BALANCED CONFOUNDED ARRANGEMENTS FOR THE 5* TYPE
OF EXPERIMENT

By K. R. Nug,
StattsTICAL LAnokatory, CALCUTTA.

INTRODUCTION

In a previous paper® I discussed a method of gelling canfounded arrangements for the
general syminetrical type of experiment, that is to say, of » factors at p levels each. The
method was made up of two systems of interchanges from a pesided hyper-Grieco.Latin
Square ; and could Le used to oblain balanced sets of replications, partially confounding
all the degrees of freedom of the hizh order interactions affected, provided (A—=1) also was
a prime or a power of a prime.  This method was illustrated Ly disenssing in detail con-
foundod arrangements for the 3® and 4" types of exteriment.

Yates' had given designs for the 3" type of experiment before me but did not
indicate the method of getting them. The 4™ type was dismissed by him as one reducible
10 the 2° type, which had Leen exhaustively given by Barnard' ; mine,was the first attempt
to deal with the 4" type without Lreaking it up into a 2% type.  The method indicated by
me Leing gencral for p® when p and (p~1) are both prives or powers of primes, I have
discussed in this paper a hitherto unsolved case, namcly, the confounding of a 5* type of
experinent,

Tk Two SvsTEMs OF INTERCIINGES FOR §X 5 SQUARE
Fisher? has found by complete enumeration that there are six sets of 5x5 hyper-
Greeo-Latin squares.  One only of these scts has been given by him in The Disign of
Experiments.  In Table 1 is repreduced this hyper-Greco-Latin Square,

Tatlel, A 5x5 Hyper-Griceo-Latin Square

Aoy B, 8, Car D, 5, L o
B, 4 Cir D, a; E, 8, Ny
C. B, D, 1, L, 5, Ny B,
D, 1y Fsa, A By [N C, 8,
L,y RWEN B, o, C,m b, 8,

The four orthogonal squarcs arc represented respectively by the Latin letters
A, B, C, D, T, the Greek lettersa, 8, v, 8, 2, the suflixes 1, 2, 3, 4, 5 atlached to the Latin
lefters and to the Creek letters.  That dhe four squares are mutnally, orthogonal, besides
being orinogonal 10 rqws and columns can be verified from tie fact that (i) each Latin lelter
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occurs once and only once with cach Greek letter, cach Latin suffix and cach Greek suffix
{if) ench Greek letter occurs once and only once with cach Latin sufix and cach Greex

suffix and finolly (i) cach Latin suffix occurs once and ouly once with each Greek suflix.

Tamag 2. Tur SIXTEEX STANDAKD §x 5 SQuUaRes.
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BALANCED CONFOUNDED ARRANGEMENT IN A FACTORIAL EXPERIMENT

From Table (1) it is clear that the Latin letters form a square in the standard position

| 2 3 4 S
2 3 4 s 1
3 4 S 1 2
L] 5 1 2 3
5 1 2 3 4

The Greck letters, Latin sufixes and Greck suffixes can be brought to the same
standanlt position by three interchanges of the columns (rows) such that the positions
1, 2, 3, 4, 5) of the columuy (rows) are (1, 4, 2, 5, 3); (3, 5, 2, 4, 1) and (5,4,3,2, §)
respectively.  These constitute the first system of interchanges associoted with a 5x5
square.  From the fact that the rows (columns) of the standard square are got Ly cyclical
imerchange of the previous row (colummn), the second system of interchanges associated
with a 5x5 square is cyclical. In fact for every odd value of p, the sccond system of
interchanges associated with a px p square is cyclical.

TIRER FACTORS AT FIVE LEVELS EACIH

Let A, B, C be the three factors at five levels each (a,, ay, a5, a,, a)) (b, by, b,, by, by)
and (€,, €y, €3, €a €s)- There are €4 d. f. belonging to the sccond order interaction ABC
In sub-blocks of 25 plots, one replication will have § sub-blocks thus confounding 4 d. f.
of ABC ; 186 replications are thus nceded for balanced partial confounding.

The 5x 8 square in the d pusition can g IS more squares by performing
the first system of interchanges (5x5) on he rows and columus. These are given in
Table 2. Keep the levels of € arranged according to these sixteen squares, making the
colunins and rows represent the (a)-levels and (b)-levels respectively. These 16 (a, b, ¢)-
squares represent a key sub-block from cach of the 16 balanced replications.  The remain-
ing 4 sub-blocks of cach replication are obtained by performing the second system of*inter-
chacges (5x5) on the rows (columns) of cach key sub-block. The 16 scts of 4 d. f. of
ABC obtained by this method are denoted by 8, §y, ceeveeee 8 and Table (3) gives the
fevels of the three factors occurring in cach sub-block of each of the 16 replications.
A and B are taken as the first two factors and C as the third factor.

FOUR PACTORS AT FIVR I RVELS EACNH

Let A, B, C, D Le the four factors. There are 64 d. f. belonging to cath.o{ the secpnd
order interactions ABC, ABD, ACD and BCD and 256 d. R belonging to the third order
interaction ABCD.  In sub-blocks of 25 plots, 24 d. f. get confounded among the 25 sub-
blocks of a replication, These 24 d. f. can be separated into 6 orthogonal sets of 4 d. f.
cacll. Pour of these scts belong one each to ABC, ABD, ACD and BCD and the remaining,
two sels to ABCD. Yor balanced partial confounding of all the sccond and third order
interactions 64 replications will be found to Le necessary.  In tlas scction besides getting
the 4 renlications for balancing the second and third order ihteraction it will be shown
that they fall into four scts of 18 replicniions, cach sct confounding with balance pll the
second order interactions. It will also Tie seen that for balancing tixe third order interac-
tion alone 32 replicutions will suffice,
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I'ake a 5x5 squarz with the col and rows ref ing the (a)-and (b)-levels.
The (¢) and (d)-levels should appear in the eclls of this square in the formn of two ortho.
gonalised Lotin squares.  “The 16 squares of Teble 2 fall into four groups: G, G,, Gy G,
so that snuares in one group ore orthogonal only 1o the squares of the other three groups.
Gy consists of squares 1, 6, 11, 16 ; G, of stjuares 2, 8, 9, 15 ; G, of squares 3, 5, 12, 14 ond
G, of syuares 4, 7, 10, 13.  Arrange the letters G,, Gy, Gy, G, in the lorm of a 4 x4 Latiy
square in the standard position :—

G, G, G, G,
G, G, G, G,
G, G, G, G,
G, G, G, G,
Allow the (¢)-levels to be \ g to the squares of the groups G,, G,, G,, G,

of stz first column, For (d)-levels choose lhc squares in the group of the second column
belonging (v the sanic row os the group to which the squ:m: selected for the ¢ levels belong.
This pracess will yicld 64 (a, b, ¢, d)-sq g one sub-block from cuch of the
64 replicatipns that we need for Lalancing the s«nml and third order interactions, | The
mcthod of generation will be clear from Table (4).

By choosing the squares for (d)-levels from the third omd fourth columns of thie G-square
we have two other ways of getting scts of 64 relications cach achieving complete balance

From cach of the 64 squares, 24 squares more can be gencrated by performing the

sceond system of mlcrch:mgcs (5x5) on the (c)-rews (columns) and the (d)-rows (colwmns).
‘Thus we get all the 25 sub-blocks of the 64 replications.

‘Tanter 4. SQUARES COMRINED FOR ¢ AND d LEVELS TO GET TiE 64 BALANCED

REFLICATIONS.
1 i m v
Gdd) G} | Gole) Guld) | Gule) Guld) | Guld) Gatd)
1l 1 2 2 1 3 4 4 3
2| 1 8 2 8 3 1 < 5
3 1 o 2 1 3 10 4 12
o] 1 18 2 18 3 13 4 u
5| 6 2 8 1 5 4 7 3
8 6 8 8 [ 3 7 7 H
7| @ ® 8 1 5 10 7 12
8| e 13 8 16 5 13 T u
9 11 2 ? 1 12 4 10 3
10| 1 8 9 12 7 10 H
nln 0 2 n 1210 1 12
1 n 13 ] 18 12 18 10 u
13| 18 2 15 1 bt} 4 13 3
14| 16 8 13 6 1) 7 13
3. 16 ] 18 a1 9 10 13 a2
18] 18 B e u 13 13 1



ACTORIAL ENPERIMENT

BALANCED CONFOUNDED ARRANGEMENT IN A I
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“The treatment combinations of the 25 sub-blocks of one ol these replications are given
in Talle (8), for purpose of illustration.  “I'be 25 columns represent the 25 sub-blocks.
“Table (5) is in«he form of n 25%25 Lalin wquare. It is casy to sce that given the first
colman the remaining columns can Le formed with litle effort. The key sub-blacks
(definenl ag the subeblock ini combis a, b, ¢, d}) of the 64 replica-
lions are given in Tahle (6).

Tuble (7) gives details about the G scts of 4 d. f. confounded in cach replication.  The
64 scts of 4 d, L. each of ABCD are clussifil under four heads: X, ¥, Z, W these having
18 sets in cach. In fact we are introducing X, Y, Z, W' as alternative third factors to
A and B end indentifying the 18 sets of 4 d. f. of ABX, ABY, ADZ and ABW wifh the
“help of Table (3). The levels of X, Y, Z, W are defined jn Talle (8) where the numbers

1, 2,3, . 25 stand for the CD combinations as marked in the following square :—
€ € & e, €
d |1 [ [l 16 21
da| 2 7 12 v 2
dy j 3 8 13 18 2
AR 9 14 19 24
d |5 10 15 20 28

Tuug 8 Leversor X, V. Z, Wax 1ug A B C D INTERACTIONS,

X Y z w
1+ THI3FI9425 |y |1+ BHISHITH24| o | 5+ BHITH10+22 v | 5+ 9+l!+l1‘+21
x| 2+ 8414 120421 50 |24+ BH21+28 425 o [ 14 D+12+20+23 [ wn| 1+10+14+18+22
® |3+ 9 F13-H16422 | yu 3—0;10+12+)N 21[ 5 [ 2+104+13+26+24 |wa| 2+ 6+15+10423
x 4110+l\+11§23’ >o|4F 6413420422 k0 | S+ 6+14+1TH23 [ wrs| 3+ TH11420424
n t5+ 6+12+18+24 | ) |5+ THI4 438423 & | 4+ T+15418421 || 4+ B+12+16+25

When looking up Table (3), A nnd B were taken as the first and sccond factors for
interactions ARBC, ABD, ABX, ABY, ABZ and ABW and C and D were taken as the first
and second factors for interactions ACD and BCD,

‘I'he 64 replications of Table (7) balance all the sccond and third order juteractions.
“I'he’ 32 replication of T umd 11 or 1T and IV Lalence third onder interactions bnt not
sdeoml orduer interactions.,. Since ABCD i less importaut than the secoml order interac:
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tions 1t is usclul Lo get 16 replications which will balance all the four second order interac-
tions. ‘I'he 16 repliemtions of uny of the groups I, 11, II[ and IV of Table (7) may be
arranged in the form of a 4 x4 square

1 2 3 4
5 6 7 8
0 10 1t 12
13 14 15 16

1t will be found that the four replications of any row or column confound the same set of
ABC or ABD interactions. It is necessary therefore 1o split the 16 replications under
1, 1L, 111 snd IV in 4 groups of 4 cachy according (o a 4x4 Latin square imposed on the
above square, It is found that only one of the three orthogonalised Latin squares give a
successful reahuMing.  The resulting 4 sets I, 10, L, and IV, of 16 replications each
balancing widhin itself all the degrees of frecdom of the second order interaction are given
in Tuble (9).

FIVE AND SIX PACTORS AT PIVE LEVELS EACH

Taking first the case of n=6, if the factors be A, B, C, D, E ond I at 5 levels cach
a sub-block of 25 plots can Le fortned by arranging the levels of ¢, d, ¢, and f according to
the four urlhogon:nli'scd Latin squares of the 5% 5 square and superimposing them ou
a 5x5 square whose colunms and rows ar¢ the levels of a and b.  Oue such square is given
in Table (10).

‘I'ne 625 sub-blocks of a single replication are obtained by performing the second
system of interchanges (Sx5) to the (c)-rows (columns), (d).rows (columins), (e)-rows
{colums) and (f)-rows (columns). 1lere there are 20 second order inleractions each with
64 . f., 15 third order interactions cach with 256 d. f., 6 fourth order interaclions each

Tame 10, A Kev SumBrock wirn 25 PLots or s 5* ConeouNpeD DEstGN.

ay " a a a

LI NA culiesfs adwr /i

aderfs adiesfu

b ) caliersy cdier /s euliesfu

aderfy adiesfy

cuhefs cuiresfo




BALANCED CONFOUNDED ARRANGEMENT IN A FACTORIAL EXPERIMENT

“org w5 tq g g ug et
1 e g
" s
L ] A d
wg g . vy g g
ug ug w g g ug g g ™ sy 1y asg mg P
u s m
"w o v i vy tg vg 1m ™ e rg ng 1 8
. e
g e
LU
m
- g Vg N e Ty g g
g "™ L IR I g g wg vig
w  w v i v ne [ w o
w e s e mg e - w e
w e e ws g 1 |Al| g wg w e
. o u fi's 19
1
P>t | zfax|w|>
-] 0N
7 o | adev u_ v
WAL . . 1 1

YAQUQ ANOGOAS DXIINVIVE SNOILVIIZY 9] dO ,AI ¥ JII ‘II 41 S13S ‘6 IV

*SNOILOVAILN]



VoL, §) SANKHYX: THE INDIAN JOURNAL OF STATISTICS {Pakt 1

with 1024 d, £, and 1 filth order imeraction with 4008 d. f. 1 have not investizated how
he 624 d. f. confounded in o replication ore distributed among these interactions.  There
is rcason to bulieve that only 4 d. f. of ABCDEF get confounded in a single replication so
that balancing of Ihis interaction requires 1024 replications.  These can be easily ohtained
by adopting for the ¢, d, ¢ and [ levels the squares of columns 1, 2, 3 and 4 respectively
of the G-square such that all the four-squares nsed in one replication helong to the four
groups of the same row. We will get from cach row 256 replications. It has yet to be
investigated how these 1024 replications can be split into sets which balance (say) only
the second order interactions,

The case n=5 follows if we drop the factor F.
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