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1 Introduction

Maximum likelihood estimation of a parameter appearing linearly in some stochastic partial
differential equations (SPDE} has been considered by Hubner et al. (1993). Detail discussion
of these SPDE’s and some interesting phenomena arising out of the parameter estimation have
been considered by them in two examples. In this paper, we study the rate of convergence of
the distribution of the MLE 6y « of the parameter # ocouring linearly in such SPDE’s. Bounds
on the difference |§,-,r £ 49"| . Wwhere #y is the true value of the parameter, can be obtained using
these results as in Mishra and Prakasa Rao (1985).

In Section 2, we describe a SPDE with parameter # such that the corresponding stochastic
process u,. generate the measures {F, # € 8} which are mutually absolutely continuous, and
the main results pertaining to this section have been described in the Section 3. In Section 4, we
describe a SPDE with parameter # such that the corresponding stochastic process u, generate
the measures which form a family of probability measures { P, 6 € 8} which are singular with
respect to each other and this section also contains the main results connected to this problem.

A corresponding survey on statistical inference for such classes of SPDE’s is given in Prakasa

Rao (1999, 2002).

Throughout the paper, we shall denote by C positive constant different at different places

of oceurence possibly dependent on the initial conditions of the SPDE’s.

2 Stochastic PDE with linear drift (Absolutely continuous case)

: Estimation

Let (€, F,P) be a probability space and consider the process u(t,z), 0 <z <1, 0<t<T
governed by the stochastic partial differential equation

dug(t,z) = (Auc(t, z) + Ou.(t, 2)) dt + edWo(t, z) (2. 1)

where A = ‘;—izz Let € — 0 and # € ©® C K. Suppose that the initial and boundary conditions

are given by

u:(0,z) = f(z), f € L2[0,1],
U(t,0) = u(t,1)=0, 0<t<T (2. 2)

and () is the nuclear covariance operator for the Wiener process Wgl(t, x) taking values in
L5]0,1], so that Wy(t,x) = Q%H«'{t, x) and W(t,z) is a cylindrical Brownian motion in L3[0, 1).



Then it is known that (cf. Rozovskii (1990))

o0
1
Walt ) = Zqﬂ.’fei{m}lﬂ (t) as. (2. 3)
i=1
where {W;(t), 0 <¢t < T}, i > 1 are independent one dimensional standard Wiener processes
and {e;} is a complete orthonormal system in Lo[0, 1] consisting of eigen vectors of (@ and {g}

eigen values of ().

Let us consider a special covariance operator () with ey = sinkwz, k = 1and A, = (frk}g, k>
1. Then {e,} is a CONS with the eigen values ¢; = (1 + A;)~!, i = 1 for the operator () where
@@ = (I — A)~'. Furthermore, dWg = Qédw. we define a solution u.(f,x) of (2.1) as a formal
sum -
te(t, ) =Y tie(t)ei(z), (2. 4)
i=1
{(cf. Rozovskii (1990)). It is known that the Fourier coefficients u;(t) satisfies the stochastic

differential equation

duic(t) = (8 — Auic(t)dt + vﬁdlﬂ{t}, 0<t<T (2. 5)

with the initial conditions
1
uie(0) = v, v =f f(z)edz)dx. (2. 6)
1]

It is further known that w.(t, z) as defined above belongs to Lo ([0,T] x Q; L2[0, 1]) together
with its derivative in . Furthermore, u.(t,z) is the only solution of (2.1) under the boundary
condition (2.2). Let P§ be the measure generated by u, on C[0,T] when # is the true parameter.
It has been shown by Hubner et al. (1993) that the family of measures {Péﬁ},ﬂ € E'I} are

mutnally absolutely continuous and

d P
log F‘:J{uﬁ}
= Ai+1 T 1 ; .
= Zl = [{ﬁ' = Hﬂ}ﬁ e () duie(t) — 2 {(68 —X) — (fo— }H}'}ﬁ ﬂiﬁ{t}dt] )

The log likelihood ratio of the projection of the solution u.(f, x) onto the subspace ™ spamned
by {e1,ea,.-.,ex} (see [Liptser, Shiryayev (1978)]) is given by u(t,z) = N  uy(t)e;(x) is

as follows :

dI)SJf
log -
dFy
- T &
Z }Li; l [(‘9 — o) /} e () duie(t) — é {(0— 2 — (Bo— X)*} f i {t}dt] :
i=1 i 0

(2. 7)



Here Paf""'r is the probability measure generated by the process u™(t, x) on C[0, T] when #

is the true parameter.

The Maximum likelihood estimator (MLE} of # has the form

i = Zo O+ 1) Jy wie®) () + N t)dt) %
| YL 1) [ (et

(cf. Hubner et. al. (1993), p.154).

3 Stochastic PDE with linear drift (Absolutely continuous case)
: Berry-Esseen type bound

In this section we prove the following theorem for which we need few lemmas. It can be checked

that !:gnf” ur(t)dt < oc. We assume that 6y < 72 where )y is the true parameter.

Let 4(.) denote the standard normal distribution function and define

N ,
(@ N~ At o aeagr_\_p_ €
A=Y ggoy (4 (407 -1) -1553).

Theorem 3.1 : For any () < § < 1,

P {\f@f{}}?f (éﬁ,—m.)gy}—iv{y}‘wf::;‘{

aup

$o Akl
Q:} / ()t — 1
=1

::J}HV“’_

Lemma 3.1 : Let (2,7, P) be a probability space and f and g be F-measurable functions.
Then, for any 4 = 0,

P{m : i—{_ﬂ < ;r} — (z)

sp
T

<sup [P w: f) Sy} = )|+ P w: low) =11 2 8} +6.

Proof : See Michael and Pfanzagl (1971).

Lemma 3.2: Let {W(t), { = 0} be astandard Wiener process and Z be a nonnegative random

variable. Then, for every x € IR and § = 0,

IP{W(2) < 2} — ®(z)| < (26)2 + P{|Z - 1| > §}.



Proof: See Hall and Heyde (1980, p.85).

Theorem 3.2: There exists a constant C depending on #, [|f|| and T such that, for any

0=<d<1,
. {F 1+1'%
712+ T

Proof of Theorem 3.1: We can write, using (2.8),

Aj +1f
Z - wh (t)dt — 1
i=1 er :

as € — 0 (N fixed).

- ) (oY, VRT3 we()awi(t) } /@Y
V@NT ( Ne— 9") {25;1()‘:‘ + 1) f" ni—ﬁ{t}dt} ij.:;:}T

where

N -
@ N~ | Mkl (o senr gy _p_€
Qhr__-r g [Em =) (Ui (e ) S )

Now, for any y € R,

7 {\/?f Gt m;}—@{y}

P \;’5{ +1j" use (1) dWi(t)/ QM e
TN 0+ 1) [T uZ(t)dt/ QY
< Hup p;h’{ =1 V A+ 1 fr “'!f{ﬂdui“} } — &(x)
o

Zi—l {“}‘ +: l}ﬁb HIF(#}d#

—1
(€}
Qn

-I-Pfj{

(by Lemma 3.1)

N Ai+1
P {n g 9 f {f}df) {r} &)
{Z)‘ “f ul(t)dt — 1 ::J}Jra

i=1 Q[f}
where li{} is an independent standard Wiener process, by using the Theorem 2.3 in Feigin
{1976} (due to Kunita-Watanabe) and the fact that jf u? (t)dWi(t), 1 < i < n are independent

= t.up




square integrable martingales. Hence

4 Ai+1
P‘*”{ Q& e (fn.—8 g-y}_'i'y < V25 2PN f w(t)dt —1| =6
2 L Qe (v —t0) <u} - 000 % Z 1
+d(by Lemma 3.2)
o )‘“f w(tydt —1| ¥ | +3v5
i=1 Q
for 0 < § < 1.
Proof of Theorem 3.2: From (2.5) we obtain,
du(s) = (8—A)w.(s)ds+ ——dWi(s), 0<t<T,
be6) = (0= ) (o) ds + —EaWi()
u(0) = .
By the Ito formula, we have
. S@—Aijs) _ PCEP T
d (uic(s)e ) WF AW, (s)

or :

()@ Mt “:f € __a6-Ndegy(s). 3a

tie(t)E i : mr {s) (3. 1)
Further more

2
d{nw {t)) =2(6 — M }uw{a‘}dr‘ - ‘H:Tm; (1} dWi(t) + —:i'?‘
or equivalently
Ai +1 w( ) = ﬂﬂf
E{H Ai) 2(60 — \)
T ¥
. 2 ey +
L (A + Dug(t)dt + 26— }H}f tie(tJdWilt) + ——— TSy }
(3. 2)
We know, from (3.1), that
uZ (T) = v NIT . 20-M]F (—E fT Em‘}'i]'"dl*'[f"-(.'?})?-I—EU-E"’LH_}'*']'T fl & 022 W (s).
TE 2 m 0 i ? 0 m i

iy |



;From (3.1) and (3.2), we obtain that

N 3 T
A+l | aeoagr € . 2
>3 = {u.! (e —1) - e =3 (i + ik (t)dt

i=1 i=1

Z ;{5}1 -; ] f uie () dWi(t) —
ﬁ.

Z A +1 [Egm_;\i}ﬂ" ( f S8-A)s gy (q}) 2vi€  ae-a)T fTEW‘J‘i}*dW-{s} _

Since QMT p3e fﬁ% (UE (2020 7)) — kaj_l) . We have

P;HV{ }
4 '|5

Jo (ZEL+ 10 (1)) e
QN'r
N ol [Ty, (t)dW; (r}

Z 208 J\e}

]
i=1 QE:I"T

14

+PE>N z;‘._l ﬁtz-';_:l e 28— }TJ‘ (H—}-;}S’dl,ﬂ_{lq} . 5
¥ £) =9
QE":’,T 3
N et —X; T _(§—M;)a B
o 1 —5@—3&5&2@ M (f" e d-mi-{.'?}) = g
! Qv o3

= I+ Iz + Isay).



Now
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) } (following Hubner et al. (1993), p.154)

(3. 3)
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In addition,

A—)T - (Ar—8) ok
h = glae—0)l g U el M =EE gy, .q]
‘ 5:1“ ,{w—ﬂ}ﬂ | &
1
A Ay—8)T 3
; } ﬁ A A—0) [E%k_ﬂ}iﬂ_ 1]?
E:ﬂ o i
- { 52— 8T [E::(Ak_a}’r B 1] }
ity
JE P
- | T E;’f}uk—ﬂ}T }
{EQ(:;}T ; { (M — 0 ( )
< Z Z
- 5 — e — (3 =1
L".}T.k (Ax H} ‘EQL‘\'}T el
2
< G;} : (3. 5)
QN T
Note that
() 2 Ar+1 T
& HO-2IT Y _ €
Qn.r Z <20 — M) { ( l) Ap + 1}
ﬁ.

B Ap +1 2 _3(Ay —0)T T
- Ezmk—a}{”‘f(l_ﬁ )+Jxk+1 i

' [E?T + ||f||?] for large N depending on # and T and for all e

it follows that
Q%'r

I

Using (3.3), (3.4) and (3.5) and QE{r}T we get that
e (el 3 C'ae?
@ @ " 500
0y  Qyr Q7

Ce il
e+ ()

h+l+14

IA,

for 0 < ¢ < 1. Choosing § = €' 7", for some 0 < r < 1, we get that the bound is of the order

Ce(1+ T3)
(T + | £I?)

Using Theorems 3.1 and 3.2, we have the following main Theorem for any fixed N = L

Theorem 3.3: There exists a constant ¢’ depending on y, ||f||* and T such that, for any

8



0=<r=1,

t.up

{IQE':}TF (,-.,F—H”){:y} -i-(;}‘ LWJrg@

for 0 =< e =< 1.

Remarks: Observe that the bound in Theorem 3.3 is of the order O(€") + (){El._;}. Choosing

1
r = 3, we note that the bound is of the order O(e7 ).

4 Stochastic PDE with linear drift (Singular case) : Estimation
and Berry-Esseen type bound

Let (2,7, P) be a probability space and consider the process w; (t,z), 0 <z < 1,0<t<T
governed by the stochastic partial differential equation

duc(t, ) = 0Au(t, r)dt + (I — &}_%dlf'[v"{t,m} (4. 1)
where # = 0 satisfying the initial and boundary conditions
u(0,x) = f(z), 0 <z < 1, feLs[0, 1],

%(t,0) = ue(t, 1) =0, 0<t<T (4. 2)
Here [ is the identity operator, A = ‘%}z as defined in the Section 3 and the process W(t, x)
is the cylindrical Brownian motion in L,[0, 1]. In analogy with (2.5) in Section 2, the Fourier

co-efficients u;(t) satisfy the stochastic differential equation

duic(t) = —OAiuse(t)dt + dWilt), 0<t<T (4. 3)

13
var+1

with

u;(0) =v; where v; = ﬁ flz)e;(x)dx. (4. 4)

Let FPj be the measure generated by the process u. on C[(, T when # is the true parameter.
It can be shown that the family of measures {Ff, # € 8} do not form a family of equivalent

probability measures. In fact Fj is singular with respect to Fj,, when 8 # & in © (cf. Huebner
et. al (1993)).

Let -u&m{t,x} be the projection of u.(t,z) onto the subspace spanned by {e;, €5, ..., ex} in
L[0,1]. In other words,



N

ul™(t,z) =Y we(t)ei(z). (4. 5)

i=1

Let P;"H be the probability measure generated by u.E_H]' on the subspace spanned by {e1,...ex}
in Ly0,1]. It can be shown that the measures {P;’N. e E'!} form an equivalent family and

ap
dP[F N)

log (1, L ]'}

. _._Z,x()t +1}[{H Hn}f ic(t)(duie(t) + B Auic(t)dt)

i=1

T
+§{H—H”}?,hi fg -u;.—;(t}dt] (4. 6)

It can be checked that the MLE ﬂ?,-,rﬁ of # based on -HEN} satisfies the likelihood equation

Qe N =€ ( Ne — ﬁnjﬁm (4. 7)

when # is the true parameter,

= Z*" ,/W/ () AW(t)

i=1

and

N T
ﬁe_.:"u’ 5 Z{“}Li + 1}}‘31; '“:z'g,e{t}dt‘

i=1
iFrom (4.7) we obtain,

S AR -rxff(t}dlfi-z(t}} IR
{zi_l{}'ﬂ 2 l}{}ﬁ' _F{f}df} .HrRE':'}T

i €
RE:}{T(HN,E —6y) =

where

N 2
(e) _ Aild+1) [ 5 S20NT S £
RN__T_ZT vl - }+1)ﬁ+1

i=1

It can be checked that .
Ep, f ul (t)dt < oc.
0

Theorem 4.1 : For any () < 4§ < 1,

10



‘“1[‘ PE‘ { HE:.r}T(éhf —ty) < ?}} — d(y)

N

We can prove the Theorem 4.1 using the Lemmas 3.1 and 3.2 and following the procedure of

1N (i + 1)A2 [T ul(t)dt

-1
€}
Rlﬁ'r

‘«36}+3v’5.

proof of Theorem 3. 1.

Theorem 4.2 : There exists a constant C' depending on fy, || f||* and T such that, for any

4 =10,
=i
|

Proof: By the Ito formula, we get that

CN¥1+T%)

D DT VL A L |
| T deTN + TN, M)

L€}
Ryr

d(ufe()) = 26N (D)t + ——uic(t)AWi(t) + —qdf

;
WA+ 1

or equivalently

: . 2y,

or

,x(,x +1} a2 (ry - MO o
EH T

- - f X2(x + e + DT f
1] 1]

(4. 8)

Apgain, by the Ito formula, it follows that

) gty £ Bt T
d (uie(t)e™ ) = e AW
ar
wi(T)eMT gy = f : e Wt
(1) T W)
ar

T
uie(T) — 1,87 = E“*Tﬁ —,}L_:_ IEH}"'tdl’L’i{t}

i

11



or

ul(T) = 00T ( £ Mgy, {a‘})

o
-HJ? g20MT —EE M;FM}' = [ - PP [ {t)
A+l 0 k

or

;
Aifdi +1) o e 200 T it
W) = NGt
auT) = St ([ eaw
Fa W : T
+—)"‘('};H+”-:fz‘—’“i’f+%mm§‘—’“¥?m f ePMEIW(L). (4. 9)
L]

iFrom (4.8) and (4.9), we get that

N 2 N T
AifAi+1) | 4 00T & 204, 2
ZT{”‘*‘ (1-¢ )+mj —Z AN + 1)k ()dt

i=1
& T
= Z}L FONT ([ 2Pt 1 (a‘}) + 2e ZJ\ \/A—-I—lu!—f:a}. Tf .“*"dl»'[«}-{t}
1—1 0
X; \IE
_FZ f i (1) dWil(t).
i=1
So
e ;T
e £ Z?:l Jo M(Ai + 1) (t)dt I
g er} =
N.T
3
£ N __:I T . 5 &
o [ |52 (Fvamo) | s
- & ) =
Ry y 3
peN MV Toe® N [T MWt |
+: an R[f} i
LN 2 TR MVEF LY we(dWi(t) | 8
ay HL:;}T =
= J] + -.lir'_;l -|— .._.irH (5&}?}
where

N

€ AlAg 1 2 e 2
HE’-.’?T = Z % {ﬂ{ (l - E?“‘T) + —A:-I— l’f } E

i=1

12



5200 T 20t
J1 < u«} ZJ& f dt
Ryris
- 22007 [ (20T _ :
- G S () )
J"|rT i=l1
< CeN :
EREF}
Jo = JHL‘} Z\/_w)\ + 1y
NT i=1
3
< o
OR N r
and
1.
2
Iy < M (ZA (A + 1}[ bfuw{a‘}dr‘)
Byr \ist
N ;
5200 T
< w {ZAQ{AH}U (1— )+ T ZA}
Ryr i3 i=1
{fﬂllm ing Hubner et. al. (1993) )
c N 3
< ;ﬁ} {Zﬁ.{/\,+l}+12)‘,}
ERN',T =1 i=1
' Loz
< &) {Nz +T3IN 2}.
‘ERN:T
So
; C
S+ S+ = ] (‘\'4+T%'\%)
ORyp
C
g ‘U(1+’1 3)
OBy 1

L3



Now

N eI,
() _ MM+ 900 apr te
le,lr:T - E —E,H Uk (l i© ) + —:,Lk n 1
N —
> oy wfu+ T2
fe=k1

for some k; depending on #y and T

Therefore, ;
CNH{I +T7)

-I +!I + !I‘ E T .
PESENSRS pramm IS g

Choosing § = N—7, for some ~ = 0, we get that the bound is of the order

CN¥1+T1)
N-v (E?TNH T k"-v}i)

Using the Theorems 4.1 and 4.2, we have the following result for any fixed 0 < ¢ < L

Theorem 4.3: There exists a constant ' depending on #y, ||f||* and 7" such that, for any

5 >0,

sUp
u

I‘J;‘-':l‘."r { RE":E':T (éﬁr,ﬁ - Hﬂ) = T}} — 'I'{J‘;}

4 i
g ( i i )+3W.

2 |\ e oF e
N ETN3 + 37, klog

Remarks: Observe that the bound in Theorem 4.3 is of the order O(N7=2)+ (N %) provided
Zj:';l k'vi = g(N) = O(N®). In such a case, the bound can be obtained to be of the order
(){N"-{} by choosing + = %
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