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Abstract

A special class of map labeling problem is studied. Let P ={py. pa.....px | be asetof point sites distributed on a 2D map.

same. The placement of r; must contain p; at its top-left or bottom-left corner, and it does not obscure any other point in .
The objective isto label the maximum number of points on the map so that the placed labels are mutually non-overlapping. We
first consider a simple model for this problem. Here, for each point p;, the corner specification (i.e., whether the point p; would
appear at the top-left or bottom-left corner of the Label) is known a priori. We show that the time complexity of this problem
is C2{nloga), and then propose an algorithm for this problem which runs in On logn) time. If the comer specifications of
the points in P are not known, our algorithm is a 2-approximation algorithm. Here we propose an efficient heuristic algorithm
that is easy to implement. Experimental evidences show that it produces optimal solutions for most of the randomly generated
instances and for all the standard benchmarks available in httpeSwwwomath-infuni- greifswald de/ map-labeling/.
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1. Introduction In general, the label placement problem includes

. , : : ; positioning labels for area, line and point features
Labeling 2 point set 15 & well-smdied. problem in on a 2D map. The basic requirements of a labeling
the geographic information systems, where the points
represent cities on a map which need o be labeled with
city names. The point set labeling problem finds many
important statistical applications, e.g., scatter plot of

algorthm are:

(i) the label of a site should wuch the site at s
boundary,
{ii) the labels of two sites must not overlap, and
(i) the label of one site should not obscure the other

principal component analysis [5]. im spatial statistics
where the aim s o post the field measures against the

Nns, ele. "
P sites on the map.
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Many other aesthetic requirements for map labeling
are listed in [6]. Here, two major types of problems
are considered:
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(i) label as many sites as possible where label size of
each point is specified, and

(11} find the largest possible size of the label such that
all the sites can be labeled in a non-overlapping
M N

In general, both of these problems are NP-hard [2]. We
shall consider a special case of the first variation of the
point=site labeling problem.

Let P={p.p2.--.. Pat beaset ol n points in the
plane. A label associted with cach point py 15 an axis-
parallel rectangle rp of a constant height but of variable
width. Here height of a label indicates the font size and
width indicates the number of characters in that label.
For cach point g £ P, we have a set m; of marked
positions on the boundary of r. In the placement
of label rp, o must appear on one of the marked
positions in ;. A feasible configuration is a family of
axis-parallel rectangles (labels) B = {rj, . rip. .. .. riy |
(i} #= iz #£ --- 2 i), such that the members in R oare
mutually non-overlapping. Here rj, 15 represented by
atuple {(p;,.a)| g, € P, ae m, and r;, is placed
with p; al the position & on its boundary |, The label
placement problem is to maximize k, i.e.. to find the
largest feasible configuration. Typical choices of m;
include

(1) the end points of the left edge of 1y,
(1) the four comers of rp, or (1) the four corners and
the center pomts of four edges of r;, ete.

In [1], an O{log nj-approximation algonthm is pro-
posed for this problem which runs in On log n) time.
In particular, if the labels are of the same height, a
dynamic programming approach produces a (1 4 RI—}I-
approximation result in O{n logn + n™* ~') time. This
case 15 of particular importance since it models the la-
bel placement problem when all labels have the same
font size. In [13], a simple heuristie algorithm for the
point labeling problem is proposed which produces
near-oplimal solution, but its worsl case running lme
is O(n?). The point labeling with sliding labels is stud-
ied in [7,11]. The decision theoretic version of the map
labeling problem for horteontal and vertical line seg-
ments are solved in polynomial time in [8,10]. Bul to
our knowledge, no polynomial tme algonthm exists
for the optimization version of any resricted class of
the point set labeling problem. Here, we identily a spe-

cial type of point set labeling problem, whose worst
case me complexity s Oin logn).

In our model, the labels of the points on the map are
axis-parallel rectangles of a constant height (/) but of
vanable width. The width () of the label of 4 point
pi 15 pre-specified. The point p; appears either on the
top-left or the bottome-left corner of its label. A label 15
said to be valid if it does not contain any other point(s)
of P.We consider the following two problems:

Pl: For cach point p; € P, the corner specification
(1.e., whether p; owould appear at the top-left or
bottome-left corner of the label) is known.

P2: The corner specifications of the points in P are
nol known.

Problem Pl is modeled as finding a maximum in-
dependent set of a chordal graph, and an algorithm
15 proposed which produces an optimal solution in
Oinlogn) tme. The worst case ume complexity of
solving problem PL is shown o be 2(nlogn). Next,
a minor modification of our algorithm s proposed
which can produce a 2Z-approximation result for prob-
lem P2. Finally, an efficient heuristic algorithm for
problem P2 s given. The experimental results justif'y
that for most of the randomly generated examples, and
for all the standard benchmarks [12], it produces opti-
mum solution. Surely, we have encountered a few mn-
dom instances where it fails o produce optimum so-
lution. However, for all instances we have considered,
our algorithm outputs better result than the algorithm
presented in [1].

2. Problem P1

Let P={p1. p2..... oo} be a set of points in the
plane. Each point p; 1s associated with a label ry
which 15 a closed region bounded by an axis-parallel
rectangle. The heights of all r;oare the same, but
their width may vary. The placement of label r; must
coincide with the point gy at either s top-left or
botinm- ket comer which is specified. A label ryois said
to be valid if it does notcontainany point p; € P (j #
iyinits interior. Thus, each pomnt in P is attached with
at most one valid label. We construct a graph, called
fabel graph LG = (V, E), whose vertices correspond
to the set of valid labels of the points in P. A pair
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Fig. 1. Demonstration of Lemma 1.

of nodes vy, v; are adjacent if their comesponding
labels have a non-empty intersection. Our problem is
to find the largest subset P* € P such that valid labels
corresponding to the members of P* are mutually non-
overlupping. Obviously, the above problem reduces 1o
finding a maximum independent set of the graph Lz,

2.1 Graph-themwetic characterization

Definition 1 [3] An undirected graph is a chordal
graphif and only if every eycle of length greater than
or equal to 4 possesses a chord.

Definition 2 [3]. An interval graph is the intersection
graph of a family of intervals on a real line.

Lemma 1. The label graph (intersection graph of a set
af valid labels) is a chordal graph.

Proof. Assume to the contrary that there exists a label
graph which contains a chordless eyele C of length
greater than or equal to 40 Let B be the set of valid
labels (of same height) comesponding to the vertices
in C. Let r € R be the label whose left boundary is
rightmost among the ket boundaries of the members

; Ao A R J‘_‘
B A1

in &, and let 5 and ¢ be two labels that inlersect r.
Here, s and ¢+ do not intersect since C does not have
any chord. Since the left edge of r s rightmaost, either s
or t must contain the point that » labels (see Fig. 1a)).
This contradicts the validity of r. O

Note. [t is easy to prove that the converse of Lemma |
15 not true. In other words, there exists some chondal
graphs (for example see Fig. 1{b)) which are not label
graph.

Lemma 2. Any interval graph (1G) is a label graph
(LCF), but the converse is noi trie.

Proof. Let L = {A), Ao, ..., Ayt be a set of ntervals,
Inorder to obtain a realization of a label graph from an
interval graph, we place an interval &; above another
interval A ; if the left end point of A; is to the nght of
that of &;. Ties are broken arbitranly. The vertical gap
between two consecutive ntervals are same. Next, we
draw rectangles of equal height over all the intervals.
See Fig. 20a) for the demonstration of the steps. The
proof of the first part of the lemma follows from the
fact that, the placement of each label s valid, 1.e., the
top-left corner of each label is not inside any of the
other lubels.

To disprove the converse, consider a label graph
LG, its label realization, and its complement LG (see
Fig. 2(b)). By Lemma 1, L7 is a chordal graph, but it
is easy to observe that the graph LG does not have any
transitive orientation (see [3, p. 105]) S0, LG 1s not an
interval graph (see [3, p. 149]). O
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Ay

{a)

c!

1 z 3

(b}

Fig. 2. Proof of Lemma 2.
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Let 6. £0 and CG denote the classes of nterval
graphs, label graphs and chordal graphs, respectively.
Now, we have the following theorem:

Theorem 1. TG  £G C CG.
2.20 Algorithm

We propose an efficient algorithm for finding the
placement of maximum number of labels for the points
in P. For each point p; € P, the size of its label 1y, and
the corner specification (top-lefubottom-left) of point
pionr;is already known. Foreach label, we check its
validity (whether it obscures any other points or not)
by scarching in a 2D tree [9] with the set of points in
P This steprequires O(n logn ) time in total for all the
labels.

let R={r.rm.,..., ry} (N < n) be a set of valid
labels placed on the plane. The taditional line sweep
technigque may be used to construct the label graph
LG in Oin logn + | E]) tme. Our objective 1sto find a
maximum independent set of LG, denoted by MIS. As
LG s a perfect graph (see Lemma 1 and Theorem 4.1
of [3]). we define the perfect elimination order (PEC)
among the vertices of the graph LG as follows:

Definition 3 [3] A vertex v of a graph LG is a
simplicial vertex il v and s adjacency set Adi(v)
induces a complete subgraph of Lé

Definition 4 [3]. Let o = {vy,v2, ... v} be an or-
dering of vertices of LG, We say that o 15 a per
fect elimination order (PEC) iF cach vy 15 a simpli-
cial vertex of the mduced subgraph with the set of ver-
tices {vi, ..., Uit In other wonds, cach set X; ={v; &
Adilvgd | § = i} 15 a cligue.

Lemma 3. [f R is a set af valid fabels then the sorted
arder of the left boundaries of the members of R from
the right to the lefi, gives a PEQ of the graph LG,

Proof. Let L = {4, ha,..., Aw | be the left bound-
aries of the labels in 8, and let L* denote the sorted
sequence of the members in Loin a aght-to-left order.
Consider the left boundary A; of a label r;. Let B be
a subset of B such that the left boundanes of all the
members in B appear afier A; in L*, and all of them
intersect r;. We need to prove that R U {r;} forms a
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Fig. 3. Pmot of Lemma 3.

cligue. As the placement of each r € R’ is valid, cither
all the members of R contain the top-left corner of r;
or all of them enclose the bottom-lefl comer of 1 (in
Fig. 3, r; and rg enclose the wp-left corner of 1), In
other words, the comesponding point p; € P is present
either at the bottom-lelt corner or at the top-lefl comer
of r;. Hence all the members in R U {r;} have a com-
mon egion of intersection. [

The PEO of the graph LG = (V. E) canbe obtained
in Oi{nlogn) tme (by Lemma 3). Let o be a PEQ
of LG, We define inductively a sequence of vertices
)4 PR, ¥ in the following manner: y; =a(l); ¥ 18
the first vertex in o which follows w_). and which
isnotm X, UX, U.--UX, where X, ={re
Adi{v) | f:r“'{u}l < f:r_'{.r}l}. Hence, all the vertices
following yoarein X, UX,, U---UX,  and V = {y|,
e W UX UK U U X,

Lemma 4. The vertices {vy..... Vi) form a maximum
independent set in L.

Proof. Follows from Theorem 1 and Theorem 4. 18 of
3. O

The above method of obliining o maximom inde-
pendent set of LG needs O(| V] 4+ | E|) tme [3]. We
now show that if the placement of the labels corme-
sponding to the vertices of L is available in the plane,
then a maximum independent set of L7 can be deter-
mined in a faster way by simply sweeping the plane
with a vertical line from nght to left.

Algorithm Max_Indep_Set (* for finding a maxi-
mum independent set of LG #).

Data structure: An array L containing the line seg-
ments comesponding W the left and the right



. Rav er al. /Information Prooessing Letters 89 ( 3N | 9108 a5

boundaries of all the valid labels r; € B in de-
creasing order of their r-coomdinates. The right
boundary of a labelhas a pointer o its left bound-
ary. With each element of L, a flag bit 15 main-
tined and is initialized to 0. During execution, the
Jlag of an clement s set to 1 1f 1t 15 selected as a
member of MIS or if its corresponding label over-
laps on the label of an existing element in MIS.
The output of this algorithm s 4 maximum inde-
pendent set of the intersection graph of .

We maintain an interval tree T [9] with the y-

coordinates of the top and bottom boundaries of
the labels in &, It stores the vertical intervals of

those labels that the sweep-line currently inter-
sects, and does not overlap with any of the existing
members in MIS.

Algorithm. We process the elements of the army L in
order. If the flag bit of the cwrrent element f £ Lois 1,
then ignome ;) otherwise perform the following steps.

e If 7 comesponds to the right boundary of a label,
then insert § in 7.

e If [ cormesponds to the kefl boundary of a label,
then insert the label v (comesponding o ) in
MIS. Next, Search T 1o find the set X, = {J |
J £ T and the label corresponding w J overlaps
with that of T}. The flag bit of the left boundary
element of cach member of X, 15 set to 1 (1e.,
these elements will not be processed during the
sweep).

o Next, remove all the intervals in 7 U X, from the
interval tree 7.

Finally, report the elements of the armay MITS.

Theorem 2. Algorithm Max_Indep_Set compures a
maximum independent set of the label graph LG in
Oin logn) time.

Proof. The PEQ of the graph LG is obtained from the
right o left sweep on the plane (see Lemma 3). When
a label is selected as a member in the MIS, its adjacent
labels are discarded by setting 1 in their flag bit. Now
by Lemma 4, the comectness of the algorithm follows.
Next, we discuss the time complexity of the algorithm.

The initial sorting requires Odn logn ) time. A ver-
tical interval corresponding o cach label 15 insered

once in T, Afier placing a label, say ry, in the MIS ar-
ray, it is deleted from T, The set of labels X, , whose
corresponding vertical intervals are in T and which
overlap on ry, are recognized in O X, | 4 logn) time.
These intervals are deleted from 7, so that none of
them will be recognized further. So, for every pair
of clements ry, rj € MIS, X\, N XJ._I = ¥, and if MIS
contains ¢ elements then ¥ {_, | X,| < n. Each inser-
tion/deletion in 7 requires Oflogn ) ime. [

Theorem 3. The worst case time complexity of the
problem Pl ois 82 in logn).

Proof. Recall that an interval graph is a label graph
(Lemma 2), and the time complexity of the problem
of finding a maximum independent set of an interval
graph is 2i{nlogn) [4]. If an algorithm exists which
can compute 4 maximum independent set of a label
graph in less than Qe log n) time, then it can be osed
for finding a maximum independent set of an interval
graph, which is impossible. 0O

3. Problem P2

Asinproblem P1, here also the point p; may appear
cither at the top-left or bottom-left comer of r;, and for
each point p; € P, the width of its label r; is given, but
unlike problem P1, the corner specification of the label
ri 1% not known in advance. Thus, a point p; may not
have any valid label, or it may have one or two vahid
labels. If a point p; has two valid labels, say r; and r'f,
they must have an edge in the label graph LG, Here
LG may contain cycle(s) of length = 5 (see Fig. 4),
and hence LG s not a perfect graph in this case. So,
the earlier algorithm cannot produce optimum result.
But, & minor modification of our line sweep algorithm
Max_Indep_Set produces a 2-approximation solution
for problem P2, Ancfficient heuristic algorithm for the
problem P2 is also proposed.

3.1, 2-approximation result

Let B be the set of all valid labels. During the
right o left scan, let r; and r] be a par of valid
labels (corresponding to point gy ) which are currently
encountered by the sweep line. Prior w this instant
of tme some labels are already selected for solution,
and for these selections, some labe ls are removed from
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Fig. 4. The lubel grph corresponding to problem P2 is not a perfect graph.

the set of valid labels by setting their flag bitto 1. 1t
15 casy w show that there exists an optimal solution
containing either r; or r. We select any one (say ri)
of them arbitrarily in our modified algorithm. Let R*
denote the remaimning set of valid labels whose flag
bit contain 0. R* includes r; and r]. LG* denotes

the label graph of B*. B; and R; denote the set of

labels adjacent to r; and r], respectively. It needs to
mention that /. r; belong o both Ry and R, We use
MIS(R) o denote the maximum independent setof the
label graph corresponding to the set of valid labels R
retumed by our algonthm.

Lemma 5. | + #(MIS(R*\ R)) < #(MIS(R*)) < 2+

#IMIS(R*® \ R;)), where #(A) indicates the size of

et Al

Prool. The first part of the lemma is trivial. For the
second part, consider the following argument.

If r; € MIS{R*), then MIS(R*) = {r;} UMIS(R*" Y,
R;). S0 the lemma follows in this case.

If r; € MIS(R*) then MIS(R*) = {r[} U MIS(R* ",
R).
Again, (R*\ R)) = (R*\{R; UR /D U(R;\[ri.ri ).

Thus, #(MIS((R* \ {R; U R 1)U (Ri\{r;.ri)) =
#(MIS(R* \ { R U R 1) +#(MIS(R;i\[ri. r[ D).

Again, #{MIS(R; {r';,rf}}} = | since Kj b, {rl-,rj.’}
forms a cligue. Hence the lemma follows. O

If rj & MIS(R), and we choose r'l-' we lead to a non-
optimal solution. But Lemma 5 says that the maximum
penalty for doing a wrong choiee 15 at most one. If £
choices are made during the entire execution of the
algorthm, and all the lead w a non-optimal result, the
size of MIS(R) may be al most 26, Thos we have the
following theorem:

Theorem 4. If the ties are resolved arbitrarily, then
the size aof the solution obtained by the algorithm
Max_Indep_Sel is no worse than -Il * #(MISR)).

3.2, Hewristic algorithm

1. Ateach step. locate a simplicial vertex of the
label graph.
2. If such a vertex is found then
Select it as a member of maximum
independent set.
3. else (% the nghtmost point p; has a pair of valid
labels, say r; and rj.’ *)
Select the vertex comresponding to any one
label (say ryi ) of p; arbitrarily.
4. Remove the selected vertex and all its adjacent
vertices from LG by setting their flag bit.
Repeat steps 1 o 4 untl the flag bit of all the
verlices are set o 1.

tn

We implement the algonthm by sweeping two
honzontal lines f; and B and two vertical lines Jp and
J2 simultancously. fp (respectively F2) 18 swept from
the top (respectively bottom) boundary to the botiom
(respectively top) boundary, and Jy (respectively J2) 18
swepl from the left (respectvely right) boundary w the
right (respectively left) boundary. Below, we explain
the sweeping of the vertical line J7. The sweeping of
the other lines are done in g similar manner.

We maintain an interval tree T with the y-coordi-
nates of the end points of the vertical boundaries of
n valid labels. During the sweep, when J2 encounters
a right boundary of a valid label, the corresponding
interval is stored in the associated structure of the
appropriate node of 7 and sweep continues. When
a left boundary 1s faced by J2, the sweep halts for
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Tahle 1

Experimental results on the benchmarks cited in [12]

Examples Mo.of Height Ciptimum Chr algorithm Algorithm [1]

sites (pinels) solution Mo, af Mo, of Mo, af Mao. of
valid labels points labeled valid labels points labeled

Tourist shops in Berlin is7 4 216 401 216 Toa 165
5 206 i89 206 T4 166

Gierman railway stations kL 4 a4 569 a4 1133 258
5 274 513 274 1030 243

Amenican cities 1041 4 1036 elih] 1036 4095 E5Y
5 1031 X x7 1031 4053 878

Drill holes in Munich 19461 10(K] i 2715 15895 54325 13730

500K i

#¢ Indicates optimum salution cannot be found for that example.

searching with the corresponding interval, say £, inthe
mnterval tree o find the set of other intervals (present
in the interval tree) which overdap on £, If all these

intervals are mutually overlapping, then the vertex of

LG corresponding o the label having the above lelt
boundary. is simplicial.

At each step Iy (respectively f) proceeds until a
bottom (respectively top) boundary of a vahd label is
faced, and Jy (respectively J2) proceeds until a left
{respectively right) boundary of a valid label 15 faced.
If any of this scan returns a simplicial vertex vy, the
corresponding label r;ois inserted in MIS. Otherwise,
the label which is obtained by S (in right o keft scan)
15 selected for insertion in MI5. The vertex vy, and all
the vertices whose labels overlap on r;oare marked by
setting their flag bit w 1. The cormesponding intervals
are removed from all the four interval trees if they are
present there. The process 15 repeated until the flag bt
of all the vertices are set to 1.

The time and space complexities of our algorithm
are Oin h}g«_r n), and Qin), respectively.

3.3 Experimental results

We executed this algonthm on many randomly gen-
erated examples and on all the benchmark examples
available in [12]. In most of the examples, at each
step we could locate a simplicial vertex, and finally
armved at an optimum solution. IU needs to mention
that we have also encountered few random instances
where our algorithm could not produce optimum $o-
lution. For example, in Fig. 4, the optimum solution
is {1,3,4°,6,7,9,10°, 11, 12,13}, whereas our algo-
rithm returns {1, 3,476 8,97 10,12, 13}, We have

LOLr 4737 AT 46TH

also compared our result with the labeling algorithm
suggested in [1] (see Table 1), The algorithmof [1] as-
sumes that the label of 4 point pi may contain piat
one of its four corner. Thus, cach point may have at
most four valid labels. In spite of this flexibility, it is
observed that our algonthm can label more pomnts than
the algonthm proposedin [1].
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