TESTING FOR THE SINGLE OUTLIER IN A
REGRESSION MODEL

By K. S. SRIKANTAN*
Indian Statistical Institute
SUMMARY. Tho genoral problom of testing a regrossion modol againet an alternative hypothesis

of & ainglo outlier ie troatad in this papor. Certain test oriteria aro developod and their * inal p tag
pointe’, whioh control tho significance of tho tests at or below progoribod levels, are obtainod.

INTRODUCTION

An experimenter may be confronted with the hypothesis that the observations
he has obtained are independent and normal with a linear regression on a known
set of variables. He may contemplate an alternative in which one or a apecified
number of observations, though he does not know precisely which, can deviate from the
assumed regression or can have increased variability. Here we have to test the hypo-
thesis of the given regression against the alternative of a specified number of ‘outliers’.
The test should be formulated in such 2 manner that it is ‘best’ in detecting any of the
alternatives when they happen to be true and, at the same time, controls the error
of rejecting the hypothesis, when true, at a preassigned level of probability. This is
the problem of testing for outliers.

This problem differs from the analysis of variance. 1In the latter the regres-
sion model is tested against all possible alternatives of shift in the means of the obser-
vations. But in the outlier problem the alternatives are restricted to the deviation
in the mean of one or a specified number of any of the observations from the given
type of regression.

It is seen, therefore, that the outlier test is appropriate to a situation in which
we p the additional information (over and above that required for the analysis
of variance) that only a certain number of any of the observations can deviate, in
their mean, from the assumed regression. In some problems such information is
forthcoming. For example; in factories, it might be found, from past experience,
that at a time only one or two machines went out of alignment.

When the number of outliers contemplated in the alternative hypothesis is
just one, the test is called a single outlier test. This paper deals with such tests.

The problem of testing for a single outlier when the hypothesis is that all the
obgervations come from identical and independent normal populations with the same
but unknown mean and variance has been completely solved. The first significant
contribution towards this problém was made by Pearson and Chandra Sekhar
(1936) based on the work of Thompson (1935). They suggested certain test oriteria
and also obtained their percentage points in small samples. Later on percentage
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points for these eriboria wers obtsinod for larger sample aizes also by Grubba (1850).
Purcentage points for a shightly different criterion involving an external estimato
of varisnee werw obtainad by a different method by Nair (1948).

The present paper deals with the mare general problem of the single outlier
in & regression model. This. 8o doubt, is & more dificult problem. In thix case, the
dimtributions of the lewt criteria, apart from being dificult t solve, should involve,
when wiived, ss paremeters, vertain functions of the knuown variables on which the
obwervations have a linear regreesion. In urder to avoid this only the ‘nominal
perooutage points’ of thees criteris have been obtained. The ‘nominal percentage
points’ always control the error of the first kind st u level not exceading the specified
one; and under some conditions, which hold in restricted cases in small samples. 1hese
points ovntrol the error of the tirst kind actually at the specifid level. “Nominal
percentage points’ are used in this special sense throughout this paper.

The method followed in this paper. for oblaining the nominal peroentage
points, would ba ween to resemble in wome reapects that adopted by Pearson and
(humira Sekhar (1938) and in certain others that of Cachran (1841). In the next
wection wo furmulate the problem of the single outlier and the criteria for its
detection,

2. RINGLER OUTLIER IN A RBORRSSION MODNL

2.1, Preimiraries. Lot y = (y,. 4y ... y,) b n indepondently and normally

distributed random variables with the same unknown varisnce o' and means to
be upecified later according to the alternative hypothesss conmiderod. Lat
A =B\ By. ... Bu) be m unknown parsmeters and X = {z,/) be & matrix of mxn

known eonstants of rank m whers m < ». Further lot
By= By thmt Py e (2
I Bty,) = uy, j = I(1)w, then the least square estimate of 7 is given by
i_= !.xc(x.r)—l. .. (2.3)

Wa shall ropresent the deviationa of the observed values from their regression estimatos
by the voctor
¢ = oty &)

thus ¢= !—b..x. .o (2.9)
l‘loonldbenhmthntbodhpanhnmwrhofa_h Aot where A is the mx s matrix

A =I1-X" (XXX, e (2.4)
The error sum of squares will reduce to

8"=.e,¢'=_!l\.!‘, e (2.8)
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Woe shall use the following atatistics:

dy = e.{A (S, . (2.8)
t, = dt, e (27)
w=d} if &>0

and =0 if d<0 .. (2.8)

L=0 if &3>0

and =d& if &<o. . (2.9)

It is well known from the general theory of least squares that d; is
symumetrically distributed and that ; follows the Beta distribution with parameters

(4 (n—m—1)j2).
Consequently, for any = > 0 we havo
Prob (u; > z) = Prob (& > v/z) = §—} L{§.(n—m—1)[2) e (210)
where Lip.g) = { [ #0818} [B(p,0) w211
Similarly for z > 0,
Prob () > z) = Prob (di > —v/2) = }—# L}, (n—m—1)/2). . (212)

2.2. Tesl for a single specified outlier. When it is specified that the i-th
obgervation is an outlier, we can set up

Ely) = j #3,
and Bly) = m+6; (i specified and u's given by (2.1)),

and express the null hypothesis H, and the alternative hypothesis H in terms of 4;
ag follows:

Hy:4=0

and H :8=8#0.
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Let &; bo the uppor 20029, point and k, the upper 100a9%, point of the distribution
of ;. It could be easily shown that against one sided alternatives, uniformly most
powerful similar regions exist and, corresponding to the level of significance «, these
are given by

wuk if §>0 e (218)

and L>k if §<O. . (2.14)

Agoinst both sided ulternatives, the best unbisssed test, which controls the error of
the first kind ut the level a, is

[N . (2.16)
2.3, Test for a single unspecified oullier. Lot

L= max (4, ly, ..., L) =max A, y Ay . (2.16)
1 A4
u = max (u, ug,..., %,) = mMax &|e| Ay Ay e (207)
¢ L
and l=max (, by, ..., 1,) = max—e,fe;| Ai,iy Ay v (2.18)
S A 4

where A's are defined by (2.4) and ¢’s by (2.2) and (2.3).

When the outlier is not specified, the results of Section 2.2 immediately suggest
the uge of one of the criteria ¢, u or [, these having the common property of being the
maximum of the studentised squared deviations in some appropriate sense. The
criterion u should be used when the alternative hypothesis is that the expected value
of the outlier exceeds that given by the regression model; I should be used ageinst one
sided alternatives in the other direction and ¢ against both sided alternatives. Though
from intuitive considerations these tests seem to be justifiable, their performance
will not be examined .in this paper.

The problem investigated here is the evaluation of the percentage points of
these critoria. This will be discussed in the mext section.

3. EVALUATION OF THE PERCENTAGE POINTS OF THE
DISTRIBUTION OF A MAXIMUM

3.1, Nominal perceniage points. Let (v, v, ...,7,) be n random variables
and further let v = max (v, vy, ..., v,). Also let

P(V)=Prob (v > V) . (3.1)

PyV) = é‘; Prob (v, > V) . (32)

and PV = é. :i‘ Prob (v; > V.0, > V). - (33)
=
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Then we could derive from the probability laws for the joint ocourrence of » events,
that

Py(V)—Py(V) < P(V) < Py(V). . (3.9)

If V, is the exaot upper 10029, point of the distribution of v, then
P(V,) = e e (3.5)
The quantity V, defined by P(V)=«a e (3.8)

will be called the nominal upper 1002%, point of the distribution of v. From (3.4)
it follows that

P(Vy)) € a e (3.7)

Thus, in testing any alternative hypothesis against the upper tail determined by the
nominal percentage point V,, the actual level of significance cannot exceed «. Further
if Py(V,) happens to be zero then the nominal percentage point coincides with the
actunl one; a sufficient oondition for this is:

Prob (o, > Vy, v, > Vy) =0 for all i 3. ... (3.8)

For the test criteria developed in Section 2.3, the actual percentage pointe
are difficult to evaluate and would, in general, depend on certain parametric funotions
of the unknown variables (2's) on which the observations have a linear regression.
In order to avoid this only nominal percentage points will be obtained in this paper.
However, for special types of regression functions, it will be shown that for samples of
sizes below & specified number, these nominal percentege pointa turn out to be the
actual ones. For this purpose we require the two lemmas proved below.

3.2. Two useful lemmas. Let Z,, Z, and W be three real valued random
variables such that

Prob (W < 0/2,, 2,) = 0 for all Z, and Z,. .. (3.9)
Let p be a resl number where |p| < 1 and let
@ = (B3I —208, 2.+ ZD(1— P+ W . (3.10)

and R;= Z//Q (s =1,2,). Further 15t » be any given positive number. Then we
have the following.

Lemma 1: Prob(R, > h, Ry > A) =0 if 2K > 14+p and
Lemma 2: Prob (|R)| > &,|B;| > 8) =0 if 28 > 14|p|.
Proof: Obviously,

U = R}—2pR\R,+ R} < 1—p by (3.8) and (3.10).
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But U = (R,— R+ 2R, Ry(1—p).
Hence when Ry >hand R, > b,
U > 21—p) > 1—p* if 243 14p.
Therefore we have Lemma 1.
Again, U3 [B|'—2|p| | By| |Ry|+ | Bs|? = (| Ry~ | By|)*+2 | By | | Ry| (1~ | ]).
Thus when |Ry| > hand |Ry] >4,
U > 1—|pl} > 1—p" if 2029 14]|p]
and Lemma 2 follows.
3.3. Evalualion of inal percenlage poinis of u and l. Since u = max

(ty, ty, ..., %) it follows from (3.0) and (2.10) that the nominal upper 10029, point of
u is given by the following equation in z:

(8)2) . [1—I43, (n—m—1)/2)] = . e (311)

It also follows from (3.8) that s sufficient condition for this nominal percentage point
to coincide with the actusl one is that

Prob (u; > 2,4y > z) =0 for all i #3,
that is, Prob (& > Vz, d; > Vz)=0.
By an appropriate real linear transformation from

(Y1 Yar +r o) 8O (21,200 - Za)s

d; and d; could be represented aa
d;=2/8 and d =28
where 81 = {2~ oy n 2+ DIL—pl ) A+ +a-m (3.12)
with gy = Aiy A Agy}~? (A's being defined by (2.4)), and Prob (S € 0/z,,2,) =0
for all z, and z,. Applying Lemma 1 we get the following necessary condition for
the nominal percentage point z to coincide with the actual one :
22 3 14ppy = 1+Ay (A 4™ (3.13)
(A's being defined by (2.4)).
The nominal percentage poihts of ! turn out to be the same as those of % in
virtue of (2.12); (3.13) becomes a sufficient condition for the coincidence of the

nominel and actual percentage points of I.
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3.4. Evalualion of the inal per ge poinls of ¢. Since ¢ = max (4, ty,..., t,)
where ¢, follows the B distribution with parameters (4, (n—m—1)/2) (Section 2.1),
it is seen from (3.6) that the nominal upper 10029, point of the diatribution of ¢
is given by the equation in z:

n[1—I(}, (n—m—1)/2)] = a. e (8.14)
A sufficient condition for 2 to be the actual percentage point is that
Prob (4> x, 4> 2)=0 forall § £5;
that is, Prob (ldi| > vz |d)| > v/ 2)=0.
Proceeding as in Section 3.3 and using Lemma 2, we find that & sufficient condition
for this is
22 2 14 [poy) = 14+ 120l {Aca Ay ) .. (3.16)
whern A’s are defined by (2.4).

4. SCOPE OF THE TABLES OF NOMINAL PEROENTAGE POINTS

Tables of the nominal upper 5%, and 1%, points of the distribution of the criteria
ufor 1) and ¢ are presented in Tables 1 to 3 for sample sizes up to 7 = 20 and regression
variables m = 1,2 and 3. These were computed by solving equations (3.11) and
(8.14) for @ = 0.05 and 0.01. For this purpose Karl Pearson’'s Incomplete Beta
Funotion Tables were used and Newton’s divided difference formula was applied to
carry out inverse interpolation of the second order. The results are expected to be
correct to within one digit in the fourth decimal place.

5. SPROTAY, REGRESSIONS : OOINCIDENOE OF NOMINAL AND
ACTUAL PEROENTAGE POINTS
8.1. Regression on one variable (m = 1). For the simple case E(y,) = B,

J = 1(1)n, the test criteria « and I reduce to those formulated by Pearson and Chandra
Sekhar (1936) and Grubbs (1950). We have, in fact,

u=1-83/8 (Grubbs) e (B1)

= {T"™P}(n—1) (Pearson and Chandra Sekhar) . (6.2)

and 1=1-8}/8 (Grubbs) o (8.3)
= {T™))(n—1) (Pearson and Chandra Sekhar). . (5.4)

It waa found that the nominal percentage points of u and 7 agreed to all four places
of decimals with the actual ones obtained by Grubbs,
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Since, in this case,
pry=(=1)f(n—1) forall i#j

the nominal 5%, points of u (or [) are actual up to sample size 14 and the 1%, points
up to 19, The nominal 5% points of ¢ are up to sample size 13 and 19, points
up to 18.

5.2. Regression on two variables (m = 2). An important special regression is
Ely) = A+pe g 3= . (5.5)

In this case we get after simplification,
A=T—{a,) . {5.8)

where @, = {(n*—1)+12(i—[n+1}/2)(j—[n+1)/2)}/n(n*—1). Therefore, max p;,; =
2/(n—1). Thus for this regression the nominal 5%, points of u (or 1) are actual up to
sample size 10, and the 19, points are actual up to 16. Again,

mex |py,| = 4.{n?—2n- 13},

Therefore, the nominal 5%, points of ¢ are actual up to sample size 9 and the 1%, points
up to 14.

5.3. Regression on three variables (m=3). The special regression considered is
E(y;) = pr-+Pq sin (2mj{A)+ By cos (2mj[A) - (8.)

where A is a known positive integer and j = 1(1)n.
When 7 is & multiple of A, we have

A =I—{a;) v (5.8)
where a;,; = {142 cos [2n(i—j)/A]}/n.
Thus Poy = —{142 cos [2n(i—j)AT}/(n—3) < 1/(n~—3). . (6.9)

So the nominal 6% points of u{or I} are actual up to sample size 13 and the 1%, points
up to 18 for this regression.
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NOMINAL UPPER PERCENTAGE POINT8 IN UNITS OF 10~

TABLE 1¢ TABLE 2 TABLE 8
Regression :  Bly)) = B1zy,4, 5 = Ulin Bly)) = giz1,+Ba2e,5 5 = in  Ely)) = Biy g+ Bazey
+8528,4,7 = 1{1)n
uorl i uorl t uorl

samplo sample eampls

size 8% 1% 5% 1% size 8% 1% 5% 19 aize 69 19
(m (2) (3) (4) (8) m @ %) 4) (5 m 2 3
3 9073 0008 6693 10000 4 .0085 .0000 .D0O8 10000 5 .9993 10000
4 0508 90800 9752 0060 5 9804 9920 9801 0960 :

5 8730 9558 9102 9721

a 7968 0072 8547 9340 ] 8872 0808 9283 9753 [} 0660 0033
7 7304 8658 7984 8BH7 7 8114 Ol4D 8652 9380 7 8970 0846
8 6730 8052 7384 8446 8 7438 8620 8038 8954 8 8231 9196
9 6268 7580 6899 8011 9 6868 8128  7481%* 8504 9 7551 B68S
10 5646 7180 6474 7608 10 6363°¢ 7660 6987 8080 10 6961 8188
11 489 6780 8090 7288 11 5038 7233 6553 7681 1 8455 1720‘
12 5178 8446 5768 6890 12 5670 6848 68170 7284 12 8020 7291
13 4903 6136  5472°¢ 6876 13 5240 6500 5831 6938 18 5644°* 6001
14 4660 5865 5208 6289 14 4067 6185 5530 6821 | 14 5316 64D
15 4441 5608 4970 6026 15 4718  5900** 5250 6330 16 5028 6231
18 4245 5366 4764 8784 18 4408 5640 5011 6084 18 4760 6942
17 4087 51562 45658 5661 17 4201 5404 4707 5820 17 4540 6679
18 30056 4958 4370  5856%* | 18 4109 5187 4697 5504 18 4334  5430%e
18 3757 4775 4215 5165 10 3043 4088 4418 6388 10 4140 5220
20 3621 4607 4083 4989 20 3702 48056 4248 5094 20 3978 65018

*Table 1 provides actual percentage pointa of u and I for the regression E(yj) = 8 (Section B.1).
**Percentage points are actual up to and inoluding this sample size for the regression
Table 1: E(y;) =8; Table 2 : E(yj) = B1+B8,. 7 (Seotion 5.2); Tablo 3 : Elyy) = 8;+8; sin (27j})
+84 08 (275\),i = 1(1)n, where \ is a positive integer and n is a multiple of ) (Section 5.9).
Note : 1. u,land ¢ are given by equations (2.18), (2.17) and (2.18).
2. Nominal percentage points of u and I gatisfy (3.11) and those of ¢ satisfy (3.14).
3. Condition for coineid of the inal and sctual p ge points of u and I is given by
(3.13) and _for t by (3.15).

4. In virtue of (3.13) and (3.15) the nominal upper 100a percent pointa of u (or I) are the same aa
the 200« percent points of £. Thus the nominal 1% and 5%  points of u ocould be used
aa the 29), and 109 points of ¢ and nominal 1%, and 5% pointa of ¢ oould be vaed as 0.5% and
2.5%, points of ufor 1),
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