Innovation, Imitation and Intellectual Property Rights:
A Note on Helpman’s Model

Debasis Mondal and Manash Ranjan Gupta

This note analyses the effect of the policy of tightening Intellectual Property
Rights (IPR) on the rate of mnovation in the North and on the welfare in both
Morth and South in a model which is otherwise identical to Helpman (1993)
except in the concept of knowledge capital. We assume that the South based
imitated products do not contribute to the knowledge capital in the North. It is
shown that the tightening of IPR raises the rate of mnovation in the North and
may improve the welfare of both North and South. These results are significantly
different from those in Helpman (1993).

Keywords: innovation, imitation, intellectual property rights, knowledge
capital, North-South, economic growth, steady-state growth equilibrivm,
welfare.

JEL Classification: 031, O34, O40.

1 Introduction

In a seminal paper, Helpman (1993} analyses the effect of the tightening
of “Intellectual Property Rights™ (IPR) policies in the South on the
growth-rate and welfare in both North and South. He uses a dynamic
zeneral equilibrium model of a two country word economy where Norh
innovates and South imitates. Rate of innovation is endogenous' while
imitation rate is exogenous in this model; and the tightening of the [PR

| In Sect. 3 of his paper, mnovation rate is endogenous.
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implies the reduction in the rate of imitation. This tightening of the IPR
policy adopted in the South lowers the rate of innovation in the North in
the steady-state equilibAum. Also this policy always lowers the welfare of
the South; and also lowers the welfare of the North if the rate of imitation
is very small.

The basic model of Helpman (1993} has been extended by wvarious
authors in various directions’. However Helpman (1993) and its various
extensions share a common assumption which we want to modify in this
present note. In Helpman (1993}, the knowledge capital stock in the North
is assumed to be proportional to the economy’s cumulative research
experience measured by the number of product designs already developed.
This knowledge capital, reated as the public input into the R&D sector,
senerates positive extemalities and thus lowers the cost of developing
new blue prints in the R&D sector. Instead of this so-called Marshall-
Arrow-Romer type of knowledge spillover, we consider Jacobs (1969
type of localized knowledge spillover in this note. Now the agglomemtion
of different production units in one region decreases the cost of doing
R&D there. Thus knowledge spillover orginates from the presence of
producers of different goods in one region rather than the experience ofthe
R&D sector of developing product designs in the past. The researchers
might benefit from interactions with the producers of other goods. They
observe the production process directly and find it easier to invent new
product designs at cheaper cost. These Jacobs (1969) type of externalities’
in the Morthem R&D sector have been considered in the Morth-South
models of Dollar (1986; 1987), Martin and Ottaviano { 1999), Baldwin et
al. (2001} etc. although they have not analyzed the problem of imitation
and IPR protection in the South.

This is the only minor change in assumption we introduce in this
present note. However, this gives interesting results. If we introduce this
change in an otherwise Helpman ( 1993) model, we find that the policy of
strengthening [PR in the South must raise the rate of innovation in the
Morth in the new steady-state equilibrium. Also, in this case, both North
and South may gain in terms of welfare from tightening [PR when the
imitation rate is neither very high nor very low. These results are different

2 See, for example, Amold (2002, Lai (1998), and Grinols and Lin (2006).

3 These types of knowledge spillovers at the level of a city or a region have
been documented by Glaeser et al. (1992), Hendersom et al. (1995), and also
Jacohs (1969).
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from those in Helpman (1993); and are interesting in the context of the
debate about the enforcement of [PR in less developed countries. While
Helpman's ( 1993) results go against the adoption of such a policy, our
results may advocate this. Also it is the extent of the imitation rate which
appears to be crucial factor in determining the desired direction of the
policy change.

In Sect. 2, we describe the model. In Sect. 3, we analyze the effect of
tightening IPR on the steady-state equilibrium rate of growth. In Sect. 4,
we analyze the effect of this policy on the welfare of the North and of the
South. Concluding remarks are made in Sect. 5.

2 The Basic Maodel

The representative consumer in the North (N) and in the South (5) has the
welfare function given by

X
Wi(t) = [ e " joqUi(z)dx,
s

where L(1) is the instantaneous utility function given by

0= [ "V aera): 0<a<i
S

for i=N. 5. Here n(t) stands for the number of varieties available at time
t and x;(z) represents the level of consumption of z-th variety by a
representative consumer in the i-th region fori = N, 5; p stand for the rate
of time preference and » represents the elasticity of substitution between
any two varieties.

A representative Northern consumer maximizes his welfare subject to
the intertemporal budget constraint given by

a0 -
[ e WEIE ()t = [ e ™01 (f)dr + Ay(r)  for all .
o r

Here Eylt), fyl7) and Ay(r) stand for instantaneous expenditure,
instantanecus income and the current value of assets in the North at time
t. ry stand for the nominal interest rate in the North.
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Mote that the consumer in the South needs not solve any dynamic
optimization problem because South does not have any R&D activity. He
maximizes the instantaneous utility function subject w the instantaneous
budget constraint which is given by

Hir)
&m=£ Pl

We obtain the following optimality conditions:

E_,:- =ty —p (1)
and
.tj'l:::] = -Ej{f] m l":"I: = iﬂ, H{E]:. {2]
Ji

Here Eq. (1) implies the Ramsey rule and Eq. (2) represents the demand
function for the z-th variety of a representative consumer in the i-th region
fori=MN, 5 p(z) is the price of the variety z and

I
g=——>1
X

is the price-elasticity of demand for the z-th variety. Here,
H = Hy + Hg

and ny (nsg) is the number of varieties produced in the North {South).
Morth is the innovator country and South is the imitator. Producer of the
z-th variety produced in the Norh is a profit maximising monopolist
while the Southern imitators play Bertrand game. One unit of labor can
produce one unit of each product®. Labor is intemationally immobile but
is perfectly mobile among all the sectors within a country. So the price of
any MNorthern product is given by

4 This production technology is the same for all Northemn and Southem
products.
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N W
p{-'] = PN .

(3)
for all = € [0, ny]; and the price of an imitated Southem product is given
by

plz) =ps = ws (4)

for all = € [0, ns]. Here py (ps) and wy (ws) represent equilibrium price’
of any Northern (Southern) variety and equilibrium wage® of Northem
{Southern) labor, respectively. It is also assumed that

Wy = Ws. (A)
The labor market equilibrium equation in the North is given by
Ly = nyxy + Lg, (5)

where Ly, nyxy and Ly stand for the labor endowment, labor employed in
production sector’ and labor employed in the R&D sector. In the South,
imitation is costless and hence

Le = nexs (6)

is the labor market equilibrinm condition there.

R&D sector in the North produces new product designs using labour as
the only input; and thus the number of varieties grow over time. This
equation of motion is given by

A= 1 (7)

oy

where =+ is the labor requirement to develop a new product-design; and
My is the knnwladge capital. Note that in Helpman ( 1993), the knowledge
capital was assumed to be equal to the total number of blueprints
developed by the R&D sector. We follow Dollar ( 1986; 1987), Martin and

5 Price (quantity) of all the vareties produced in a country take the same
equilibrium wvalue because utility finction is symmetric and technologies are
identical.

& Wage rate is the marginal cost of production of a vanety.

T This is equal to total production of all the Northern varieties.
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Ottaviano (1999), Baldwin et al. (2001), etc. and assume that the
knowledge capital is equal to the number of firms currently producing in
the North. This is the only change we introduce in an otherwise identical
Helpman (1993) model. We consider Jacobs (196Y) type of localized
knowledge spillovers. Researchers learn by observing the production
process directly and interacting with the local producers.

MNote that the formulaton in Eq. (7) implies that Ly an ﬁ move

LiAN

proportionately in the long-run because the ratio ®* is constant in the
balanced growth equilibrium. This implication has been criticized by
Jones (1993b; 1999) because the observed long-term growth rmte has
been relatively stable despite upward trends in the number of R&D
workers. We do not remove the scale effect from the Helpman (1993)
model in the present paper although it is an interesting area of
research®.
Here m stands for the exogenous rate of imitation defined as
Hg :
m—E—m—;J, (8)

where (¢ is a parameter representing the degree of tightening the IPR and
st is the rate of imitation in the absence of [PR.
Also it can be shown that

| — =
My = Wy {9]
and in equilibrium
Wil
= ; 10
Uy iy (10)

where m, and vy stand for the Northern firm’s instantaneous monopoly
profit and its discounted present value of profis over the life time,
respectively. The standard no-arbitrage conditon in the Northern asset
market is given by

& S0 we can interprete our model and that of Helpman (1993), as one of
medium-term growth. For more on non-scale growth models, see Segerstrom
(1998), and Amold (1998). However, we do believe that it would be more
mteresting (and a much more significant contribution to the literature) to remove
the scale effect from the Helpman (1993) model and then to study the effects of
strengthening [PE.
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Ty Uy
—\'+—:r_.~,-+m. (1)
Uty Uy

Also we have
Ey = pynyxy, (12)
where £y stands for expendimre of the representative Northem consumer

which is equal to the value of total product.

3 The Steady-state Growth Equilibrium
Following Helpman (1993), we define

= iy
| et |
#
g==,
and we also define
it
[

where  represents the fraction of goods that have not been imitated so

far. So the two equations of motion we can derive’ are given by the
following:
E=E0— (60 +m)E (13)
and
: Ly l —a sLy
f};(—’—ﬂ [ o — (—‘—ﬂ]_ 14
Ly ) A X Ly ) { :I

The explicit solution of these two differential equations are described in
Appendix 2. In this section, we analyze the dynamic properies of the
model using a phase diagram shown in Fig. 1.

Mote that here

9 Dervation is shown in Appendix 1.
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at |

Ly fay L

(1—) L, sy, — pex

Fig. 1. The phase diagram

(EJ}H:LN}WJL
dy My
and this is always true because, ay ﬁ represents the labor employed in the
R&D sector which is always less than the total labor endowment of the
Morth.

So the equation of the H=0 smtionary locus is given by

Ly
Fetl = (_* "
{ I] ﬂ‘]\,-) P
and so it is a horizontal straight line in the Fig. 1.
The equation of ¢ = 0 locus is given by the following

01— &) =m

and this curve slopes positively in Fig. 1 being asymptotic to the £ = 1
vertical straight line and meeting the wvertical axis at & = m1.

The point of intersection of these two curves is the steady-state equi-
librium point. In Appendix 2, we show that it is a saddle point and the
unique saddle path converging to this equilibrium point coincides with
the f1 = 0 locus. This convergence is guaranteed if and only if 6(0) = "

The steady-state equilibrium values of £ and g are given by the fol-
lowing:
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= m m
E=loe=1=- =

0 T (- &) —ap

and
T
g =0 =(1- x](i) — (ap + m).
apy

A tightening of IPR means a fall in the effective rate of imitation, m.
Hence ¢* is increased. In Fig. 1, & = 0 locus shifts downwards and the
! = 0 locus remains unchanged. So we have the following proposition:

Proposition {: A policy of tightening [PR. in the South raises the steady-
state equilibrinm rate of innovation in the North.

The result is interesting because this is opposite to what Helpman
(1993) obtains'®. In Helpman (1993), a policy of tightening IPR lowers
the rate of growth in the new steady-state equilibrium. We now turn to
provide intuitive explanations of why this effect is opposite in nature to
the effect in the Helpman (1993) model. A stronger [PR. protection leads
to a reduction in both the effective cost of capital, (ry + m), as well as
the profit mte, T—: in Helpman {1993} model. Moreover its impact on the
effective cost of capital is smaller than the comresponding impact on the
profit rate. For this reason the rate of innovation is reduced in his model.
Howewer, in the present case, tighter IPR has no effect on the profit rate
and only the effective cost of capital is reduced. Thus the positive impact
of tightening [PR. on the effective cost of capital causes the long mn rate
of innovation to increase.

We now explain, why, in our model, tightening of IPR has no effect on
the profit mte. Let us write the expression of the profit rate, {ﬁ‘.h as

Uy oy =

e
Iy

= |
Ty '—:w,y_r,y iy 1 —= (nr_a,-) - My |l —a (- (nyxy) )
Uy e Wi vy oy

10 Mote that Helpman (1993, foomote 19, p. 1261) himself questioned the
long run negative relationship between the rate of mnovation and the rate of
imitation in this product varety framework with a more general functional form
of the utility function. However, he was silent about the welfare effect under this
more general class of utility function. We offer here a completely different
mechanism that leads to a positive relationship between rate of immovation and
rate of imitation.
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A decrease in m increases C in steady state. This decreases per firm profit
due to the increased competition among firms in the North on the market
share. This also decreases the cost of R&D due to the increased knowl-
edge spillover. However, both the numerator and the denominator move
proportionately. Hence the profit rate does not depend on m in the steady-
state equilibium'!.

We obtain the solution of 0{r) and &(r) as

) = #* (15)
and

E(r) = &% + [E(0) — &e™’, (16)

where

L
an =m— ({1 —Ili—px) = —g* =—F*¢*< 0.

The derivation of these solutions are described in Appendix 2. Since
an < 0, (1) — £, as t — =0 whatever be the value of £{0).

Now wy = wg given by the inequality (A) implies that, in the steady-
state equilibrium,

Lgat

< .
" Lga* + Ly —ayt’

This condition will abways hold tre if Lg is large enough relative to Ly.
lts derivation is given in Appendix 3. Hence gz < 0 and wy = wg imply
that

E -'{-J"r' LSf:
T A L
i mm{{ %) 5 o Leo + Ly — aytf

Lyt

the above inequality will be satisfied if

Since Ly — ayfl” = 0, we have = 1;and hence it is clear that

11" In Helpman (1993), the expression of profit rate is T+ = l:—:{l (myay)) and

here an increase in £ (due to a decrease in m) decreases per firm profit only, given
the allocation of labor. This results in decreasing the profit rate there.
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Lot
< : _ B
L TN (B)

This is called the feasibility restriction on the rate of imitation.
Using Egs. (15) and (16), we obtain:

d(t). de*
] e = —— ] — g2t 0 17
dp &S ﬂ’p{ ') > (17)
and
dor),
g™ (18)

for all 1 = 0. Since g(r) = £(1)0(1), we have

d:rr_fj[n1 =(l—&=) >0 (19)
forally == 0. Both therate of innovation and the fraction of unimitated goods
increases at each point of time due o tightening of IPR (except at 1 = 0).
Helpman (1993) found that, the rate of innovation is increased in the short
run and is decreased in the long run. In our model we do not find any
different impacton g{ ) in the short run. This is so because, starting from the
initial steady-state equilibrium, an increase in y does not affect the =0
line. Hence the unique equilibrium trajectory which coincides with the
f = 0 locus is not changed in our model when the economy attains a new
steady-state equilibrium. So #{1) remains unchanged and £(r) rises for all t
until it reaches the new steady-state equilibrium. This ensures that
glt) = E()0{r) will rise for all t tll it reaches the new steady-state equi-
librium point. In Helpman (1993 ), there is a new saddle path converging to
the new steady-state equilibrium obtained for change in g and hence gir)
rises initially to reach the new saddle path. However, g(¢) falls in the long-
run in his model because the saddle path slopes negatively there.

4 Welfare

We now turn to analyze the effects of the policy of tightening [PR. in the
South on the welfare of a representative worker in the North and in the
South. Following Helpman {1993}, we define
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o
Wy(0) = / e M logUy (r)dt
Jo

and
Ox
Ws(0) = [ e logUs ()dt
Jo
where
! - A aytl
log Uy (1) = —— log (n) + lfﬂ.ff'_a+{1—§"l(a) _.+mg(1_L_N)
(20)
and
1 ry 1—E .
logUs(1) = I:Jt,r{n] log] .,(P‘.') +{1 =81 (21)
g — 1 ps h

Here (0] is the discounted present value of instantaneous utility flow of
the representative worker in the i-th region for i = N, S; and Ui{r) is his
instantaneous utility function in the i-th region. Derivation of Eqs. (20
and (21) are described in Appendix 4. In fact, Eqs. (20) and (21) in this
note are identical to eq; {41 yand (16) in Helpman (1993, p. 1265; 1254),

in

the i-th country due to tlghtenmg of IPR. Following Helpman { 1993), we
obtain

aws(0)
e ;TI' (Ay + AD) (22)

and

diy(0) _
duy  &—

{a.,, +AY) +AY, (23)

where
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ai= e ki) il
) o L dp

OB AP AU T
¢ 0 i il 2
. o rdlog(1 — ‘“"f"

AY = e B e L

? ﬂ “l iy ]f

The interpretations of &,m&f ﬂ.:’l and &;’I are similar to those given in
Helpman (1993, p. 1265). Here the number of products, n, grows over
time at the rate g. Hence

I
log(n(r)) = log(n(0}) + [ gl t)dr
Jo
Now using Eq. (19) and the expression of Ay, we have

—dn
Ay =———— =10 24
" Plp —an) - 24)

because a,; < 0. The derivation is shown in Appendix 5. However,
Ay = 0 implies that the welfare effect via product availability is positive
for both countries. This is opposite to what Helpman {1993, p. 1265,
proposition 4) obtained because in his model Ay < 0. The sign of the
welfare effect via product availability is the same as the sign of the
orowth effect.

We can derive A as follows while the derivation in detail is given in
Appendix 6:

&5 B {I,{,L:]‘_I - L_ [ —idn :| {25]
o {F'_]*- = {1 " plp — an)

where *""— and ¢ are measured at their steady-state values. Here ."}.1 =<0
becauea a1 < (); and this implies that the welfare effect of tlglﬂenmg IPR
due to changes in both the interregional allocation of production and the
temms of rade goes against the South when the economies are initially in
the steady state.
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Using Eq. (22) and using the expression of Ay and &f oiven in
Egs. (24) and (25), respectively, we have

e
P EE)T (11—

dWs(0) 1 —an [1 1(&]*'{1—._’2.1—1]

= : 22A
dp e—1p(p— an) { )

Since ar2 < Oand & = |, the Aght-hand side of Eq. (22) is positive under
the following two sufficient conditions:

()1 -1 >0;and
@& —5)zp,
In the steady-state equilibrium #*(1 — £*) = m and hence conditions (i)

and (ii) imply m > Max{p, 20" }. Hence using the inequality (B) we
have'
dW(0)

;r—}{lif Max{p, o'y <m < ¢V
dp

Lot
Lgx® + Ly —aytl’ ’

So we have the following proposition:

Proposition 2: Ifthe economies are initially in the steady state, the South
oains in welfare due to tightening of [PR if the imitation rate satisfies the
following:

Lot
Lgwe + Ly — aytt®

Max{p,aff } <m <

Mote the contrast between theorem | of Helpman (1993, p. 1266) and
Proposition 2. In the Helpman ( 1993) model, the South never gains from
tighter IPRs there. However, we prove here that the South gains from
tightening of IPR if the imitation rate is neither very low nor very high.
This is so because in this case, the positive welfare effect of product
availability dominates the negative welfare effect due to change in the
interregional allocation of production and the terms of trade. This special

12 See Appendix 7 for details of the derivation.
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case does not arise in Helpman (1993} model because both these effects
are always negative there.

We now analyze the welfare effect in the North. Note that the North
also gains due to greater vadety of available products because Ay = (.
Also the steady-state equilibrinm value of ¢ is independent of u; and
hence

iy ﬂ

2
ﬂN = [ vl"_"‘_ [w]d{ = {]_
LI 0 du

The above expression demonstrates that the adjustment of savings rate is
not welfare enhancing which contradicts Helpman (1993, eq. (46)). This
is because now the size of the R&D sector (ay /) is independent of the
change in m. Hence there is no intertemporal reallocation of R&D
expenditure. The remaining term in Eq. (23) is ﬂ.:’l which captures the
welfare effect in the North due to change in the terms of trade and due to
change in the interregional allocation of production. We can derive e’_‘.:' as
follows while the derivation in detail is given in Appendix &:

&.'\II At

[

1 - {Jf_:]l_‘-{l i %} .-i — ]
Er(1— @) plp—am) )’

where }‘;‘— and ¢ take their steady-state values. Since ., < 0 we find

that AY = 0 for & < x; and here & < « implies m = (1 — 2)#". Here
the welfare effect due to the change in the terms of trade is positive
and the welfare effect due to change in the interregional allocation
effect is negative. In Appendix 8, we show that the positive terms of
trade effect dominates the negative interregional allocation of produc-
tion effect when &' < o

Since AY =0 and Ay > 0, we find from Eq. (23) that

dWy (0)

Ta ™
d}] ﬂff-‘_x

So we have the following proposition:
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Proposition 3: 1f the economies are initially in the steady state, the North
eains due to tightening of IPR if the imitation rate satisfies the following
conditions:

Lot

1l — ) <m=< & ;
Ly ——

Combining Propositions 2 and 3, we find that both North and South gain
in welfare due to tightening of IPR if

LS ot

y -l <m< @ :
Max{p,afi", (1 —2)0'} <m <0 gAY AR

(25A)

Helpman (1993 does not find any such special case where both North
and South may gain. On the otherhand, he finds that both North and
South lose in welfare from tightening of [PR policy when the imitation
rate is small.

4.1 Parameter Sinndation

To have an idea of the interval of the imitation rate provided in the last
inequality (25A), we report the results of a simple parameter simulation in
Table | below. Similar simulation exercises have been done by Helpman
(1993, p. 1273), Glass and Saggi (2002), and Lundborg and Segerstrom
(2002). We have assumed Ly =1, Ly =6, p =003, 2 =035, ay = 3,
n{0) = 1. These values generate the lower limit of m as 0.042 and its
upper limit as 0061 (see Eq. (25A)). To begin with, we take m = 0.05 to
calculate the steady-state welfare of both the North and the South. The
effects of a 0.3 percent reduction in m from 0.05 to 0.047 and from 0.047
to 0.044 on varous components of the welfare in steady-state has been
shown in the table; and the findings are consistent with our theoretical
results.

5 Conclusions

This note modifies the Helpman (1993} model assuming that the stock of
knowledge capital in the North is measured by the number of firms

13 This is done following the suggestion of one of the referees.
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currently producing there. Otherwise the basic Helpman (1993) model
with endogenous innovation and without foreign investment remains
unchanged in this paper. However this minor modification greatly alters
the policy implications.

While the resuls of Helpman (1993) do not support a policy of
tightening IPR in the South, our results may do the opposite. On the basis
of the results obtained from this note one may advocate a policy of
tightening IPR in the South specially when the rate of imitation is not
very small. Both North and South gain in welfare due to tightening of [PR
in this case.

So this note reduces the imporance of the resuls of Helpman (1993)
who claims that his analysis suggests that the South never benefits from
the tightening of IPR and that his result is robust with respect to all the
variations that he has examined'?. This note shows that Helpman’s result
is not robust at least with respect to the wvariations in the definition of
knowledge capital. This definition of knowledge capital may not be the
ideal one. However, this note establishes the importance of further re-
search along those lines with alternative and more meaningful definitions
of knowledge capital.

Appendix 1
Derivation of Equations (13) and (14)
Equation (13) can be derived as

T BBy du_pomyogrsi=g

g
I
-
=
T
+
3
e
g

ny Hy Ry C

Uy X ody

ay _l-—aly g gl Uv _Pv HMN__ U _pPnv L
<

since my = né.

14 However, see our foomote 10,
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Using these two in the no arbitrage condition (11) we solve for ﬁ—: as

;%=r,~;+m+{§+g]__(i‘_:_;]' (AL.1}

From (12), we have Ey = pynyxy. Also from the intertemporal utility

maximisation of the representative consumer we get %in =ry — p. Now

: Eu v Le—axd)
Ey = pynyxy imply ﬁ = II":—: 4+ et Then we have

..
MRS Ey pv Ly-— ay !
Py gt-t 1
= = (py — 0+ iy ——. Al2
P (rw = p)+aw (Iw& —ang) & ( )

Equations (A1.1) and (Al 2) together imply

5 1 —a Ly kg 1

. N o )
mt+=4+g—— Sy =gy—o—"o"__ 9

4 g o (f;’h' Qj Ih{ﬁﬁff—ti’ﬁy]ff =

Using Eq. (13) and the definition of @, this last equation implies

o LN r | —= N o
0= 0)lp+0—— (fm .

Appendix 2
Derivation of the Solution of the Equations of Motions

Linearizing (13) and (14) around their steady-state values we get:

[H] = [%ﬂ[n‘.:‘] f’ﬁiq[n]l ) — fi‘]

b

2 | lew-¢

a5 |
ailir &) adler.e)

. Ly 0
=% = |« ﬂ;'}:ﬁ—i_p ) [H{f]_ﬂ*]
" — —a — My | . = i
= g S T sl m_{{l_x]%—px] ey —T

((1—2)E—pa] ;
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We assume that m < (1 — x] — px =", Let us denote a;, = f*‘ s 2

(1= :]——p: mhh-

- — o — ({1 — e} Ex _
a2 =10, azy = mandnu—m ({1 x]m_ Pl

We have ay = 0, a2 = 0 and a2 < 0. Since the trace of the matrix on
the nght-hand side is positive and the detenminant is negative, it has one
positive root (4 ) and one negative root (@12 ). This proves that the steady-
state equilibrium point is a saddle point. We choose the eigenvector

corresponding to ), the positive root, as (g) and the eigenvector
; ; 0
corresponding © apa, the negative root, as 1) To ensure long mn

convergence we choose that at time zero #(r) takes the value ', ie
f{0) = . This procedure leads to the solution

) =07,

e (26)
E(r) = & +[5(0) — £']e™".
Appendix 3
Feasibility Restriction on m

To find the feasibility restriction on m given in inequality (B) we proceed
as follows:

i fi 1 fy—L 1 RSN 2 L_'— ,'H 1—-£ 3
N p—"}—- Bl o Tu—anifl —3) . .
Wy s X5 * 0 Xg Ls c
l Lot 7 Ly —aytl
o] g e W
I TR gl e

The wvalues of (f, &) satisfying the above inequality would ensure
wy = ws. This region in the (0, £) axis is shown by the area above the
WW curve (see Fig. 1). Now in the steady state we have £ = ”}J‘" and then
using the above inequality we get:

t— m LN = H,t,'ﬂ ——— sz‘.'£ 1
fl Lsf: +L_|u, —H_.\'-H Lsf +.L_.\,' —HNH

where (! takes its steady-state value.
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Appendix 4
Devivation of Instanianeous Urility Funciions 20) and (21)
We can write the instantaneous demand function as x;(j) = p(j) ™ 74,
where P = j:; ,.-:I{Jr'J'_“.r,f_,r'}ﬁ and b = N, 5. Substituting this demand
function into the instantaneous utility function we obtain the indirect
uility function

logUy, = logE, — logP.

Now,
[ l—g l—g Lrp W 1TE e
P =nypy " +nsps =P = psn! '"_5{;:—] {1 — &)=
5

or

l—&
P = Pﬁ.ﬂ‘_ €4+ (1—EX PS] i‘l_-
Py

In the South, per capita income iq the wage rate wy = py. Then E; = pg
and in North it is Ey = py(l — ]_ Therefore,

1 1 - W l—& s
logUs = — log(m) + i Iuy‘-_.f{%;] 2 =]
and

1 ! aytl
lfﬂy!,'i‘{].—!,]ii] +f::{1—LLN].

N

1
loglly = = 3 log(n) +

Appendix 5
To Prove Ay =0

log (n(t)) = log (n(0)) + f‘y{r dr = ‘—””-"'["[’” = Ij'“'r"'[]d

dp

foll—e=®)dr from (19) = [pdr— [je='dt= 1— [Lgmat] =

i1 0

t+-L+ — Lgmt Then,

[F 11
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e adl i - 1 1
Ay = [ E_I”Mdf = / e‘f”(f+ — —e”ﬂ’)df
Jo dp Jo f dn

O I a0
4+ — | ePd—— [ elr-o2lig
an Sy iz Jo

L+ 1 | - —an
P pan  (p—anlan  pp—an)

=10,

Appendix 6
To Prove &f <0

du !
! ps i ag AT

el |

_ /v":lc —p — | + cl-
b EBTTR (=g dn dp dp "

[

A5 o /‘“E_ﬂ,dfﬂyirf{ﬁ]“" +(1-¢)
]

The first two terms in the third bracket of the last expression

Psye—l df  dE i : i
[{E] o Jﬂ] captures the effect of interregional allocation of pro-

duction on welfare (keeping the tenms of trade unchanged). Since 1‘;";" < 1,

{e—1) > 0 and ’FJEJ” = 0 the welfare of the South decreases due to in-

terregional allocation of production only. The last term in the third bracket

i
of the last expression [‘—':"m— £] captures the welfare change due to terms

of trade effect only. We have {;f_ﬂt_l = {L“E—:"” 1=5)* at the steady state.
d(fx)-! Lo - i
Then ~B—§&=— -“:F_Efj If{ﬁ':] '_ This is clearly negative. Hence

welfare of the South decreases due to the change in the terms of trade
only. The expression for e’_‘.f is given by

- [l - ) (e

@U@ iy,
T ETH(-0) e (G

dpu
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R =TT eI P
“Ere-9 [ ega-enal
_@T @ 1 —an
“EEFT0-D (TR <®

where f,_f'—: and £ are measured at their steady state.

Appendix 7
T prove % =0
ds(0) 1 ;
=——(Ay + A
dp  &— 1{ wt+A,)

L —an [1+ 1 (EF( —|—_=5:|—1]
e—lplp—an)lp 0" ey 1-¢)
A1 -y [ﬂ’f‘{ﬁ]“" +0°(1— &) +p(1 - 2=)(E) —p]
e—lp(p—an) PO &) "+ (1- ¢}
The numerator in the third bracket of the last expression is positive under
the sufficient assumption that (1 —2=) = 0 and 6°(1 — £") = p. Now,

(1-— |—=_f‘] >0ifm= aff, [note that 1 — £* =] Also (1 - ") = p

is true if m = p. Therefore, for m = max(p, 20" ) we have 221 - ¢,

dp

Appendix 8
o prove e’_‘.ﬁ" =0

I gy | —£7
&.-‘u' = /_1E—;J:dh‘}y:":+ {1 i ‘:] {%j ldj‘
3 d 1
0 yi

P I di d 1 d(Esy' =
=[ i = ) ra-pZe | a.
Jo E4(1—EyEy " dn duipy dp

The first two terms in the thind bracket of the last expression

[4= — :—L}{Jf—:] '~ 1 capture the welfare effect due to changes in the inter-
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regional allocation of production only (keeping the terms of trade
:l”['—ﬁ-'ll-

unchanged). This is clearly negative. The last term [(l —¢)—2—]

captures the welfare change due o changes in the terms of trade only. We
& J[:T-E_]I -it

have got (1 — §) % — = "{E:]'_‘ 42 This is clearly positive. Then the

d I i

expression for A looks like

L

&

s L ["C e,
E+(1-9E™ S du”
AL T L i
= 1:{%] H&] [ T e (1 -
gt (1 =g)in) 0
_ in {%]I_ﬁ{l B z_} 1 —am
CEH( =B plp— an)

where ﬂ: and £ take their steady-state value.

The numerator of the first term in the last expression is positive if
E<a=(1-F<a=m>=(1—a)". The second term in the third
bracket of the last expression is always positive. Hence ."l::' = 0 under the
condition m = {1 — x)il".
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