dn ’
,PE, ,FE, 1| .#n, i
—kJi—— k= — | &’ — wk ()
(13)

under the boundary conditions vy =v,.=v,.=0 al n=n,=1
when p—=.

1

—{n? = 24)

KinaQ wik)=- 3 J[
;ﬁ{i JL )

a0

15 the Sagdeev potential.

Equation (15) is the main result of this paper.

The boundary condition used in deriving Eg. (14) is
given as dnfdy=0 atn=1.

IV. MATHEMATICAL CONDITIONS FOR THE
EXISTENCE OF SOLITONS AND DOUBLE LAYER
KINETIC ALFVEN WAVES

Equation ( 14) can be written as [writing K(n, o, 0, w.k.)
as Kin)]

W’ _— i 2,
+ [g_{}{“ +ANL+E) + ;Q}-F{U +2A_r-+4r4}?}n-
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FIG. 5. The Sagdeev potentinl Kin) vs density n is plotted for different
vilues of & and w with a=2084.

In Eq. (8) the parameter A is given by A=w3.-‘2m&_?. Us-
ing the charge neutrality condiion ny=n,=n in the above
equations we get, after some algebra, the Sagdeev potential
equation as

1{dn\?
|\ — | +K(n,eQ wik)=0, (14)
2vdqy ;

whene

O ) . I‘:!JE 3 {UE i
—knt =y E2A+ 1)+ — '+ —il -k n-logn
2 E a) all) :

. oy 2 2 | o | o 1 2 2\
(2A+ ------- )+|{2A+1_rk__}+2Ak__f1+2AjJn+ ----- {---—+A|{1+£‘;}}+2A h__} (15)

2aQ

d’n adi(n) ;
et ; i16)
diy n

Equation (16) looks like the equation of motion of a particle
with coordinate n, moving under a force with potential Kin).
This is the reason why Kin) is sometimes referred 1o as the
pseudopotential. For the solitary waves o exist there must be
a potential well so that the paricle will be reflected back
from a point given by n=N (#1). The natwre of the potential
well 15 depicted 1in Figs. 1-6, which will be discussed later
on.
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FIG. 6. The Sagdeev potential Kin) vs
density # is plotted for different values
of & and w with @< 1 and e =1,
respectively.

l=0.6,0=07T

However we shall discuss here the conditions for the
existence of such potential wells.
The conditions are

1] K(n)=<<0 between n=1 and n=N [so0 that dn/dy is
real, Eq. (15)], here &V gives the amplitude of the soli-
tary wave. N can be both greater than 1 and less than
1. In the former case we have the compressive solitary
waves and in the latter case we have the mrefactive
solitary waves.

(m) K(n) must be a maximum al n=1 which means

AKin)

in

n=1 n=1

(1) K(n) should cross the “n” axis from below near
n=N; and K(n)=0 for n=N. For the existence of
double layers, conditions (i) and (ii) should be valid.
But instead of condition (iii) we have the following
condition:

(i)' K(n) muost have a maximum al n=N (#1) which
means, Kin)=0, K/ =0 for n=N. In other words
K(n)=10, has a double mol n=N. [Nulu that because of
condition (i) K(n) has a double ot at n=1.]

To get a clear picture we expand Kin) near n=1 and
n=N. Near n=1, K(n) is given by

o, K
n— = ,
im—1)711
[ih -

— ——n—z.ﬁ._u;-?} (17)
o ag) '

2428 — —(1-24)

2| a0

Kin)=-

and near n=N, we have
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K(N)=- :
Ja-:‘{i —wf—zA_r}
| a0
w" 1
X{——(N— 2.4}.»'(:}. (18)
a) ’
Case (1) N==1
n=N>=10, n-1=1.
r < C(1-2402< (1-24) (19)
— — A ': < — 2
al) : :
h)
1 W " "
and (W —24%° << — < (N--24) (20)
t ™ 20

then Kin) <0 betweenn=1 andn=N forw>=k.

Case (B} N=1

n=N=10, n-1=1.
a
R [}
If (1-2AM; <—<(1-24) (21)
b &Q
WJ 4 5 .
and — < (N =240k < (N-—24) (22)
a} :

then Kin) =<0 forl=n<N fore<k..

Thus we see that both compressive and rarefactuve solitons
can exist depending on the values of the plasma pammeters.
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FIG. 7. Amplitude (A) and width (A) vs & is plotted for different values of o< I, respectively.
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FIG. 8. Amplitude (A) and width (A) vs &, is ploted
for different values of o = 1, respectively.
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The width of the soliton also can be found from the
Sagdeev potential.

If N is the amplitude of the soliton, then the width is
N/ d where d is the maximum depth of the Sagdeev poten-
tal Kin).

V. RESULTS AND DISCUSSIONS

We first discussed the double layers (DL). Figures 1-3
show the nature of the Sagdeev potential when the conditions
for the existence of double layers are satisfied. 1 is seen from
Fig. 1 that for fixed k., the depth of the potential increases
i 50 does the depth of the double layer) as @ increases. Figure
2 shows that the case is reversed as far as k. is concemed and
the depth of the DL decreases as &, increases, provided o s
fixed. The formation of the DL for £.=03 and o} =2.0844 is
shown in Fig. 3 for different values of w. Here also the depth
INCICASEes A% @ NCreases.

Figures 4 and 5 show the nature of the Sagdeev potential
when the conditions for the existence of solitary waves, other
than double layers, are satisfied. Figure 4 shows the nature of
the Sagdeev potential for several sets of values of w and &,
for a@=054. The same is shown in Fig. 5 for a larger value
of @, a@=20844. It is seen that if both k. and w increase
the depth increases.

It is observed from the numerical analysis of the
Sagdeev potential [Eq. (15)] that solitary waves exist when
values of k. and w are close to each other and i) k.= w,
when a=<1 (ii) k, < w, when aQ = 1. Figures 6(a) and 6(b)
demonstrate these facts. In Figs. 7(a), 7(b), 8(a), and B(b),
respectively, amplitude (N) and width (A) are plotted against
k. for values of a@ <"1 and @@ > 1. It appears that both the
amplitude and the width of the soliton mermeases with k.
though the rates of increase are different for these two at-
tributes of solitary waves.

VI. CONCLUSION

A two fluid model is employed to study the oblique
propagation of SKAW. An exact analytical expression for the

Sagdeev potential is obtained. Existence of solitary waves
and double layers are discussed in detal and the Sagdeev
potental 15 evaluated numencally in cases when solitary
waves and double layers exist. It 1s shown how the amplitude
and width of the soliton vary with the plasma parameters w
and k..
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