Shattering a Set of Objects in 2D

Abstract: lo this paper, we propose an alerorithm for shattering 2 set of disjoint line
segmnenta of arbibrary length and oeienlation placed arbitrarily on a 21 plane. The 1ime
and space complexitics of our algorithm ave Oin?) and Qin) respectively, It is an im-
provermenl over Lhe f_').::-,a,uf’-'](_,guj vitne algorilhm propesed o [7]0 A minor mesdilicalion
of this algorithm applics when objects are simple polveons, keepine the time ancd space

cornplexilied invariant.
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1 Introduction

Given a 2el 5 of 0 non-inlersecting line segments ol arbitrary lengih amdd orientalion in
the plane, wo say that a line £ is o seporator of 5 if it does not intersect any member in &
and partitiong 5 oo bvao non-emnply subsels Tving on bedh sides of £ & sel of separaliors
L is said to shatter 8 if coch line in £ is g separator of 5 and every palr of lne segments
in 5 arve fepavaled by al leaze one line in Lo In odber words, each cell of cthe arvangement
of the lines in L comtains at most one member of 5 (see Figure 1o for llustration). For o
wiven #el 5. a sel ol separalors inay nol always exish which can shalter § {3ee Vigore Th).
In 6, 7], an O{n losn) time algorithm is proposed for reporting the existenee of o shatter,
O conrse, Lhe problem of linding a mininum cardinalivy shadter for 5 is ND-complete [7].
The same problem in higher dimension is studied in [5], In 2D for each member in 8, if
Lhe ratic ol ils Tenglh and Lhe diamerer of the ser 5 i Targer Chan a predelined constan
&, the set of shattering lines for & can be obtained i G{elogn) time [4]. In this paper,
we congider Lhe general case of 1he problem as in [7], and propose an algorichim which
decides the existenee of o set of lines shattering 5. In ease of an affinmnative answoer, it
oithpls a sel of lings shatlering 80 Qur algovithm is based on sweeping a topological line
through the arrangement of the duals of the members in 5. The time complexity of our
algarivhom s f)l['r.'.z'], which i an improvement over Lhe U['J-;ih':g-u.] algowithim of 7 in the
peneral cose, The space complexity of our alporithin is CHre). The peneral wersion of the
shauleving problem e a sl of digjoint line ssgmenus iz shown 1o belong Lo vhe class of
so called three-sume hard problem [8] by an Ofnlogr) time reduction from GEOMDBASE
problem [6] which iz slated as follows: given o poimds on Soee borizonded fines y — (0,
y=1and y=2in B2 docs there crist o non-horizontal line containing three of the points
? Thug the Lime complexity of our proposed aleorithin is opuimim in bhe sense thal he



existence of an algorithm for chis problem with time complexity better than 0{n®] scoms
lor e inprossible [B]. We alao show thal our proposed algorithm can easily be exlended Lo
shattering of disgjoint polveons keeping the time and space complexitios ivariaat, Possible
applicatinong ol the shallering problem are mentioned in 4, 6, 7).

2  Preliminarics

As an initial step, we find whoether there exists a set of vorticnl separators which ean shattoer
S by sweeping aovertical line on the plane in Qfnlogn) time. T soch an attempt Tails, s
newd to chock whethey a see of non-vertical lines exist which can shacter 5 following che
mieclhod discussed below

Without loss of penerality, s moy assuine that all tle line sepnents in & ame non-wertical,
andd we shall use geomelric duality for solving vhis problerm. e maps (1 a poiod g {a,0)
to the line p* ¢ = ax — b in the dual plane, and (1) o pon-vertical line £ g = me — ¢
o the poine &7 = (s, e in dbe dual plane. The incidence relation of the primal plane ia
proserved in the dual plane also, In other words, g is below, on or alwee £ and only if
o* s above, on or below £ respeciively. The dual ol a non-vertical ling segment, s & 5
is a doulble wedge & formed by the union of duals of all the points on s, Al these lioes
pasg Ahrongh the dual {point} ol the line containing &, and s is bounded by a pair of
lines which are duals of the end points of &0 The azes inside the doulde wedge ¢ will be
relerred v as the arlive zane of 570 Obwviously, a non-vertical line £ slaba s il and only 1

the corvesponding daal poiod £ lies in the active sone of &7

Lot ns consider the arrangcment of the dunals of the members in 5, and choose a0 point
Fooan the complemenlary region o the union ol aclive zoneg ol all e doulle wedges
157 | s ¢ &}, The line £ corvesponding to £ in cthe primal plane will not stab any of the
members in S Again, ilaach a poind £ 0 chosen alwwe The upper envelope or helow Lhe

® s, then all the members in 5 will lic on one side of £ T, che

lower envelope of (1, &7,
sl ool all possitle sepacalors can T obbained s Tollowa: congiroel the arvangement of Cha
cluals of the members in &5 chen for cach fhee of the arrangement, tost whethor it is in
the complement. ol the union of aciive sones ol all Lhe donble wedwes. To [1], 00 i shown
that for o sct of n fat woedees (Lo, I the aowte terior angle of the woedse s bounded
rorn below by s conslanl evd the combinalorial complesily o Lheir union i@ Tinear oo
But, for a set of arbitrary line seoments, we cannot assure such a property. In fact, there
may exish a sel ol line segments such Lhad the combinatorial eomplesity of the anion of
the active zones of their corresponcding double wedses in the dual plane is Q(n?). Henee,

& . r - e
Lhe complexily of 1he complemesanl regions in Lhe arrangeineant will e 8 and Lhe same



will be the eardinality of the set of all possible separators.

Lt ig easy o obssrve thal, for a given sst S of line ssgimenis, there may nol exial a sei
uf separators which can shatter 50 For cwamnple, soe Figure Th whoere not ovin g gingle
separator for the given sob of line seements exists. An easy way to check whether the see
of all possible separators Lo obtadned alwsve, shatter S or not, is as follows:

(a} (b}

Migire 10 (8} Demaonsi ration of shallering lor a se ol line gsegments 5, (b) An examnple
where a st of lines shattering & docs not cxist

Consider the arvangement of the lines in L. As the moembers of L are the soparators of 5.
cach miember In S complelely Ties inone cell of the said arangement of L {gee Tigure
lal. 5o, we consider a set of points £ that contains one cnd point of cach of the line
segrnenls in 5. TRany of Lhe velld in Lhe arrangemenl conlaing more Lhan one poink ol
12, it indicates the non-existence of o shatter for 5. Che time reguired o locate the
cell eonlaining a given point iz O L Tog? (| £ 11 1] which is O  loe ) as [L] may
be 2(n®) in the worst case. “LUhns the overall time complexity is (][-11.31032,25*1} simio w

need Lo check lTor all the elements i PoA randomised algorithm of expecled time

T : g Ry _
complexity Cim) " my Tlogma ) mg logine oo )) exists which outpmts the colls
ol an arcangement of v lines Ahat condain a dpecilied gel ol res pointa 30 Tooowr
case, wq = |Ef, and wme = n 5o, the expected time complexity of this method 1s

also (el ZI::{!'H.:I ;

Ln the ollowing aection, we propose a aimple algorithim using Lopological line sweep Lhrough
the arrangemnent of the ines defining the sedges commesponding to the line seenents of S

in the dnal plane,



3 Outline of the algorithm

Lot 5 be a set of n non-incersecting line sepmenes on a plane. Initially, the memboers in
S are nol separaled by any separalor. During Lhe execulion of dhe algorithm, as soon as
a separator £ Is detected, 5 is split ioto two digjoint subsots 57 and Sy, Subsequencly, if
snolher separator & s Tocslod which partitions 8 into Sy oand Sy such Chad (e solsels
S5, 505 S5 and Sy5y are not all empty, then S5 s split into at most two
digjoinl, sulsels, vamely S90S and S5, and 55 s splil inlo al omwsl two digjoinl,
siubaoty, namely S99y and 525, The process confinnes till a shaster is foand for 5 af

iloal all exiald, or 1he non-exizlence ol 1he dhat ler s delecled.
Lemma 1 [%7 [ 5 is shallevoble, then ol most n— 1 lnes s sufficient o shaller 8.

We consider the set 5™ of double wedges in the dual plane corresponding to tle set 5 of
line seganents in Lhe primal plane. Troon now ong The sel ol Tines in 5% will also Twe relerred
tooas & W shall denote the ayrangement of the membors in &% by A5 Lhe oumboer
ol vertices, edges aml laces in A{S*) are all U{'H?’:I_ From vowe onwands, a0 lace 0 Che

arrangeient A0S will be referred as o esll

Definition 1 A coll in ALS') I sadd o have degree & 0 and only if the active wones of d
demble wedges of 5% overlap on it, A coll of degree zcro will be referred as a0 zere-degree
el

W nse topeloeical line sweep technique 2 for identitying che zevo-cdegree cells in A0S,
A Lopological swoep line £ g y-monelone: when £ encounters oosero-degree ecll O any
point £ inside €7 separates 57 inlo lwo subsews 57 and 55 ol double wedges which lie above
atd below 8 vespectively, For cach element s € 5, the duaal loes of both the ond poinds
of 5; will either belong to 5% or 55, Heve, the line £ in the primal plane corresponding
by £8 separalos Che seb of Tine seginenls 5 into by subsels correaponding o 57 and 55

respectively, of che dual plane,

3.1 Dala structure

Lhe inpuat fo our algorithm is an array containing the set of non-interscefing line see-
mentd 5. We use Lhe standacd dala s roelures Tor sweeping a topological Tine hrough Che
arrangemient of a set of lines as deseribed in 2. In addition, we need to maintain the

[l lovwing cdala slrnclures doring Lhe execalion ol o algorichon,



fet L Lt is o linear link Lst whose clements alternately cowtain the lines in &% and che
cells in ALS), inlersecied Ty the sweep line £ in s cwevenl posilion, and ordered
from top to bottom. Lo ignore cthe cells above the uppor envelope and boelow the
levwer envelope ol 5* ) Lhe Tivar and che Tage elements of chis sl are Lhe Lan meambers

in 8% that intersect £ at e aod minioom g-coordinates,

An element yepresenting o line comtains (1} an identifier indicating the corresponding
member in S aned (i) A pointer, called selfopdr, imlicaling is own oeeurrence
in the cluwster data stracture, which is desceribed below,

An clement representing a coll contains its desree,

clusters 16 iy a lise of subsces of 5% partitioned by the zero-degree cclls obtained so far.
chusters 16 i3 a list of subsces of 5% partitioncd by the zero-degree eclls obtained so thr

o
L

Initially. it contains only one clusier having Lhe entive sel. 57 and s identilier is
1. As soon as an old cluster splits into teo wew clusters, one of thea will carey
Lhe idendifier of the proevioos clusler and Che olher ome is assigmed o new identifier.
Finally, after considering all che eclls in che aorangement, i6 contains at most o
clugters. An element representing a clusler 57 conlaing a wnerecher fiel and a heeder

aa described bhelow,

member st A bidirectional link list containine the lines representing the double
wetlwes of Lhe cluster 57 The lines in 57 are atorecd in chis Balina op wo boliom
order wich respect to their appearance oo the twpologieal line £, In order to
reach Lhe cloater header Trom any element in vhis lise in Q013 time, each nede
is attached with a hesd_ptr which points to the feeder of che corresponding
clidLer.

Bewders This containg the following informnation rogarding the custer.
id: A cluster idewtifior which is o natural nober from 1, 0 R if & elusters haose

hean peneraled so e,

bob The Lop=most and bolbotn-mwst Tines in rreereber_ fisl

separalor_finfs A Tise ol poioes i thie dual plane. Thach poinl corresponds oo separator of

5 in the primal plane,

3.2 Algorithin

W shall follow the algorithin of sweeping a topelogical line £ throngh the arrangement
ALS®) g deseribed in 20 Daring Lhe exeoulion, Tel » be the new verlex (generaded by
the Interscetion of two consceucive lines, say £ and £;, In fisé 1] cncouncered by 2.

We now neetl o Lake the lollowing aclions:

[y



Step 1: £ and £ neod to be swapped in fst f. Uhe swoeep line leaves the cell o che
leli ol o and enters Ahe cell by the vighl ol w0 Nole that, e verlex o may De ol
two types depending on whether it s generated due to the interseetion of two lines
correaponiding o the end poinis ol the aame line segmenl in 5 o of Lao dillerent line
seprments in 5. In the former case, the degree of the new coell will vemaoin the same
a# thal ol the previous cell (see Tigure 2a). Tn the lalier cage, the degree ol Lhe new
voll necds to be determined observing the sides of # and f containing the active
somes {gee [Mgure 2h, 2e and 2Zd0). In Figure 2, 1he expreagion wilhin paranthesis in

a coll indicates the degres of that cell.

Figure 20 Dhgrvee comnputation for a new cell

Step 2: Wo use selfpdr attached to &) and & in Fet 7 fo roach their own ocerences in
plister data aurietinre,
If £ and £ belong to differewt clustors, no action needs to be taken o this stop.
(=]

I £y and £ Taclomg to the saree clugter, they muost e comsceative o the mesfer list
of that clnster. Here, the following actions need to be talen:

2.1: They need to be swupped in the memnber list of cliester data structure.

2.2; If one of £ or £ s either the top line or the hottomn line of that cluster, £ or b
lield ol thal clusuer needs Lo be changed, L ean easily he checked by comparing
£1 ol £ with the existing ¢ and & ficlds of tlue cluster,

Step 3z T ihae degres of thee news cell, observed in Shep T, is wove, any peinl ingide Lhig cell
is a separaior for 5. In order 1o check whether this separator splita al least one of

the existing elustors, s need to esecnte the follewing sab-stops:



3.1: Wo teavorse the clester list to inspect all the clusters obrained so fax. If che
generaled cell 15 wilhin bhe lines indicated by Lhe 2andd O lields ol a clusier, Lhad
vluster needs to boe partitioned by the separator corresponding to that cell.

3.2; If o cluster is observed to be split. we visit the meneber_fist from top o bottom
Lo lindd a pair ol Tines £; and £ within which Lhe currenily generaled sero-degres
cell lies, 'The former eluster s shortened by deleting the link berween £ and €
in Lhe mmemder_fisd of 1hat clusler. A new clusler s foemed whoas e e r_fisd
containg all the lines below and including £, If B clusters are prosent prior to
Lhe aplit of the civrent cluster, Lhen the identilier of the new cluster will he
Rt L Lhe Bead_ptr ficlds of all the members in the newly formed eluster will
v poinl Lo Lhe header of thae closter, Pinally, the Land & ligld2 of olh the
clusters are appropriately set,

Step 4z T at loast one of the existing clusters split, we insert o new separator (e, a
representative point of the eurrent ecll) in che sepaereter_fst. Otherwise, we do noe
inbroduce sy separalor loe The current el

Finally al the end ol enlire aweep, 0 ihe number of clusiera is obasrved Lo be 1. Lhe
shattor cxdsts for 8 (by Lemma 1), and the set of separators shattering 8 is obtained frowm
bhe separalor_lsl. The prool of eorrecuness of our algorithm [ollows Dome Whe Tollowing

thoarom.

Theorem 1 The olgorillor slaled whove decides e deciscon profilemn — whellher 5
shatterable or not.

Proof: Suppose Lhere exists aoshabler, Do al (he ened of che exeoation of cur algarithm al
least one clusuer exigig which haa two or more members in 5, Sinee all Lhe separalors in
that shatter must comrespond o sote sove-degree cell of ACST) and our algorithn wisits

all the cells of ACS*), che aforesaid clister must splic when owr algorithimn enconnterecd

Lhat coll durving the topologica] sweep. TTenee s contradiclion. =
Lemma 2 The space complesity of our algoeithon 45 O{n].

I*'roof: ‘The space required for maintaining the required data stracoure for topolosical
sweep s On) in the worst case [27. The lsto 7 and separedor_fist data structures require
(3n) space. As the elusters are disjoint. che space regqnired to store the membor_lists for

all the clusters i= also €000, i

=1



Lemma 3 The time complexity of the above algorithm @5 O(n®) in the worst case.

Proof: The topological line sweep requires (3{n”) time [2], and iv Lraverses all vhe ({n”)
colls in ALS™) Now, wo need to consider the time complexity of processing cach cell, As
ihe Lopological sweep line crosses a verlex and enters a new cell, Slep 1 consiunes (1)
time for swapping two lines in st and adjusting the degree of the newly cncountored
cell; in Step 2, updating a conatan, number ol links in fsi_f and efester dada struciare also
veguire 201 time. The timoe complexity of the algorithm depends on the total execution
time of Step 3 for all the zero-degree cells in A{S¥]. For each sero-degree cell, Step 3.1
reguires C05) time to check the $ and & ficlds of all the & clusters prosent in the cluster data
atructire Lo explore Lhe posaibility of their splie, 1T Step 3.1 relurns al least one spliclahble
cluster. Step 3.2 takes O0n) tiime in the worst case for splitting all those clustos. Dy
Lemma 1, Step 3.2 i8 invoked 2 — 1 times; so the total tfime required for the splicting of
clusters during the entive cxeeution iz O{n®] in the worst case. The lemmma, follows from
ihe [act thal the number of clusters (&) may be O(n) ai any inguani of time, and the

munber of were-degrer cells may b (_'J‘[_r.-.u‘,l im ther worst eoase. =

4 A further refinement

In the carlier sevtion we observed that, during the processing of a zero-degree cell, O0n)
time may be required in Ahe woral case 1o locale the aplibtable clualera, irvespeclive of
whethor such o cluster is deteeted. A bedter $ime complexity can be achioved if s can
avold Lhe checking of ihe exislence ol a splitiable clusier [or all 1he sero-derres cells,

Aw memtiomned carlior, a cfuser is veprosented on s sweep Tine by ils bop-most and bodtomn-
mest lines (Incdicated by ¢ oand 6 fields). A data structure maintaining the overlapping
information among Lhe cluslers will be helplul in avoiding Lhe alwsve-mnentioned checking.

Below, we introdnee che data structuee Sst 2 and a fow modifications in the existing data
stroctgrves for Lhe said porposs.

Fet # Tt is o linear link list similar to Nsd 1 the lines stoved in this list are only the top-
sl and botlom-most lines ol each ol Lhe clidiers recognised so lar. Two congaciulive
lines stoved in fst_# define a cell, The desree of o cell in &t 2 implies the munboer of
cliaters overlapped on thal celll and s denolad by A0 &s the topemast and for Lhe
bottom-most lines of o cluster may chonge after encountering o vertex of A{S*), the
rmetnbers in Lhia lige aomelimes change divcing 1he execution as described in Slep 2.2
of the alporithin of Seetion 3.2, When o new cluster is generated, two new lines are
arlded in Ui liad.,



In addition, we need the followine moedifications in the existine data struetures:

1] With cach eloment of fist ! we attach o single character ficld which may contain £ or
Bl Lhaal Tinee i o Lop Tine o a botlom Tine ol any cluster recognized so far, olherwise
it combains (0, The role of this ficld is as follows: we can proparce Hst_# data strucetaree
aloany posilion of Lhe sweep line £ Ty traversing el 1 and eongidering anly Those

lines which are marked as ¢ and b in ({n) time.

i1y Fach line in Lhe spember_fisls of the clester dala atrocinre will have a poinler, called

figti_pitr, which points to its own oceurrenes in st f

(i} A paiv of pointers {0 By ) s allached with the hesder o each cluster. These Lo

poinkers indicate che lnes corresponcing fo # and b in the 8sf_# data structure,

The following lemmea deseribes the role of St # dara structure in deciding whether or noe

g newly enconntersd sero-degrees cell splils al Teast one of the exisling cluslars,

Lemma 4 Jf the fopalegical sweep e enters o zevo-degres cell after eacounteriu o vertey
grinoratod by

(a) the inlevsection of o peir of Bnes of the some choster, en ol least one claslenr O siure

to be split,

{b) ihe dnderseclion of a poir of fnes of diflerent clusters, hen the exisfence af clusterss)
which wall be split depends on the value of the A porgineter of the correspondieg cell

cere Besf_2 o fe nom-zera or zero.

Proof: The prool of the parl {a) = obvious. Tn order Lo prove parl (b, we need Lo
comsider the following eases which arise when the vertex is obtained by the intersection of

a pair ol Tines o dillerenl cluslers:

Case 1: If the lines ineident fo the vertes corresponding to o gero-degree eell ape top most
aicl the bottom most linea of their corresponding clusters, bovh of them are present
in et # Inosuch oocase, an old cell in fisf # s roplaced by o new el
Case 1.1: Now. il the A parameter ol the new cell in lsi 2150 (a3 shown in Figure
3a) then ne cluster splits,

Case 1.2: Lol il the A parameler ol the new cell in fis_2 2 non-sero, 1he number
of clustors overlapping in the carment cell is A, and all of them will split by a
reprresenlalive piinl indide the new cell.

Case 2: Il either one o none of Lhe participaling lines i3 prezenl in Gl 2 1hen al leasi
o of the existing clusters overlap on the observed zero-degree cell on fsé 1, These
chidters are sure 1o D splil.

)
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lisf_2 data structune - Lines in the two clusters are difterently shaded

Tigure 3: Prool of the (1) parl of Temma 5

Taerriema 4 W1l Lhad, while processing a o sero-degres coll ol Belof bwo cases toay arise -
{i] either one or none of vhe paricipating lines are present in fisf g and (i) both the
participating lines are progent in fef 20 o the former case at least one of the oxisting
clisters 18 sure to he split. In che latter case, we nmst reach the corresponding cell in
Bl 2 as degeriboed o Che prool of Taormme B0 The A parammeler of Phat coll delermines Ch
splitting criterion of any cluster, 1k is alreacdy mentioned in the proof of Lemma 3 chat in
£3{1] time a non-rero degrec cell of ALST) can Do processed. The following two lenmmas
prove thak if a4 zero-degree ocll does noc split any existing clnster, ite processing time is
17 bt 00 splids al least ome of the existing cluslers, then it processing may reguine
(H{n) time in the worst casc.

Lemma 5 While provessing o zero-degres cell dn the arrangemendt of 5%, an Of1) time o
erough to check whether any splittalle cluster cadsts,

Proof: Wo note the lines participating in a zero-depres from the fet 1 data stracture, The
aatne lines in efusfer dala strnelare are reached by nging vhe sell_pie poiniers allached 1o
thein i st 1, Using the heod_pée of those foro lnes in clester dato struetare, wie can reaclh
ihe feader of Lhe corresponding elisiers in {1 Lime,

T the dd field of both of them are saome, Lee Both the Tines bodong to the same clustor,
then by Lemma A(a) af least one eluscer splits,

I the el Tield of these Dwo elndters ave dillerent, then in O(T) Lime we ean check whelher

mn



those lines are the top most lne or the bottom-most line of their corresponding
clugters Iy edsserving Che O and b lields slored in the respeclive clidier headers.

(1] il both of chem are Whe top-most and Lhe batlom-moat lines of Lheir corre-
sprnding clustors, they are present in the Gt 2 data stracture, and ther can be
reached in Msi 2 using Lhe pointess Ly and e stored in the header of those
clusters. We swap those fwo lines in lsf 2 and adjust the A field of the new
cell in fisi 2, Thia requires (1] time.

(1iy I 1he A parameler of the new cell in G282 Is observed Lo be zero. no clusler
will Lz split by Case 1.1 of Lemoa b)),

(i} Othorwise, at least one cluster Iy sure to be split (see Clase 1.2 and Case 2 of
Lemma, (1))

Lemuna 6 7f o zero degree cell covmes o spfil af ol Teast one clasler, toen e processing

of that cell con e done dn O] dime

Proof: The proof follows from the fillowing faar poinda:

o II £ clusters are present in the chafer dala stracoare, we spend (&) Lime 1o check
their ¢ and b felds to teeognize the splittable clusters,

o In ordoer to split those clastors, we troverse the weember_fist of all the splittable
clugters as described in the atep 3.2 of the algorithim of Sectiom 3.2, This requires
CHore) tine in the worst case,

o The newly inlvewlueed top- and Tl lom-lines are marked a0 Lhe ksl F dala shroclore
using che fistf_pte artached o those lines in mombor_fist data seeoetre.

o Finally, we rebuild fet 2 for the new position of the topological sweep line by trasvers-
g Bl Fin Oy Lime.

Lemma ¥ If {he search in the oluster deta struchurs ds perfored only when theve eieists
at least one splittable chster, the total time complezity 45 O(n”).

Proof: The proof follows from the fact that {1) at most e — 1 separators may cxist in a
ahauter and lor each ol them Lhe number of cluaters has increaszed by al leazi one [Lemma
14 and (1) ©{n) time scavch s vequired for a separator if splittable cluster(s) exists for
that separator (Lermuma £, =

W o nove Toa position Loostate Lhe commplesily resules ol oor algorich,

11



Theorem 2 $he time ond spoce complenitics of our proposed algorithin are O(n®) and
C30n) veaprefieely.

I'roof: 'The cime complexity result follows from Lemma 7.0 'Uhe space complexity rosul
[ellevas Trom Lermma 2 and the Tael thal the size ol the newly inlbrsdoeed Bsl 2 dala

struacture meay be On) in the worst case. =

5 Shaitering ol arbilrary polygons

Tie Lhig ection, we degeribe o our aleorichmm ean be tadlored iF (he see 8 ol objoels ame
arbitrary aimple polyvgons. A pair ol polvgons can be separalecd by a line if and only 1
thoir convex hulls are nen-orerlapping. So. as o first stop of this probdem. we nood o
connpite the convex lmlle of all the polygons, which rakes (2{n) time [9], if © be the total
tutnbier of verticos of all the v pedyvgoms placed on Phe Heors Nowe our prodslem Taoils down
to deciding whether shatter exists for the convex hulls of those polveons, From now on, 5
will denote the set of comves hulls obtained above, To Gfnlogn] time wo can cheek whether
any palr of 5 overlap by sweeping a vertical line from left to right |10 . This also finds
whedher aoser of verviead Tines exisks which can shatber 50 TBolow s cxplain che melbhod
of checking the existence of a sct of non-vertical lines shattering S, This mechod will be
invirked a0 ared ondy 30 Phe members in 5 are non-overlapping and a ael ol verdical Tines

shactering & oo non exdst.

Here alao, we shall wark wilh the doals ol Lhe convex polyeona in 5. The dual of a convex
polvoon & € 5 is a sot of points whose corresponding lines in the primal plane stabs
si. As in the case of Tine segimentd, we reler the doal region ol s; as ils aelive region,
and it iz bounded by two plocewise lincor cierves obtained vespoctively by the lower aaed
upper envelopes ol Lhe dual hnes corresponding o bhe vertices of &0 o Figure 4, we
demonstrate the dual of o convex polveon, The dual of o convex polyzon with & overtices
can be eomputed in CO0k) Lime a3 Jollows:

Lot {eq, 00,0 ag b be the sequenee of vertices of the npper chain of a convex polyvgon in
alell Lo righl {elockwise) order. Dy the property of the duality Lranalorm, the doal
of these points, say {7, a3, .. apf, will appear o the lower cnvelope of the daal of
Lhe verlices of Lhig polygon inoa righl e Tell order. The dual of Lhe lower chain of &

convex polveon can be obtained in a similar manner,

Thus. il w be Lhe total namber of verlices inoall the polygans in S Lhen the doals of all the
members in S can be obrained in €{n) tioe.
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Figure 4: A vonves polypon and its daal

Mote thal The dual line of & verlex of a convex pelygon s £ 5 can appear 3l modl bwice
o the boundary of the ecfive zone of &, Again, sinee the members of 5 are disjoint, the
litees participaling in the duaal of one polyson are dillerene Tram Lhad ol atny other polygon
in & Thus, the number of line segiments participating in the arrangement of the duals
ol o polyaong way be O] in he wonsl case, and Che complexily of 1he anion ol arfive

zomes in the dual plane of all the members in 8 is also (n?) in the worst case.

Asin the earlior problem, we swoeep a topedogical line in the arrangement of the duals of
the members in 5. Tlere woe need to cousider two types of event points: 1) the vortices on
the houndaries of the active wones, (i) vertices generaled by the intersection of the duals
uf a pair of members in 5 When the sweep line cneounters o vertes of tepe (0, the line
segment preceding thar vertex will be replaced by the line sepment following that wertex
i eaach ol Bl 1) Bsl 2 and edusler dala gtroctoress and Whe inlersecbion of 0 with il Las
neighboring membera in fisi_4 (il exisus) is computed 1o lnd a vertex of wype (1), When a
vortex of type (i) s faced by the swoep line, the actions are eaactly same as deseribed in
the carlier problem. As the total number of vertices of both type (i) and wype (i) is O(r”)
in Whe worgh cise, L worsl case Linee complexily of oure algocithm e polvgonal objecls
remains On .
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