CURVATURES OF LEFT INVARLANT METRICS ON LIE GROUPS
| o |
PARAMETRIC HOMOTOPY PRINCIPLE FOR A CLASS OF PARTIAL
DIFFERENTIAL RELATIONS ON CLOSED MANIFOLDS

Amitebh Tiuwari

T’heais sybmitted to the Indian Statistisal Instituta
- in partial Pulfllment of the requirements
for the: amard of the degres of
'DOCTOR OF PHILOSOPHY

zﬁCalcutta |
1889



ACKNDUWLEDGEMENT

1 am most gratePul to Dr. Amiya Mukherjes uho introduced me to
the topios on whioh I have worked in this thesis and whose éuparuiaibn

and guidance Wers very helpful at erucial times.

I EXPFﬁEE my Eﬁrnast gratitude to Dr. Somesh Chandra Bagchi, uwho
Wwas inatruménﬁal in the ehoice of my subject. During my garly Formatiua-
ysars, 88 an undargraduata student, I was fortunste to have attsnded tuo
courses -F_Algabra and Algebra of Szts, and Calculua ~ II = given by
Dr. Bagechi, which had a deep influence on me . Later, &8 the Convener
of Research Fellows ﬁduisury.Cnmmittaa y he offerad me 2 variaty nf.

courses which helped me deolde my intersest,

Under tﬁa changed olroumstances, ragérding:tanura of fellouwship é
I cannot butdmantinn the confidence inspired by Or A - Mukherjee , Or. H.K.Hny;_
Dr. B.V, Ean,-Dr. S.C.'Eaguhi; because of which I could work in mental
peace towards my goal . I am also thankful to the faculty and research
fellows , of the Division Fﬁr Theoretical Statistics ahd_mathamaﬁias, for

crpating an atmasphere in the Divieion conducive to pursuance of ane's

interests without any hindrance.
1 had ussful discussions with Drs, Rana Barua , Basudsb Datta
and Gautam Mukharjeé on various topics.

1 want to mention the strﬁng mnral_suppart;and encouragement

given by my fathsr,.Shri Sthakar Tiwarli , and his offer of finangial

 SUpport if raquirad. .



I am grateful to the Indian Statistical Institute for tha near
sxcellent fabilitias that I could avail of as a research student . I am
obliged to Mr, Samir Kumar Chakraborty for giving so much aettantion and
nars_ﬁn.tha'typing of the manuscripf and finally I appreciate the

sincerity of Mr, Muktalal Khanra in cyclostyling the thesis

Amitebh Tiwari



CONTENTS

Preface
Part 1  Curvatures of Lefteirwarient metrics on Lie groups l - 18
0, Intraduction | | . 1
1. A characterisation of the central elements of Lie algebra 2
2. Left~invariasnt metrics of non-positive scalar cutvetur e 7
Ref erences ' 18
Part I1 Porametric h -~ prineiple for a class of partial = 17 = 63
differential relations on a clossd manifold
0. Introduction | - I - 17
1, Some definitinns, notations and remarks | | 21
2. The idea of the proof of Theorem 1 ' 24
3. Preliminary results 27
4. Proof of Proposition 7(a) | 29
5. Proof of Proposition 7(b) | | - .' 35
References 63
Figure 1 - 34
61

Figure 2



Prefacs

The title of thia.thaais.refers to tuwo prnblems of different
naturs having na cunnantiﬁn between them. These problems are presented
in twu.parta. In Part I we have settled two conjectures of Milnor, on
Lis groups with left-inuariant metrics, in the affirmative and in Part II
We have obtained a new Smale = Hirsch - Gromov - typé theorem on the
homotopy claééifinatiﬁn of o clase of nartiel differential relations on
closed manifolds. More détai;sd.intruduntians tﬁ these parts are given
at the beginning of sach parﬁ.- 1t has bsénlnﬁr attempt bn nake the
presentations as salf-cunﬁginad as poasible. Referances to a pa:t_
appaﬁra ﬁt tHE'ehd of ﬂ1aﬁparﬁ. Results like theorem, pﬁapdaiﬁiun;

and lemma are numbered cunaacutiualy'thruughout Part 11



Part I

CURVATURES OF LEFT~INVARTANT METRICS ON LIE GROUPS

0, Introduction ©

LR FAR e "L P b N TR L B TR

In this part we settle affirmatively tuwo cnnjaaturaﬁ pProposed
by Milnor E}:l-l By putting a left-inuariaﬁf-Riamannian metric on a
Lia'grnup, Milnor had obteined some interesting results and posad ques-
tions whioh provide relevant examples and countErugxamplaa_in the cone
text of the'genaral theory of Riemannian menifolde, UWe deal here with-
tmﬁ of his several questions. The following are the descriptions of the

conjectures,

Let G be a Lia. group with a laf‘t-—ingariant matric,l and % b_a
its associated Lie algebra with (biquadratic) cu#uaturp function
K o 5:»(% -=--> '.lﬁ corresponding to the metric. Milnor proved (EAJ, :
Corollary 15) that if u belongs to the Dentra'uf"B ' thﬁn,. for
aﬁy lsft-inUaiiant mﬁtric, . . .

k(U,u) 2 0 f'of all v in.g .

Heicupjapturaq that.tﬁe.central elements of Eb are the Uhly ones with
.this property, qua precisely, if ir1§} satisfies the inaquality

k(u,v) 20 for all metries and for all in % y then u belongs

to the centre of E& ; Thus this characterises thé centra}.elamanta of

a Lia-a1gahra in terms of the curuatura function of all metrics,

The second unnjecﬁu:e concerns a result uF_quan Wallach (See

Milnor ‘:éL_Thecrem'S;ﬁ. )__mhiqh*statas'that if_ths universal cnuaring_
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of G is not homeomorphic to Euclideen space, or equivalently, if G
cnntéina a compact non-commutative subgroup, then G admits a left =
invariant metric of strictly positive scalar curvature, It was cone
jectured that these are the only groups which admit a left-invariant
metric of positive scalar curvature., More explicitly, if C 4is a
connected Lie group whose universal covering space is homeomorphic to
Euclidean space, then any left~inveriant metric on G is either flat

or has strictly negative scelar curvature, This completes a charace
terisation of Lie groups which admit a left~invariant metric of strictly
positive scalar curvature in terms of the topology of the universal

covering space of the Lie group.

It should be mentioned that after proving the above results,
I came to know that Leite and Dotti de Miatello [.'Sj had proved the
first conjecture, and Uesu [5:] had proved the second conjecture.
However our proofs of the results are different and more direct in
approach, I also understood that Bergery [}:} also obtained some more
general results in the present context. I have no access to the work of

Bergery.

1. A characterization of the central elements of a Lie algebra ¢

We begin by recalling some definitions and results we shall use
in our proofs, Let G be an n-dimensional connected Lie group and %

be its associated Lie algebra consisting of smooth left-imvariant vector
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fields on G. If e danotes the identity of G and TE(G) the tangsnt
spacg to [ at e thep the bijection % m——y TE(G), given by
X === X(8), induces a Lisg algebra structure on TE(G). In what follows

wa shall not distinguish between [5 and TE(G).

Giving G a laftuinuariant Riemannian metric '<', > 1is the
seme as choosing an inner-praﬂunt an Fi,.' Thus, if Bl"";an be a
basis fanE} s this amounts to choosing a paaitiﬁa definite symmetric
nxn  matrix ((gij)) and putting <ai,aj> = 9y4 1 1<iy, 3<&n.
Theﬁ Fur.ail. Xg Y E.E} y» <Xyy> becomes constant on G, and G. with
auch a metric becomes a complets, homogeneous Rismannian manifuld; Conage
quantly,'in order to study the curvature properties of G it is enough

to 'study the curvature properties at e,

Hacail that if iyrdenutes the associated Levi~Civita connection

and

= - |  +. ' _ Xe V E

ny v[x,y] vxvy _vy Vi? ’}_’_ 5 '
is the curvature tensor, then the biguadratic eurvature function is

qiven by k(xsy) ==<ny(x), y> , and that

K.(X,}’) - _._.__k.w_-.——-—

KX gX> <y,y2 - <>_<,y'>2
1s thé'ssdtidnal curvature aésﬁbiatad to the linear'subspéca spanned N
by x and in Te(G)r' Gbalarua..thatz if Xy Yy 2 € B then vx_y 35, |

o & -.': ': R (%), y> is cbnstdnt on G, and hﬂﬁﬁﬁ.'.'
and hgnca ny(z) ;E} Thus _ xy(.)?.y bl Ee = o
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can be identified with its valur at e, Now let 9, 9+0098_ b an onthos
. n '

narmal basis of r‘j » Then we may write

Eai’ajj T oLy

K
or aquivalent) =
aq Lvalan ly , % 41 < [}i,ej ' 8> .
Clearly these structural copstants satisfy uijk = - aikj . As proﬁed
by Milnar [&], We have the following formula for K
(e,98,) =L (5 a,, (~a,, + + O 1)
10527 72 %2 P1om' T Di2n T %amy T a2
-.-'l(g; - ..+(J; Ha + - )~ G o, )
& zm T %m1 T %12 %2n T Yomy T %127 %n1a%ez
| | & g & (‘1)

The main r@ault of this section is

‘Theorem 1 3 If u in Ay satisfies Kk(u,v) > 0 for all metrics

on G and for ell v in 13 y then u belongs to the centre of %.

The proof of the theorem will follow from a more general :ésult
which is stated in the proposition below,
| Let_us choose 3 baals. El"'f'ﬁn ~af Eﬁfan_that 8; = U and
By = Uy and restrict attention to 1eft-inuariant metrits given by matrices
which are of the form diag(ol,.;.,an) with respect to the above basis ,

- and aexamine the hypothesis k(usv) > D.

Let [:si,ej:].—_- Z_&ijk e and Vsi e, ¥ r"ij _Ek ’ If

. Xy Yy 2.8 5 'thB_n. ()Qy:’ .iE.. constant and hénr;e we hava



Moreover, Vx Y V'y X = Cx,y]

Cumbinlng these :Lclantltlss one gets

< "{7 VIZ>’“(< EX,}»'] yZ >-<‘Ly,z],x>+<[z,gj,y >)

Hence
K 1
a e >
Vs 3, <Vai ®5 Ok
1 | | .
— - L+ 0, 1< i, 3, k< n.
20,, (O Qg =Ty Fypeq * 0y Ggy) L2 D I =
Then

k(al,a <v E?’]_!E‘j l,a ~ & vﬁlvaz Elgl?? > + < vﬂzval 51192 >

2 T 2 m 2
—"'"E.CL rrl 2-—2[-”“(‘ m02+:wllr’2m02

)
b -
" %, Z ypn(0s 1 =9, “am T %1 %1

a _

2 1
- ?'ET“ ) T .FI'l a?.lm -~ 52 Cﬁlmz + Ul (Ile)
2 m o
(0, Gyp =0y Goy t Oy aZlm)

% 1 O Gyt Ca O qq)

+ ?5; Z T ('Um O 1m 1 “1iml 1 “mll
- m : |

(_('.Tz Oy = 92 oo T On cI‘Zfém)
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1. 2 1
= o wa . +
{_ 5 L Qo O ¥ 5B, (0, @) 0y “‘zml)}

1 f
+ lu- A-nﬁu
{ 4 2 a'lﬁm O v 4 2 dm (02 U ~ %2 m?_l) g

1
?Gmdlﬁ2alla2 | | N (2)

Nota that the formulsa (l) may be obtained Prom the second

aquality above simply by putting 0y 5 vve =0 = 1,

Tha formuls (2) suggests the following proposition.

Proposition | Let SREETIL. ba a baaia of % . Supposa
i | ' ' = =1 > =
for all metrios of the form < Elel > =g B, 38, »>=1, < S 18,
‘H"‘-“‘iBn.,ﬂn_?=ﬁ>ﬂ,<ai_,aj>=0 for L # 3§ and 1< iy, J< Ny

we h_EUB k(Bl'EZ) _}_ 0 ’ then [;Eljﬁz.l = 0

Proof ! In the formula (2) above, we put Gi =0, =1 and

0, =0 for 1 23 . Then splitting each summation over m into sum

i

over m < 2 and sum over m > 2 , and collecting the sums over m £ 2

together snd sums over m > 2 tﬁgéthar, we get

2 1,
k(e se,) = ‘)L 5 (“121 Aypo) + 5 (Qypy Gygy T Gyon Qy 15

2 1, 2 2\ 3
=% % (“121 o) + 5 (Qpy * “122)}

1 2 L
- {i_ 50 L od, tE Ia, (o, +a
| 2 12 I
_ 2 03 12m >3 12m""m m



2 2 2 1
— Ly 0:- " Bl el .2 -
(Cyp) * Gpp) =50 X Cpom ¥ 3 T Gyp (g0 F 0 o)
m>3 ~3
1 2 1
+ BRETR. ) L ¥ ] R
AJ % (alrnZ r‘Ile) e L O:mll am22

m>3 m>3

Now it is clear that if this expression hes to be > 0 for

all ¢ > 0 then Q1o Must be zero for all m. For, if « 0 ¥ [

12
for anma. m » 3, then by teking 0 to be large enough we oan make

the second term aufficisntly large compaﬁéd to the other terms sa thet
the whole expression becomes negative. Thus Qpm = 0 for all m > 3,
But then wé are left with four terms of which the last two can égain
be made suffiaiantly améll by chuusihg o] .suitahly so that, if one of

Qypq @Nd .q122- is.nnn-zero, the expression that remains becomes

negative. Thus Aypq = Qqop = 0 al#u. Thus we have rél’éf] =-0,

Proof of theorem 1 I The proof follows immediately from the
abﬂue proposition, Given any v SFES , Which is not a scalar multipls

of u, we take .Bl = Uy By, =V and the metrice as in the proposition

H

to ﬂthlude that Lﬁl,azl

[ .
-/

[ﬁ}w:] = 0, So 'u' must be cantral in

2. Left~inverisnt metrice of non-positive scalar curvature .
o A v ' '

Recall that with respect to an orthonormsl basis aii.*;;an
for the tangent space at a point of a Rismannian manifpld, tha Epﬁlar___
curvaturs at the pnint is given by

P = '2 'K(e';a ) " _131 5'
i!j *j if jl. o
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and it is independent of ths orthogonal basis chosen.

The main result of the present section is

Theorem 2 . If G 4is a connectad Lis group whose universal
covering space 1s homeomorphic to FEuclidean spacse, thsn any left =
invariant metric on G 4is either flat or has strictly negative scaler

curvature,

Remark 1 ¢ It is elready known that if the Lie group G is
solvable, then any left-invariant metric on G is either flat or else
has strictly negative suala: curuaturu,HEF, Theorem 3;{] . Moreaver,

a connécted Lie group with lEft~ihuariant mafric is flat if ﬁnd only
if the associsted Lie algebra splite as an nrthugonal.diract'aum

L®IA , vhere b is a commutative subalgebra, {4 is & commutaetive
ideal, and mhare the linear trapéfn;matinn sd b 1is skauuadjnint'Fnr
eu.ary b E:i b ’ E&., Theorem 1.5:} . ThUa, in particular, a Lie group
C with a Flat left—inuariant metric must be solvable, because .-

51 ] EL" &JQJL, LJ&J ?/bJC.Uand hence [U*l % ] = 0

| (A Lie group is solvable if ita Lie algabra ia Eoluabls)

Thus what remains to be shouwn is that if G satisfies ths

hypothesis of Theorem and if in addition G is not solvable, then any

left~invariant metric on G 'has strictly nagatiua scalar curvatura.

" Remark 2 + Let 5 ‘\L/@ I‘? (Uaotur space dlrect sum) ba the

Leui-decumpusitmn of the Lie algebra 9 of G, whare i-) is 8 suluabla

idaal and :%L is a sami-simpls subalgabra. Therafnrs _G ‘is not anluabla
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if and only if % 7'5 0 in the above dgcomposition.

Let -:(:‘ 51 “,_+5

be the L .e algebra direct sum of simple ideals i of 42 thanrem
of Iwasawa (Sea [:d, 2 32i] } atates that the universal cuuaning of

G is homsomorphic tn.EucliQEan space if and only if auery compact Subhe
groyp'uf G is commutative. Now, looking at the clesaificetion of
simple Real Lle groups as given in ]:ﬁ, Chapter X;1|, e Find'thab
5L(2,R) 1e the only group that does not have non~-commutetive compact
subgroups, Thﬁa_if the ynivereal covering of G is hamenmarphin to
Euclidean spacs then eech ;Qa i_.in the above decomposition af-%}.must

Sl(2yR), the Lie algebra of 5L(2,R).

Now we prove en important inequality which will be uased in proof

of Theorem 2.

et @ 5@ !’? (Vector space direct aum)
whare "') is an ideal, and .E-:j is & ummudular aubalgebra nf" 5 ( This

means that, for all x 8_5 ad x as a linesr transfnrmaticn-nn 5 hae
trace 0), Thus if X, Yy 85& thén. EDSE: 5 'y and if X 85 '
y eb then Ex,y] e b, |

Given a left-~invariant metric un G,'@ifh Lie-algabrﬂ_fa,-aa
above, We choose an urthnnurmal baaia | Er-l-l’” ".En with respeot to _

the metric raatriuted to b s and Extand it to an arthunnrmal basis

'El'”."an of @ ’



il Xi ey h. | | | P ed b (l)
where X 8.&) and hi > b

Let 0(5 ) denhote the scalar curvaturs of the metric on 6 s B ?j)

scalar curvature of the metric on L'jj restricted to b y P (\9 ) the

S’

agalar curvature of the metric on b with respect to which SEXTRE L

are orthonormal (Notice that XypovupX, form a basis of 5 ).

Proposition : P(HR ) < p!( 5 ) + P b )

Proof § A <i,3<n.
roof et Bl' EJ] Eai,]k Ek’lil':]_ﬂ

We firet note that if 1< i, 3&* ,

. — N l-.-t.-lt .2
E“i? % ] %k M : _( )

This is abtained by equating the 5 ~ components of the two sides of

Ceyr 0,7} = EARLRS why ]

On one hand, we haus

n .
[Ei 9 Ej -_-l kilaijk .Ek

i

¥ T oa,.. h * T« e

ljk  k k?r iJk

B |

LGy Xy

| K
ke - ker |

showing that the 5 - :_:nmpn.nént_of‘ | [Ei_, | Ej}. e . kzr. @ 4k Ko v

On the mtmm hands

Dl - SO o R B
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Iand thorefore its Ea=~ component is [:Xi’ xjj] . Note that (2) just
says that ﬂﬁjk,'i, j» k€ r are also the structural constants of the
Lie algebra Ej with respect to the basis XitovasX, o Another im~
nortant observation that will be used in the ansuing compgtatinna is

that if sither i or J > 1r , then =0 for k< r. This is

%4 3k
obwvious because k}-is an ideal,.

We write
9(5) = % Kle,,e,)+ 2 pX K( g, 8. )
i>c, >0 i<r, v ¢
+ ' E” | K(Biiej) ’

i<ry J&r
and thah evaluate, using formula (1) of Seu@iﬂh 1, the three somponsent

summations in terms of aijkta as follows .

s = Ly (-
% K(ai,ej) = 2 (5 0, 4 ( % s * %k + “‘kij)

i<I‘-’ jE_I‘ if\“r |
T J<r k<
l . .
=3 Qg Oy O 47 (0 51 03 Dg 5 - WL,
1 2 -1 2
T R X - AN s
i ya 13k 4 ik
Keyk?r ,
! 3
=P (45 )=-7 % a
5)-3 2,
J&r ke
£ Kleyeey) = 2 %'ai k(_ “iak T Ok ¥ akij)
o j>rrk>r

- Koot Bl g aar)
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. .,_.....J:.
ST S H S TP P [ (o9 T L LY

J>rjkip

i

4 b)f z (ﬂ (Gk:ll_*aklj = ey %44/

.l.-':".t..

joryk&ir
Next, if A =2 .1<r,;; C(ki.l K33 15_r?j>rakiimkjj sy then
i’r,j<re. |
2 igp§j>rK(Ei’Ej) =ié;§j>r(a'1k( 13k ¥ aﬁki + uﬁij)
N " (% 51 Jkl+akl,])( jk+a;1kfakij))

= A
:LEI.‘ % Jk( l:'T':T.Jk ak.'.l.,j_
jgf,k?r
~5 B (040, 0(0 )~ A
2 J_'(I.‘,j>r akij Jk—akl:]
7
= ] Qe
S 13 %3k 2 sep LK
j}r,k>r e P18
1 2
+ = ) ~ )
? iir,j??rakij
=~% I (g% ) tE I “ikj
2 qgp MR i<r
371 kT 3%k
- 5 .
1< fj"quii_a_kj‘j
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Thuss we havse

p(%) =P (5)+F’(19)-;_;; ) &23 +-1=- E(Gk:ta akji)z

isr
jérykor J>r k<
- r {a,. +a )2‘*":']"2(12
2 yep ddk T Tikgt T2 R %k
j>r ’k>I' j‘;r ’ki]?
ol R T P R W T PTL P cor (3)
ior i<r4j>r idryj<r T
32T k< 1%r,j<r kr -
kdr

Note that the last tafm in the squars bracksts, which has héan added

~to facllitate a compact form for tha expressimn, 18 actually ZeT0 4

i

becauss 1t is egual to akll % {trace of ad Bk on 55 = 0,
k<r i<r k<. |
Blnca.Ea is a unimodular aubalgebra. The expressicn in the aguare
n
brackets similarly becomes ¥ { T “kii)z = 'Z (tr ad Bk)2
k<r  im - K&r
and sixth, as also the fourth and fifth, terms in the last sxprasainn {3)

. The third

for P{T4 ) are , similar except for the permutation of indices.

Thus we have, after observing thesa fa#ts, -

1. 2 1
p( )'1“5'(1'))*-"‘2(1 - T (a,, T d,
%) = RV R IVARL S (i
Jir,k?r | jS'I‘ k>r

)2

)2

% (tr ad 8
k<r |

so olearly P(Y ).-g'p_'(g)_ww)”

and the proposition is proved.



-~ 14

"roof of Theorem 2 [ As already ohserved if § is not solvable
and 1ts universal covaring space is homeomorphic to Euclidean space then

its Lis algebra

-0 R ,

where Fl is a solvable ideal and é is a semi-simpls subalgebra.

Further ‘é/ = 51 R g " (lLis a'lgebra direct sum)
where sach 5 i. is s sim’plelidaal of é an;l is isomorphic to 5&!;]5):
the Lie algebra of 5L(2, R). 5{(2, R) is é vector space spanned by

Vir Voo Vg With product being glven byl | |
[vgo vy 1 = Vit Lvgo v ] = vg [ugs '“"2] - V3
In particular 5[(2,3‘1’)' i1s unimodular,

Given a left=-invariant metric on G, in order to apply the
preceding proposition, we take 5 = 51 _and b = 52 +., 0t 5111 +F‘ .
Claarly b is an ideal and 5 1s unimodular and & = 5 & b
Thus P(EA) & PUS) + P(G,+ s G +P)
where 191(51) is scalar curvature of some left~imvariant metric on
5L(2,R).

Again we split S, + ..+ & + [ ss the direct sum of
_SI"‘"’" 52 | 'ﬂhd-") = 53 T osee +5m *+ [-:‘. Hence by éu;messan 'appli--.

cations of the Proposition, we get

o(R) ¢ EPAS)+R(R)
_ g __
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where Pi(Si) is the spalar curvature of some left~invariant metric
on SL(Z,R) ; P(FJ) is the scalar curvature of the given metric rea~
tricted to F (i.e., spgalar curvature of subgroup P of G, with Lis

algebra F\ , and the left-invariant metric on G restricted to P),

'As remarked earlier we already krmow P( ') < 0, since P is
solvable. And due to Eq s Corollary 4.7 ] , scalar curvature of a left~

irvariant metric on SL(2,R) is always strictly negative.

Thus clearly 10(6 ) < 0 which is what we set out to prove if G

is not solvable. This completss the proof of Theorem 2,
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Part I1

PARAMETRIC HOMOTOPY PRINCIPLE FOR A GLASS OF PARTIAL

DIFFERENTIAL RELATIONS ON A CLOSED MANIFOLD

0., Introduotien

e T Sl B L W A

In this part we use a Smale-Hirsch-Gromov techniqué to obtain
a new Gromov~type theorem for a class of differential l;Forma on a closed
- manifold. Let M beia manifold of dimension n, apd K be a positive
integer such that 2k+l < n. ,Then-wa say that a smndth 1-form w on M
is of type k if w/\(du.)k # 0 everywhere on M. Let _'Q_'k(.m) be
tha Bpaps-uf all l~forms of type k. on N} sndowed ﬁith the.éubépane
tapolngy_of the CT - Enpalugy on ./\_l(M),-tha space of l~forms on M,
On the othor handy let Jl(T* ) dendte'the hundla'oﬂer M of lujafs of
local l-forms on M, and ﬂk(N) ba the éubset.af Jl(T* M) that is ob=
tained.hy.tgking ;-jets of locél l=forms of type k (on the domain of
. definition). Thah DR(N). is ‘an open subbundle of Jl(f*:N), and is
invariant under the actimh of the pseudogroup of lacal difféﬁhonphisms
of M (ses below for spocifio définitiﬂn). Let.[ﬂl(ﬂk(m)) denote the
space of cohtinudus sactiﬁns_af Qk(ﬁ) with the compact-open tnpnlmgy.
Then wWe prove .

- Theorem 1, If M 1is a closod manifﬂld, and  2le+d < n i.than.tha

1-get mep 3* 3 () (M) ——> (g (M) is 2 wesk homotopy equivalence

(abbreuiated w;h.ﬂn).
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Thus the existence and classification of a certain subset of
aﬁ\l(ﬂ), characterised by certain differential 1nequalities, ig reduced
tn the claaaical nroblem of oxistence and classification of sections of
a bundle, This result extende and strangthens the écope of Smale~Hirsche

Gromov technlques as a tool of solving problems of this nature.

- To put this result into its proper poerspective, let us look at
the sarlier developmants in this particular field uhiéh has uarinuély
bEeh aalléd integrability results, hnmutupy nclassification of stable or
regu;ér sgotions, parametric homotopy principlé for ubta;ning solutions
tqp_artial dif‘fa?a_ntial; relations, In 1969, Gromov (aee Posnary Eﬁj

or Heefliger [:3]) obtained the followling t-habrem.

Consider the-pEEUddgruup of local diffeomorphilsms of M. Suppose |
that for sach U opsn in M thers corresponds a bundle E(U) over U
| {
satisfying the condition that, for U LU, E(U ) = E(U) /"' » and thab
if @ 2 U~~> V be a diffgomecrphism between open subsets of M then
there exists a bundle isomorphiem P (U) — E(U) prnjecting-tu ¢,
ard eathfy1nw the condition that the map from Diffeo (U) tn Diffeo E(U)

sanding ¢ o ¢ is cmntinuaus. Moreover, essume that if @ ¢ U—>V

ahd '\l/ vy ey be local diffeomorphisms then -~y o P = "1.}7 09 .
l.et JP(E) ba the bundla of r~jets of lﬁcal'sactiuhs of E, and 0(E)
be an npan subbundle of 3 (E) inuarlant under the a&tian induced by
_. psaudngrnup of lﬂual dlffanmcarphlsms in tha sgnee that J.f f o U E(U)

repreaents an alament nf D(E) at u€ U, and ¢ 'lJ-——?-U is difFe0s

| -1
morphism bstwﬂen open aubsats of M, then j (¢ o f 0 ® )(w(u}) £ G(E)
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Fﬁt T (o(e)) bE the space of continuous sections of O(E) with the
cumpa&tﬂﬂﬂﬂn topology. Let .gil be the space of smooth sections of E 
over M uwhose r~jets lie in 'fﬂ?(D(E)), with the €* - topology. Say
‘that M 1is closed if it is compact and without boundary, and that M is
open if no connectsed companent of M-Mis closed, Then Gromov'!s Theoren
etates that if M is open, then the r-jet map 3" : () ==y [ (O(E))

is a w.h.,oe,.

In a later development [?:1, Gromov called O(E) = partiai
differential relation and elements of ) salutions of 0(E). Then the
conclusion af-tha theorem is ;hét.tha solutions of 0(E) satisfy the
paramétriu homnﬁnpy principla, .

It is readily ssen first of all that our thEﬂram follows f:um.

this if ™M is opsen and 2k+l £ dim M, k > 0. One simply tekes £E =T M,

1 and D(E) I((["'I),. in uhmh case’ L.l = () k(FI).,

H

) iy

It is wel~knoun that Grumnu's Theurem 1s not trué in general for

6

closed manifolds. For sxample, let M =5 , E = M, =1 and' U(E) |

i

bg the space of l—ﬁete nf local l-$nrms of rank 3y that is, satisfying

6
(dﬁ) 7‘ 0, Then _{'_)‘ 1s the space of symplectw l*-F'nrrna on 3 which
1s masily seen to be empty. But F(U(E)) is not empty 5-.1.!1!38_ it has

| | | | .
the homotopy typa of the spacs nf almost camplex structures,un S e

In 19?5, Du Plassiq '[}f] extendad Ernmnu's theorem Por closed
manlfnlds. He callmd thE open subbundla 0o(E) a regularity condition,

and Elemants of L_)_ regular aantiuns. He deflnad 0(E) to be intEQrable
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T -
it § . ;,l“““““? | "(0(E)) is a W.h.a., and fC](I""I to be extensible

if there exists (i) a % . bundle £ over mMx R (ii) a c® -
. - . “ﬁ '
bundle map T s i E == Ly vhere i is the inclusion map of M into
s ! { |
M x W , (ii1) a regularity condition O (E Y C35(E) over M x W
p, %1 3 | .
such that 7°(i 0 (£ )) = 0(€E), uhere 7* ¢ i J”(E:') -3 37(E) is
the map induced by 7, Du Pleasis proved that if O(E) is éxtansibla,

then it is inteqrable,

1t may be noted that the proof of our thenrém does not follow
from Du Plessis! theorem, Howsver, it depends on certain modificaticon
of the arguments of Du Plessis using the flain F laxibili ty Theorem of

Gromov (2|, Ue shall explain these points in details in (5.5).

We concluds this section with a brief roviocu which preocedad
Gromov's thoorem., The earlisst result ih these dirsctions was prﬁUed
by Whitney in 1937, Knoun as the whitgeyrﬁraustein theorem, it classifies
lmmersions of Bl _ih 1H2 « During 1958559,_5mala extended this rasulﬁ
first to immersinna nf 51 in .a_Hiamannian manifold, and then to imherﬁ
slions of gl into ]ﬂp for n < p, Sméle pruuad that the derivative mab
Frdm the space of immersinna of & into ﬂ%p_ to the space of injectiﬁe
tangent bundle maps T S ~"~9*T]Hp is a v.h.e. The result of Smale ,
besides belng a gengralisation of Mhitney g result, wag also the First
impnrtant atap towards raesolution nf a conjecture uf Ehressmann (leB)
It cnntains the ldEBB that led'tn, and it forms tha baais nf the tach-

nique of all the aubsaquant wurks that appaarad later. Smals's rasult

was extended by Hirsch in 1959 to immarslnns nf a manifnld N intm _::
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another manlfold W with dim M < dim W, Thess icdcas were clarified
subsequently by Thom, Poenaru, Poan_aru-Haafiligsr, Hirsch~Palais. Thsan

in 1967, Phillips [5:] proved that the derivative map is also 2 uw,h.e.
from the space of submersions of ‘l*’l _intu W to the space of au[;jactiua
tangent bundle maps T M ~—3T W, UWhen M is closed a similor result

is also available for kemersions of M into W which are maps of rank 2K
sveryuhere, In 1969 Feit proved that the ;Eariuatiua map from ﬁhe spaoce

of K~marsions of I inta. W to the space of tangent bundle maps from
TMtaTU of rank 2k 1ls a w.h.o. prr::ui“ded. M is closad and k < p.
The references to all those works may be found either in Phitllips [5:]

~or in Du Plessis [1] .

1, Some dofinitions, notations and remarks

mnmlﬁhﬂwmm'-ﬂ“m

(1,1) Let X and Y be topological spaces and lat DC‘;' Y] - denats
the homotopy classes of continuous maps from X_' to Y. Then & map
F 2 X~ Y is said to be a weak homotopy equivalsnce (a_bbfeﬁiated

Ww,hee,) 3f for oll curnpact pmlyhedra B, the induéad'mﬂp
ILERY »-a-—e e ;Y]

definaed l:Jy LQ] e rf 0 g] is o bijection. This is aquiUﬂlent

to the fact that f dinduces o bljec:tmn between path cnmpunants of X

and Y  and isumarphisms batwean hnmotnpy graupa of _’ch-a spoces X and Y.

(1,2) The map f . X -——)- Y is Eﬂid ko be © Sarra-f’ibmtinn if- giUE!I'l

a commutative diagram
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G
0
S T
H
id x 0O f
W/
- |

(XTI

(i.0.y T © Gﬂ(q) = G(q,ﬁ) for all q in Q, a compsct polyhadron and
1= (0,2]) ' ' '

ﬁ!:,hr:ai:'a exists a map G . 0 x1 -—-m? X.' such that E(q,ﬂ) = Gﬂ(q) for
all g in Q , and foG =G . This ahuuld hd1d fnr all Q@ , This
disgram is called a lifting.prﬂblem {GD, G) and G is'cﬁlied'q solution

to the lifting prﬁblsm oT simply a lifting.
(1.,3) Now we state an important and easy lemma

Lemma 2. Suppose we have a commutative diagram

e
‘ 1
P | P
P W
4

where P ahd Pt' are Serre~fibrations and o W.heB. Then_ g_,is

Weh oo, if'aﬁd nnly if its restriction to pach fibre of E s @

WeheBe



This follows by cansidering the homotopy sxact sequences of the
¥ . t
fibrations p and p  and the maps induced by g and g between these

Sequences and applying the wel-known S-Leoma,

(lfti) - If MD be a manifold of dim'ana.ian n with boundary, and

P el 7T XD ey i, be an embedding. Then a manifold ™M is

sald to be obtained from M - by attaching a handle of index %.-aﬁd Nl
is: ubtained from the disjoint union iﬂ U Dh’x " ~A by identifying |

A=l
5 x D™ ?\ C. D x 0" ~A with its imaga under ¢,

By an appropriate choice of a Morse funﬂtian on é mapifold M  of

dimensdian n, one obtains a handlawbudy decomposition of

m, C. m o C; mlf;... Cm ) m,_“lc_ Mo=R e (1)

where Mm is an n~ball D“_, Mi is Mi_i with & handle af inﬂsx:_hi

5 is & collar~like neighbourhood of Ni ( .that {8 ;

mi_l=- mi ] :5 mi X !:h?l:} ) .WE may suppnsa that.all tha handles ars

| I
attached, and M

attached in some ooordinate neighbourhood, and }1.5L%1+1 s 80 that
N, = n if M is closed., Also noto that if # is closed, the number

of handles attached ia finite, and that thara'ﬁﬂuld be more than one

handle of index n , For an open manifﬂlﬁ,_the number of handlss sttached

pould be infinite but all the handlas-hﬂua_indinaa étrictly_lasa than - n

80 that there is always a transvorse disc an%i of positive dimension
in the handle,
(li5> ~ We pollect here some of the notations mhigh hes been introduced k

in Section 0 for ready refersnce,
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If U is open in M, thﬂﬁ

1,
/N\I(U) = spage of smooth l~forms on U,

..(_2_ k(U)- = {'m 8{\J(U) METRVAN (dw)k ¥ 0 everywhers on U} v .

Note that if U is nut_dpen, the above spaces still make sense, For in
this case a.smuuth l-form w on U is just the restriction of a smooth
l-form w on some open neighbourhood of U in M, Also if this v is
of type k on U, than ilt.will ba_ sq. on an uhan heighbourhood containing

U,
#
T U = cotengent bundle of U ,
1, % N
3T U) = bundle of l~jets of local l~forms on U.
Dk(U) = pundle of l-~jets of local l-forms of Ityp& k aon U.
'ﬂ?(Dk(U) = gpace of continuous sac;iuns of Uk(U), I

Our Theorem 1 says that the map ;]l : () k(!"’l) — [ (Gk(ﬂ)) is
a W.heo, if M is closedy, and Zk+l < n, A remark on the theorem is
that, since M 1s compact, the above w.h.e. is a homotopy equivalence

by a result of Palais [:fi] v

2. The idea of the proof of Theorem 1.

e AT Mk oL 1 e A el B st el

e i,

The prdnf is based on an induction scheme with respect to a
handle body decompositicn of the closed manifpld "

o ._1_1'_'.'."____-. L R R o |
o & Mg G My E My e My €y C g Gl Coe Ll E B L 700

where. mi and M; y 0 i< th,.ara assaescribed in (;.d),:
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!
1= My * @ hendle of index A

=
i

=
H

3 M Ll-hé Mi X ED,.'L] .

The decomposition gives rise to the following commutetive diasgram , whers
tha vertical maps are ‘the restriction maps and the horizontal maps ars the

l-jot maps j- .

: | g |
) (m) i [7(0, (1))
’;{__;..1 ~l/ | . SEL--l
, - | J '
.g}-k(ml',-l) s o, 1)
(S e
TSN | Ll
. -
('“lk(mi‘f“l) A -:-% r’ (Dk[ Ni‘i‘l)
STk
(_m:).k(f*’ll) R S W(Ukl W;_)
P, \‘ | | | | xLBi
A R S VIR
”lml ! . ' - " "]ﬁi-l
: o | . s .
ro J/ '3' lo )
g_“)k(M;) B 1T (01 1)
N . s
o .
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A

Note that Joods according to our previous notation.

Then the proof of Thecren 1 f‘nllnwa by induction from the follow-

ing propositiaons, Using Lemma 2 of Section 1,
Proposition 3., The map :In is a w,h,s,

This is %he starting point of the induction.

{ t

8; and r, are Serre

Proposition 4, Each of the maps g
S i

i ]
fibrations, for 0 < 1 < L1,

[ ¥ 9

Proposition 5, For taach 1<i<L,

.(__Z_k(F'l —"9 _(__lk(f‘l. ) is s Serre fibration (recall that

M Mi o + a handle of indax ?\) , when (a) ?xi < h, éin'd also uhen

k)
(b) N o=, whara n=dim M, o
Note that in thls proposition we héua stated the two cases

separataly, because their proofs are different,

Froposition 6. The rostiiction of Ji (rgﬂpectiualy 3.) to

| |
oach fibre of r, (respectively r,) is a w.h.e.y for 0< i< L-1 .

-

'The proofs of these propositions, except fnr.Prnpusitinn 5( _h) ’
follow from the proofs .af‘ the corresponding facts of Grn.mt::-u. theory (see
Haefliger [:3] g OF F’nanaru' Eﬁj , or Du Plss.sia [l] ). Thersefors
the proof of Theorem 1 will be complete if‘" We aatablish Prupasitiun 5{ b1_),

or equivalently, the following Proposition 7(b)-.

| -y ""'?\- ?\. '
Let A =2 D?\.X_Dn A and B "5 [_-l ZJ " | _(2 D"
'being disg of radius 2)'5}:1 th_at A is ._B' '_ with a_handla m“ indaX A

- attached-
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Froposition 7, The restriction map
r .i.) 1 (A #éﬂﬁ%- if),k(a) le a Serre fibration when (a) A< n

and whan (b} N = n,

Note that we want to prove the cass (a) also because it will be

needed in the proof of the cass (b).

lllllll

3, Praliminary resulis

. The following faots, which mill be Used without mention, sllow
us to maka gomo constructions neseded in the proof of Proposition 7 .
Although these facts are stated for general fibre bundle, we nesed them

only in the context of Proposition 7 , when the base_spacﬁ is considered

to be within some coordinate naighbaurhond; so that the bundle is trivial,

Fact 1, Let E be a bundle over a manifeld X, and Y bea

closed subset of X, Theny if f 5 X === £ be & continuous section

whioh is differentiable on Y, thure exists & differsntieble section
g + X===—> E ouch that g =f on Y .
 Faot 2, Let Y . X be a relative C«4 pair, and £ be a

X x I, Then any partial section

Pl YxI U Xx0 =~=—=> E

bundle over

can bo extnndad to whole of XxI,
Let us axplaln huu theaa facts ara uaed here. In our case, Y

wlll be a submanifold of ths eame dimanslon a8 X, and E mill be cutangent
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4&

bundle T X , so that E’Y =T Y o Lot p s E==> X bs the projsc=

tion map, and 'r7{E} denote the space of contimuous sections of E , Let

q ey [(E)

r

| W
v |
QX1 mrdem T (EGY)
be a commutative diagram, where r is the restriction maps Consider

the bundle E x @ X I over X x 0 x I with the projection map p X 1d X id.

We have then a partial section
.g ; Y XxQAxI U Xx @ X D‘-mm-ﬁa. Ex QxI
oiven by gly, qy t) = (F(a,t)y), @y )
and a(xy 4 U) = (F(a)(x), a, 0) .
X € Xy 9 €Yy €0, tE1 ,

By Fact 2, there oxists an extension G of g to uwhole of X x Q X I .
This G ogives riss to a lifting of the lifting problem (F, f)., Further,
if and f  take values in the spacé of smooth spotions, our G ahove

can bs chasen so that Gl X ¥ {__q} ¥ {t%) is smooth for sach {(q,t) € Q x 1.

In our set up & smooth section f { Y ~~—) E would mean res~

triction of o smooth section on an open set in X gontaining Y. Buk
suppusg we have a continuous famiiy of sections g . Q'-“@ﬁ?'rv'(ElY).
e | '

Then we can get g & Q ~"—4?H(~T(E1U) 'fuﬁ.sume U npén in X cone

- talning Y such thet § =g on Y This oan be aaan fﬁumfthe above



consequence of Facts 1 and 2, end some standard argunents using a trianguﬂ
lation of Q (stert with some extensian of f(qn) for same vertex q &€ Q,

and then extend it over l~simplices, and then over 2~simplices, and so onj)a

Now we reoall s standsrd notation. If f + M -—> N be a smooth
| e
map and 7] £ ’p\l(N) y then nUlleback f 71 of 7 is & l=form on M

defined by
*
Fomv) = i (v)) , ve (M) .

Producks of differentlial forms will always be exterior multiplicatinn.

4. Proof of Proposition 7(a)

il St . sl ol bl g skinbn ot "o G0 e, e I oo e e, e o

 This result is due to Gromov (see Poenaru [:Ej}). A careful con-

sideration of these technigues will be nseded in the case A= n +» Consider

the following 1lifting problem

G ' o |
oy """""E"‘"‘? .(.l k(‘q)

|
i?dxﬂ | L
QxI

=
. | :"? L l k(_B)

Than,fby reaults of ths last sgction, there exists

T @ oox - AH2oM x(1+d) D"

‘foe some d 2 0 such that
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-

G{g,0) = G (q) on A ,

-y g

and. G(q,t)

B(q’t) on 8 .,

This is done by first getting a'lift Foe QXTI masmmed /\ lfﬁ) of the

) 'ﬂ!‘f .
pair (G, GD>, and then getting an extension F of F over an open
A

n”aw::u

set U containing A, There exists d > 0 such that 2D x {(1+d)D

T

L ¥ N |
G is the restrioction-of F . Now by a compactness argument, there

L

axists 7 > 0 and 0 < b< 1 such that

et s N M~
G(q,0) e (), (2o x ()0 T
’ |ZD}5x(l¥ﬂ)D”€K K o ’

and G(q,t)[ .- e () (8™ x [by2 Ix (140) D' .,
|S?\"l xL—b,ZJ x(l"l‘?])Dn"?\ | K |

This argument may be described briefly as follows, Lest q € & o Then

q
S = - - v - 1
that  G(aq,0)1, € () (Uy) . The essignment g —> T (a5 D)
J .

. N ) ‘:“ . .
G(q*o)‘ﬂ e L) . (A) , and hence there exists an open set U, “2A such

| d
. \ ' /\]. o o,

'1s a continUous map Q[ === (Uq) + S0 by continuity, there exists
a neighbourhood of g in @ which is mapped inta () k(Uq) . By come
pactness of [ there exists an npaﬁ set U ocontaining A suoh thﬁt

6(qy0) & £7) (V) forall g in Q. Similerly using the fact that.
rEiq,t),B 2 Lf}_k(a) and compactness of Q x I , anslogous arquments
| o ~ .
give an open set V containing B such that G(q,t)'U_B _Lll.k(U) for
all (g,t) € 0 x I . Thua_fﬂ. and b . can be chosen as abova,

o . | o Ae,
Notations, We will denote the EXtBﬂSlﬂn-G(QrD)| N M\
| . - o S 207 x (1)D

| gf Gu(q)]ﬂ _bY 'Gg(Q)' alﬁﬂf



- 31 -

-

Al '
M % (Llt+y) o" '

% [%2] x (14y) 0"

L at Bi = § and Piy = 2D

D <x<£ 1l and y > 0, Dafine

{

5 10— () (8D

| o _ Y |
by G {gst) = G (Qrt)iq] ¢
B

Lemma 8, Let a and ¢ be numbers such that b< a< o< 1l,

Then there exists a partition tu' =0< by <0< by =1 of I, and

naps &y 1 0 x [y by T > () (B » 01N, such that

| !
§i(Qrt) = G (q;t) on ég
- _
§i(q’ti).: G (Qsﬁi)
| S i . -
£ (9,8) = 6 (gt on 80 x [bya]x (1m)™™

Proaf. Find é smooth function o , [b-, 2.] —- E]slj such that
| | - N,
> £, {8y

rx.{ [h,a:] = and 0:'. EB,ZJ:I and let L T 0 x1 x1I

'
be the map defined by L(qg,t,s) =06 (q, min (tte,l)) ,

(q,t,a.).B A xI xTI . |
Then we have L(q,t,ﬂ) = G!(q,t) .
Nou define o
| LG' s 8 .x_I x 1 @9'/\1(3?3)_ .lbY__

L% a,t0) (x % upy) = (Ll )LCa, o0 WLy £s8) | G X Upy) 4



N

where {X x u, y) £ 8, =

L5(9y6,0) = L(ayt,0) =6 (a,e) & (7) (8]) .

| - | . L
h = x[:b!lj x {1+ 1) Drj?\ . Then

— 3 | | 1,
Now, () k(Bb) being an open subset of A (B‘;) s by continuity of

(X,
L™ and compactness of @ X I, there exists

Now chaose a partition 0 = ta < tl < .

Birl

€ >0 such that

o w1 | -
L (q,t,8) () k(Bé) for all (q,t) EQ x I, s <€,

tl<tN=1

~t <€ for 04 £ N-l. Then put

» .
Ei(cht) = L (Q!ti:t‘"ti)_. for ti L tg

< t

I

such that

i+l

It is easily chackad that gir satisfies the rsquirements. This come

pletes the

Now choose 7] =’ﬂl >ﬂ2 ® e >TIN' >0 and ¢

Dﬁfiﬁe 'B;

by Bi(q,t)

proof of the lemma.

: 0 x [U,tl-] — () k(ﬂﬂ)

- K
= e, (a,t) on B
GD(Q) otharuise

°1

< o

2

<, €

(mhare Ga(q) is assumed axtanded over Aﬂ as indicated sarliar),

Supposs Wwe have defined

such thsat

_anﬂ

B, s

1
gt oax [0y ) = (0,00
o '.ni
ﬁi(q,t) =G (g,t) on B'ji

: .,Bi(_q,ﬂ)' = GU(CI) .. -

N

< 1,
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We propose to construct

. . Jn‘ |
¢ . s +1
B 0 Ox Loyt ] ey () (P
. - ' iy

satisfying B, . (ast) = G (a,8) on 8 "

| "It
Eﬂd 'Bi.}.l(qio) = Gﬂ(q) *
Let mi. be chosen so that c, < m < Cipy * Eunsid?r an isotopy

n. 7]
. g1 | 1
9. < A > AT L0288,
gatisfylng

(1) ¢ = id _

| | ’ﬂi

(2) (Pt = id on B, for all ¢

| 1+1

(3) Thero exists a neighbourhood V of
Aeel y A
5" x {5175 x (1+7,,.)D such that

ﬁpt =.4id on V for 11 ¢

| | o
() 9" x o2 | w (1) o™ Coay

(5) tptits?‘"l X E_mi‘g X '(1‘1-711“)0”"?‘)6I'n't(sh“'l X ]:b,a] x(1+ni)c3”"?“)

(Fts a consefjueneco a na:.ghbnurhnnd of 5 X {m 'E X (l+-‘]i l) n"?\ is

nepped by @,  into int(s™' x [bya]x (2#1,) D Ny

Figure 1 on next page gives an idea of this isotopy.
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Firure 1

| -]
L+ Nt (Pt (5?\ x{mi»g x (1 + 1,

e __..,,,..-—-""""uuﬂ"

ey ey g LEmg, gk =l oy o gl R Y am
- -

1+ 7

{

4%
£

-------

: : | o el | | n=A
Dmtt_ad llnaa_ shou nan.ghhﬂurhcmdl V of & 3{:35_% x (1 + ﬂi»l—l)D

Curved portion shows the position of ¢t

nuer.the domain
Al | o n--A -
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Then define

N

] ' | i o+
ﬁi—l—l ¢ UX [Drtj_+ﬂ — () k(ﬁ . l)
as follows!
For © < ti
T
.H.
P, B.(g,t) on B Xt
£ "3 ;-
Bi+l(q’t) =
| B,(q,t) on 6,0" x (17, 0"
| i i+l
* N
For ti <t < ti-l-l
P 41
%, £, (ast) on Bm;

Bi+l(qft) =
| M

| Biegfast)  on md™ x (10, )0

Finally ﬁﬂ gives the desired 1ift to the problem (GﬂgG); This completss

the proof of Proposition 7{a),

5. Proof of Propesition 7(b)

. , {5.1) VUe uanf to prove that the reétrictibn map

I r o f__)_ _k(EDn) -———‘} (@) k(Sn“l X El,Zl) is a Serre-fibration , that

is, it satiafiea_pnlyhsdral cuuering.humntopy prapertﬁ, It ialsufficient

tn.pruua that r  has local pnlyhadral covering hamatapy.propart§. This -
means that; for every uw € _C"lk(sn"l X [1,2] )y there exists. a-'nai_ghhaurhnad
2,{, of w in _C'l k(Sn"l'.x '[1',2]' )  such that' r . ™ ?./L——-i uis -

a Serre~fibration.
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(5.2) We will consider subsete of 20" X B of the form Wx3d,
vhers W is an open subset or n~eubmanifold of 20" s and J an intearval

_ | o
in I, and dsfino ﬁpacaﬁ_li_l b1 OVOL these domains as follows,

S‘ﬂ")'l-:'l*l( Ux3) = {ﬂ & .C:). k(hix:]) 'y M(wyu)e T*'JJM, (woy) € UJXJJ .

Recall that by our sarlier definition
Ly (Ux) =97 e \™(wx3) ¢ nA(dn )" # 0 everyuhers on Lllx:l} .

. wea, ! % '
The definition of () ,, makes sense, since T W over Wx) is a

subbundle of T (ixd).

e !
1t may be noted that.‘i_lk+l is not inuariant_under the sction
of all local diffemmnrphisma.' However, it is lnveriant under a subclaas
of fibre-preserving diffeomorphisms as shown helow in (5.3). This is the
main point of differanca.uf our theorem with that of Du Plessis [Tl:] .

We shall discuss this point in deteils in (5,5) balou

A diffsomorphism @ § WxJ] === UxJ is said to be fibre-

preserving if it ls of tho form
Pluyu) = (@rg(wiu)) s (wy,u) EUWx2I,

for some smooth map g | WxJ ——— R,

iy ,

- -t | .
(5.3) Ue now show that () ., i invariant under the action of the

FibrevpraaarUing.diffeﬂmnrphismsk If Yysever¥Yp is a cqardinate-systam
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[ % ) l

n W induced ] g & n
O ed from a coordinate €ystem on 2D° , then any f B_L_lk+l(wx3)

has the forom

f{wyu)

H
3
—1;

i(w,u)dyi (w,u) € Wxl

vhere fi'ﬁ are smooth functions. Therefore if ¢ is a fibre~preserving

diffeomorphism
a_g f \
savm s 1
0y,
. Irl . ‘
9 r = (ap) fo9 = '- 5 ] 09
- s -
Dy n
n.
1
- - o0 . A
0D ., [ =e=ess
\ )N
= f o® , whaere 1. is the nxn identity matrix,
3 n 0 o f,ﬂ% . - -
or ¢ Ff = ji]f‘i o dyi ,  Thus f ilk—t—l .

Lemfa 9, Let U be open in op' y W 8_(_—_)_ R(U)’ .ancl x & U .,
Then there exists a neighbourhood b’x of X such that, for any n-submanifold
Z of U'x y there exists an cpen neighbourhood H, of Wi, , and 8 conti=-

nuous mapg

o | 1 5
Pr oty > L2 x R)
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satisfying

il

(1) Py(h) oi = h forall hen,

| : |
(2) O,(hy,") = P lh) 1! g for 2 nesubmanifold of Z .
Here 1 ihdicatas the inclusien map of Z 4in Z X W ,

Proof,. In terms of a coordinate system yl’""’yn on 29“ ’

e have

. L .
w /A (du)” = § u, dy, A ... /0y ’
ll"'i2k+l 11” i2k+l

. . _
where, for £ & /\ (U), f . denates the coefficient of
lnil 2k+l )

dyi /\ cee N\ dy, in the expansion of P A (4f)* . Since w A () (x) # Oy
~2hck1

311, *"’iZk-b-J, auch that w D' 5 (x) # 0 and henms wa L0 # 0

in a naighbourhood Ux of x.. Let T be an index differsnt from

ii Sove) igk+l . Note that T exists, aince 2k+1l < n. Let
M(ysu) = w(y) +udy, , (yu) 8V x R .

. ' ' 41 +1
Then DA™ = (u+ udy A (du + du gy )N

= wA (W) + (k) wA (d)A du Ady,
i udﬁi/\ ( du)*

Notica thﬂt the second tsrm is the only term inUDluing du. Thus the

coefficiant of g0 AN /\dy%kuﬁ du /\l:!yqc in- wf\(dw) /\du/\dy.c ’

ktl L is W0 {0 which is nonzero on U .

and hanca in A (cln) wo
LPP" 2kt
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.!..
so 1A (d )< F0 on U _x R
Now let H, = {f‘ E-f._z k(Z) N fi':'”‘iu # 0 sveryuhers on Z} ,
10" 2k
andI pz(F) = f4+ud Yo for f € HZ ‘

Clearly these satisfy the conditions (1} and {2}, and the pracf of the

lemma is complete,

ar i

(544) Now coming back to the proof of Propesition 7(b) , let
- Nl t - n-1 | s
we () k(.‘3 X El,Z]), land w €{ ) k(S X I:h,?.]) ba an sXtension
of w for some b< L, Then, for all x & Sn"l = Sn"l X f_l—ls s there
exists open neighbourhood -Ux of % in Snﬂl X [bﬂ] and map 0 as
giU?n.bylLamma 9., UWe may choose Ux to bslof the form UK X [}fﬂxi_l+cx:l' |
l-c. » b, Since Sn"‘ii‘s compact, there exists a finlte subcover Ui and

x .
a ¢ >0 such that l~c > b and UanL}mc, l+c] . Ux for some X .

— ~l |
Now let '2/(, be a neighbourhoed of w in ( J k(Sn X El’zl)

consisting of all f € () k(L-‘:'”‘""l x [1,2]) with

| F‘Ui.x -[l? 1+r:.] € Hui X D, l+c:1

We consider then a lifting problem
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Since § 18 compact theare axlsts a € ({J,-EJ-' c:] such that, for sach

qen,
Gn(q) 'Ui X E:l-Za, l+u_] - HUi X [1-25, l+tﬂ ’

Define

(otae  on 5™« [12]

GG(CI) an {1l-a) D"

G_t(%t) =

piliniel

Lot X =8"" x [ 128, 1-a | U l:l, 1+c]

o

Y= gL I:l-r?a, l-!-u]

Then it remalns to lift (Gt I>< ; Grz IY)

A Lo

(5.5) Remark. Before entering into the main body of the proof,
perhaps this is the right place to look at the idsa of ODu Plessis and to
| point out the differences bettﬁéen our approach and his ., R-ecalling- the
terminology of Du Plessis as given in Section O, _(_“_lt(U) is the spacs
of sseptions of E't ' over (rtl) submanifold U of M x R , which aTe
mapped by the r~jst map 3* into F(DI(U)). .Nuta' that _(_“_)_I(U) 18
invariant under the action of diffeomorphisms of U hecause D'(E') is
assumed invariant undsr the action indupad by local diffeomorphisms of |

M X WM , The key idea of sxtensibilily was to get = lammé_of" which ourx

- Lemma 9 is an‘analugt.m. _Thi_s lemma may he stated roughly as _f‘ullqu.rs R

Lamma 10 '(DLJ Pleesis), Let U be open in ZDH y F € _C}_ uy 4
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end x €U . Then there exists a neighbourhood er of x , and & number
> > 0 such that, for any nesubmenifold Z of V. » there exists a con-

Ctinuous map
. ame !
P F oy > () (Zx[~,e]),

~uwhere H, is a neighbourhoaod of ”Z in () (2) , satisfying

i

(1) mo Pz(h) oi h for all h € H,

(i1) pz,(hlzt) = P, (h) 12" « [~y €]

| , |
h & H, and 4 any nwsuhrnar'iif‘ald af 2 .

| The Eaeantial points of Du Plessis! proaf may nou be descoribad -
briefly es fallows, First one follous, for a given f‘ > _(_ _)_ (Sn-l X El 2:[ Y,
an argument analogous to that given in (5.4) to get a naighbcurhnad ?/{_af
P in () (Sn“l X _'[_1,21 )y reducing the lifting problem (G, Gu.) to
(G' iX ’ Gu IY) with appropriate cnanges in notations . Then there rema.ins
to be constructed a 1ifting over the annulus Sn"l X El-a, l] , This
may be done by breeking ths annulus inta small gnnugh handles so thai:
aach handie lies in nha of | Lli X EL-Z’&, l+r:,] . Then, atartihg with
1-handles, a lifting problem over - ¥+T (T being a l-handle)

| Bol |
¢ ———s (2

lidxﬂi' LI‘
E}xI——"—"‘"'——‘? il(TﬂX)

is r:.cmuerted intn & lif't:ing pmblam
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0 ey () (T x [~£48 ] )

by defining . '
y defining H _(q) 0.(G_(a))
. ' ! :
and - H (qit)%‘ pT_ﬂ X (G (Qrt)) ‘
Thisltransfm:mad_lifting problem may be soclved uaing_Grﬂmqﬁ'a Theorem

| : R
(Proposition 7(a)) with 0 (E ) as a regularity condition over

T X [}-E, f:‘:]_' . T[hersforae, if

. oo | _ 1
H 0 QXD e () (T X [-8,5_:[ )
is a lifting of the transformed problem, then a. lifting over T is
obtained by .
E(q,t) = T U-l‘T (q;u‘b) 0o i .

It is a consequence of the condition (iii) of extensibility (see Section O)
— e !

that G(d,t) & ( ) (T) . Let U (1) denote X + all handles of indices 1

! | |

and G, denote a lifting over U (1), Then, if T is a 2~handle attached

to U‘(l) , Wa find that we again have a lifting problem

G |

Q ff—“““ﬂiﬂﬂﬁf“ﬁﬁ . Lj]_(T) .
o
N ¢ '511 - W |

01— N
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| and this problem may again be tpansf‘urmad to a liftinpg proElEm (H, HD)

‘This setting is simple and elegant in the sense that it reduces
clossd manifold case to Gromov's Thaqrern'(ﬂpen manifold case) by going
over to some higher dimensional manifold. But this cannot be applisd
in our case, In DU Plessis case the requirsment that _(_—ll be invariant
under diffeomorphieme of the extended domain is used in an essential
menner at the n-handle casey Where the transverse disc E-‘S,Iﬁj_' allows
construstion of def’uﬁmatinns of Gromov, which are raquikred to get é 1ifting
of the transformed problem (H, Hu). over T X E—-ﬁ,'aj (T 'being a n=handle).
It can be seen that as Tx0 bends around in T x [ =€, € (see Figure 1 5
page 34), the pull~back of @ l-form on T X E"E’ 8] to T may vanish
at some points, and hence it will not be in _C_)_ . - And such deformations
have to be uéed a number of times, Looking at the Main Flexibility Theorem

(Gromov [2 3, np,78) , we find that one need not verify that the sheaf

o -, | - |
le+1' on M X R satisfy le-l*l ‘an = S")-k Itis.anaugh to

-:- ' v T - '
have () i1 |mxo L), » ondalocal result éf the kind of Lemma 10

B , R )
vhere the space ( ) is invariant only under fibre-preserving diffeomor-

phisms , diff‘anmnrphisms that move only up and down in the additional dimen-
sion, For L _)_ k], ! the argument of Du Plessis gaaa through alrlght up to

the liftings over handlas T nf J.ndz.uas < Ny as in these ceses, to lift

the tranaformed lifting problem (H, ';o) in. L _)_ o+l *? .ule only. need daf‘ur-_

- mations of the f'urm ¢ x id whare CP is a local dlf’i’enmurphmm of 20"

Elncl 1d is an apprmpriats rastrlction r.:}f‘ the identity map from 1R tl:! R,
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At ths n~handle stage, we shall usc the idea ﬁf Main Flexibiliiy Theorem
mentloned abovey and we shall need a covering lifting problem (H, Hn) in

- }
_(_, l et 1 a3 described in Proposition 13 bslow,

. f o
I-l-|

(5.,6) Now we propose to breek up the annulﬁs Sn"l X [:l-a, l_]

into handles such that handlgs of indices n are pushed ta within one af
Ui % [:l -~ 28, l-'r-tr] .

Lot K be & triasngulation of 5™t Laoh aFIwhnﬁa (n~l) simplices

Al lles in one of the nelghbourhoods U:L "aay Uﬂ . Than Por sach simplex

r . p Fp @ = 4% -

c in K, jc1 U, for pach {n~l) simplex A such that C < A, - For some

apen nﬁaighbmurhnud u(p) of |C| X [1-2&, e ) in Y, we define

ME ¢ Qs (T)(U(0) x DY) by HE() = DU(E)(GD(#I))
T _(_"_)_;_{_l((u(-c) N X) X oty by

W (apt) = Pycgy (€ (ar®)

L

for pach simplox € and each ( n~1) si'mplr.lax A such that C 4_ A .

Lot K'X bo the ,(- skeleton of K_' and suppose that induc:tanly

&

we have congtructed the Following .

(1) @ neighbourhood U(C) of G % [.'L-Za, 1+c | in Uu(c) for

sach (Jj=~L) eimplex C such that

U(Kjﬂl) = X U U'U(C) iﬁf X plus'a he?ighbqurhuad._nf‘

k37t x (1-2a, 10 1 inY '



(3) & 1ifting HE L - (Y (@) x oY) oF

A C A
CH foeynx e [5eey)

auch thaty for sach j=1 seimplex € and sach (n~1) simplex A with
C <A,

F‘Hc(q,t) i o= Gj"l(q,t)
{ | . |
"o = A (g8 o ([@ENTC) x o,

. |
where £, C eare Jj«lL simplices facing A

Let U (K¥™)  be a neighbourhoad of X UKI™!| x [1-28, Mo in
U(ijdﬁl,land, for each j~simplex £, let U(E) be s neighbourhood of

E x [l-2a, I+o] in U(E) such that
5y N 6 W HCU{ TN 0 51 stmiex rasing €] )
and such that there is a diffesomorphism
W@e) , TN D) T ol o™, ¢k 2]k 0™ L

Then for sach E uwe have s (j+1) ~ handle lifting problem

Bl _
Q2 () (U(E))

I --—-G-—-L—“-"% ) ey Nu (Sj-f"l)) _



and, for e-ch

(j+1) =~ handle 1ifting prﬁblmn

- (whare

qu

(dyt) =

QXD i (

-~ 46 «

AL E

H

“ L I
Qe (7) () % DY)

Vv

AT

2

4

Ma,t) in T(c) x ob)

such that ﬂHE (q) 1 = Eo(q)l and

ArF

E  and sach (nwl) S.mplex A such tha: E < A y @

), (TN 63 o ohy

T(qt) 1 =63 N aq,t) ¢

In order to make the induction step complets, we distinguish tuo cases !

for ('

(l) It g+l & n , usSe Prnpuaitiuh_ll-'belﬂm to find liftings HHE

et

H

\ AHE ) such that "HE(g,t) i = "HE (g,8) i =

A

1 .
H (Qrt) 1y

! :
for {n-1) simplices A and A uith E as a common face. Then define

G on U(Kj)lmXU_U U(E) by

Cfor (G

(2) 1f $+1 =n , use Proposition 13 below to find liftings G

I .

M2

E

. '_ ..”.:
o U (KJ l)

( JﬂiHE(CM:) i on U(E)

) Theh-défina |
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Thﬂn.,Gn This completes

f
ls the rsqu;rad 11ft to the problem (G Ix, GU!Y)-

the proof of Froposition 7b .,

(5.7) We now prove the propositions referrad abovs.

Proposition 11 § Let A = 20" x 0", B =8 x [1,2] % 0"~

with hi< n . Suppose We have a lifting problem

G

S8, | .
Q e—— () ()
t
| . T
M 6 L o=
axp 3> (), (8)
and Lifting problems
il
: U - e wol !
[ = — -Lilk+1(ﬂ x D)
T j—-l,...,m
b - BN
QX1 '-'—""""——"""'—} le_*_l(ﬁx D" )

auoh that

Hg(q) 1 = GQ(Q)

Hg(q,t) 1= 6(q,t)

for all g & A k 8 T s j = l’..i.rgjl'ﬂ -
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Than there xists a lifting G -ni’ (G, Gn)' and liftings 'ﬁj af (Hj ,Hg)

such that HY(gyt) & =E(q,t)1_ (qet) €0OxI, 3 =1y.,.9m .

L}

| ' n-%
Proof, Recall that El'::< | x Ex, 2:] X (l + y) D '
=\

Ay ==2[J}“x(l+'y)D y uWhere 0<x<1 and vy > 0.

As in Section 4 , thers existe o > 0 , and

o

¢ s oax ———> AYRY

asatisfylng

P
...---..
£

J
g™

i

Gﬂ(q)_ on A
N
G{qot) = G(gpt) on B

Further there exist, for pach 3 ==_' Lyousgm y

such that | .
| ) | X
ﬁ;j(q,t) 1igs in che subbundle T *a% op T (a X D ), and
such that
¥ . l
|3 =y g x D
H (qfﬂ) . Hﬂ(q) ~on . 2
: o
T|j(ﬂ1t) = HJ(CE:t) on BXD g
N - ;
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Consider

F .
J

Qs A Yoy

\'4 N g
£ |
-*-—-——j———-»_-;» A l( BXD™ U Ax0)
where Fj(Q) = Hg(q) y and

| - Hj(q,#)(x,U) ’ (x;u)'s BXD™
Fj{q’t)(X,U) =
TBat) %)y (xyu) € AXO

There exists a lifting Fj O Al(AxDl) to the pair
(fj,_ﬁj) » which can be chosen to lis in Tﬁ Ay as Fj ~and fj lie inm
T A . Next let
49 ¢ axi 'ﬂﬂ—hﬂmﬂ%f./\l(ﬂxﬂl y a° x D) be defiped by
e N - 1
| Filat)Oou)  (xyu) € AxD
) | | |

rﬁj(qft)(x;u)'= o _ )
Lﬁ(qit)(x) , (xsu) € A9 % 0

There exists an extanaiun of HJ to an opsn set U quntainihg

AxDl U_Ad X 0 , mhich-qan be chusen tu-lia in T Hd'__ We shall denote

&

: A
this axtanaion again by 'HJ : Thers axists & > [ SUDh that A x D L__U

'Our finel d- (far G and Hj) can be chusen tc ha qmaller of this 5
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and d, this latter d has been c-osen sarlisr for rEFH NoWw, 8incs,

as bafore in Section 4 ’
Clart) 1 e ),
" (“"?F’).Iml P k+1 !
Nj - !'
g (q’t).iEXDl & Ll et 1 )
there exist 0< b< 1l and 0< 7N < d such that
o ' — :
6(9,0) |1 & ()
o B |
G{qyt) g & L, »
- 1Ph
f\-"'j o 1
0 ot 8 LD gy

J
SO ot e (O

p’
| ~
The arguments here for Hj arg aptlogous to the arguments for G in

| ' e ! — _.
Section 4, One has only to note that [ _)_k_i_l(hl)(:_(_l l<+l(u) for,

an open subset of Rd X Dl . Then one goets T and  b auch that

~s | —— l,
Hj(q,{]) ’Rﬂ " ‘jl e () k+1(ﬂﬂ-x D) _
~ | - .M 1

| . ~y | - | % D
and then one uses the fact that HJ(q,t) lies in the subbundle T A
qf,_T&(ﬁﬁ X Dl) , and, hence by definitian, ligs in JL-lk+1 over

appropriate dumaina'asfﬁbﬁuef-”ﬁ:'” .
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vy - | |
Let HY . oxI —> ZI ¢ Bq; X Dl) be defined as the restrictlon
1l e
of Hj to 87; X 0 . Notigce that Ha(q,ﬂ) Mﬂ " Dl- is an extension of

Hg(q)b We shall demote this extension again by Hg(q) .

: - ~
Lat G 1 OXI sy _(__ZR(BT;) be the restriction of G . Agadn

G(q,Q) [nﬂ is an exXtension of Gn(q)- y Which we shall denote by Gp(ffi)

also.
ts .
1'3(a,0) = H(a) on B x O
ts N
H j(Qit) = H(q,t) on BxD
fa t |
and H J o 1 = Q0 on gg .

As before, choose a and s such that b< a< c< 1,

Lemma 12, There existe a partitimj' 0 = tn_< ’cl-< vee S tN = 1

of Eﬁ,ll\ ~and maps

FEEENELY bigy | = Cl (B

such that .
& (q?t) = G'(q,t) on éz :
X
£, (ayt,) = G (qnt;) :
A
&i(q,t) = Gt(q,ti) on 5 x[b,alx(lm)tﬁn
and maps &i . G x l:tl'tl'l'"] —-—--—-9 _(__)_ k+1(B X D) '
' R R 1 R R
such that 'Ei- =H‘:l on EEXD_.
gd(aye,) = HO(anty) .
nuﬁ. 1
gd(g,t) = H'j(q;ti) on 507t X [},é] X (an)D X D
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Furthex Eji 01 = 51 on E”-g ‘

Proef. The proof ia similar to that of Lemma 8. tlfa def'ine
L3 QxIxI ---—-=,> _(__)_k+l(8 X Dl) as
L(aytye) = H(a, min (tts, 1)) :
Then, uaing the map a& of Lemms 8, we daﬁine
Ljd' : QXI XTI ""‘—%../\I(Eﬂ X Dl) J = l!;;;l My
L% g, 8,0)(x x u, .z) [(m(u))d(q,t 0

o+ CE(U)LJ(Q! !5)_-] (x X Ur Yo z)
xxuﬁs?\lxthﬁ] ,y&':(ll"-’?)t}n?‘, zSDl

§
For each (q,t) & Oxi, LI (q,t,n) LJ(q,t,ﬂ) = H 'a,t) & le+1(8 x oY)
C: _(_ )_ k+l(B X Dl) which is an open subsst of AN (B X Dl) , Thus
a - 1 o
thers axistg Bj such that .Lj (qyty8) € .ﬁ. .). k+l(Eb x D°)  for al;
(q,t) € QI and 8 < &, . Notice that since LI(q,t,0) and LI(q,tys)

n l)

e 3 ' N |
both lie in the subbundle T B, of ;T'(EE X 07 Lm(q,t,_,s) being &

corwex combination of the twn, glso ligs in the .sams bundle. Thus by

and for pach 3§ = Ly.. .M. ﬂsgain, we daf’ina 1% axectly as in Lemma 8
and gat €, > 0 such that L (q,t,s]ué? _(:_}_ k(BE) for all (q.t) € QxI
and 8 < & o Let € =min (5_01. Elr---fam)' . ~Then cheose o

0=t <ty < vee <ty o= 1 .st..u:lh f:hat LTS _-_ t; £ & for .Cl ;f-_ 1 € NeL,

Now for ¢t | sueh thaf; tj,-_f. t:;_ ﬁi+1. ’. -_dﬂfiné
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: _ 4 Q |
gi(q’t) - L(q’ti’th‘_ti)

Fj 3
Si(Qrt) Laa(q’ti’t*#i)

Thes ! ] g '
Bsa Ei 8 and §i's satisfy the requirements of Lemms 12, This

completes the pruoof,

Next one prupuaeg to construct

?i v @ X [U,'ti] n-—-—> L"i k(ﬁni}

such that B. =G on BT
£ o,
o | n,
and  B(a0) = 6(a) on A
' | . B rn
J e - wa, |
B taxfog] —— (), (0 % 0h)
t | .
such that B:.j SRTAN on B a ¥ Dl
i o |
) i
3 ] Y
ﬁi(q,ﬂ) = HU(EI) on A Y x D
. 0 .
Bj oi = B, on A-

(Recall Bn(q) is assumsed extended over ' Aﬂ and Hg(Q) is assumed

)

aXtended over H? X Dl ag indicated Earlier);

The rest of the proof resulting in the construction of the
1iftings BN and :33 by induction is the same save one small but

impartant differsnce., At the:(i-l*l)t:h. stage we considerad B8 iac;_t;opy-'

My -y o | -
(pt R y O 5_ t < ti’ to _nonatru‘gt 'Bi-l-l from nBi ’
o _ - o L L1
In the oase of BY's y W8 consider” (Pt x id o A i_ X D7 == A" xD

| e | .' |
One should note here that ‘-(v'lk-!-l - remains inmria’nt _pndar such
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tranaformations, So recalling the zonstruction of ﬂ.+1, we have
L

When £ < ¢,
| : - 4

% T,
¢t 6i(Q1t) on Bcl+l

i
B £ o A e
/ ¢(as8) on ;0" x (1#, . )D
W
Bpglapt) = NeM B2t b,
. N
¢ E-(Q;t) on B'i+l
by 7 my
A M
(as defined earlier).
(HMhen L < &,
BRI
@. x 1d)* 8J(q,t) aﬂi’*‘l ot
v ARL L
1
BI(q,t) N
| Bila,t _ on D" x {14, ,
-3 _ |
Fieplt) = Uhen &, < £ < b
3
(wt X id) §g(q,t) on Bmt+l X Dl
1 | M
] A
Piaalanty) on my0" x (141

(as defined sarlier).

It is sasy to ses from these constructions that

Bi+l (ast) (x4y,0) = Bi+l_(q;t);(ﬁ,y) .
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Propositlon I3. Let A =z", 8 =s™ «[1.2], of = [ 11 ]
. b ]
Suppose wa have a lifting problem ' .

G
o> () (N

r

YV i v
OXT =t (7)) k(a)'

and & commutative diagram

H
. wn, | 1
B i () (AXDT)
| k41

r

| 1

satisfyling

(@) o & = G(a) and H(ayt) 01 = 6(qb)

Then therg exists a lift G of (G, GD)

Proof. The proof follows from an adaptation of the arguments

of the Main Flexibility Thearem of Gramov [ 2, p.78].

Let 6 =g5"% x [b,zj 0< b< 1, First ue shall prove sn

b

sasy lammna.
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Lemma 14, L . L I .
| Bt 1 . B . B X D7 be the inclusion map, Then,
| 1 # _ -
1P el (8,x07), "0 = 543 e { 2.(8,) .

J

Froof, Let fi(y,uj = j r“j{y,ﬁ)dyj'; {yyu). & B, x D", Then
oFf DF | '
d M= %—dj-dyx i-E-—--lc}u,’\dy...
X! }’/( J X DU .

IfF wed Ny we have w(y) = )I:Fj(i(y))dyj

and du(y) = d4i° (y)

1" d nly)

i

Il

Qf
2 S (i(}’))d}’xl\ dyj

b}’x
vou I = (5 Fay ) A EAFSNNIE
_ T Ay, AT
| I o
2 f > f,
+ (k+l)(2f c:ly )/\(E Smi dytf\,dy ) A( -é-—-ﬂ- du/\dy } .
u

_Y/(_

Therefore, since 7 © i-)-k*l y ﬂ/\(dﬂ)k*l(i(y 7! 0 for all y € Bb ]

This means that if vy & 5, 9 then either the Pirst term ahwe is nat Z8T0

at i(y) which implies m/\(dw ?f 0 at vy , or the secnnd term is
not zero at  i(y) which implies w\(dw)k # 0 a%t y . Thus we have

M s -
w=1i 7 & _L _) k(Bb)' That complates the proof of L_emm'a.,

Now coming back to proof of Prupﬁsiti_ﬂn 113', We extend

Hoto H 2 oo ——> (), (8x0%) forsome b10<b< 1
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! |
such that H (q,D) = Ha(q) on E:b X Dl .
1

Then G v QXI =y _(._l k(B ) is an extension of G- which satisfies

' ;
l.eat G =H ol ,uhere i is the inoclusion map of B

6 (q,0) = 6o{a) on B . Also, by Lenma 13 , G (g,t) & () (BL) s since
' _ b t - |
H oi = i H = G , We chooss 8y c such that 0 < b<a<cg<1l,

As before we obtain a partition tn =0< ¢, <, (<t

1 = l. of I, and maps

*

satisfying

if t = ti | |
outside g1 Nl X (3,21X (“"23"' ' '%‘)

on 8 *Ea'a]

The arguments for the construction of gi are again aimil_ar to those

&i(q’t) =

given in Lemma 8, This time we defins
| - |
e QXIXY  —~vme——d -lk+1(5b x D7) by

L(qytys) = H (g, min (trs,1))

Then we choose a funoction a ! B o DL eme—3 T such that
' A, 1 1,
@ = 0 outside 5" 1 X (a,z:[ X (..,.. ' %5 )
.and . % : L on . B_l".‘. LmEgEJ



If, XEBb’USDl,lEt

i - ' |

L(getye)(xev) = (Ll=a)l(q,t,0) + g L(q.t,a)] (xyv) . Then

C. - l e

L. t,0) = = 1 o 1

(Qyt,0) L(g,ty0) = 4§ (ql,t) & L 1By x DV L) (B, x D7)
which 18 an open subset of /\ (BtI X Dl), Thehy, by continuity, there
exists € > 0 such that La(q,t,s) Blgil k+l(Bb X Dl) for all (qgqet) € QxI
'}

and 8 £ € v ALl the La(q,t,a) lie in the subbundle T Bb of

» 1 NPT - 1
T (Bb X D). Thue by definition L[7(q,tss) S-L-lk+l(8h x D7) for sll

(CI,’G) EQXI ’B‘(s .

-

Now choose 0 =t < ¢ < .,, <t = 1 of T suchthat &, ,-t, <&

1 N 1l 1 =
for all 4 = 0,1,,,,4N=L,

Finally let
= 1% ! |
| gi(QIt) = L (qi tif t ot ti) y te ti!' ti‘i'l ] g

This completes the construction of 'gi .

Now we shall construct the 1ift G by induction,

l.et El :. QB % [D,tl] e L__)_ k(ﬂ) he d_a'f’ined as

Gl(q,t) = gﬂ(q,t) ni. on B,
= Gn(q) outaide B_ .

Then Gl(q,ﬂ) = Gn(q)' on A
Having constructed

§ :ax{o ti]——-"——'é ) (A) _



satlsfying

Gi(q’t) = G (get) on B for soma ¢,y c< o, < 1
c i i »

Ve propose to define

s O E]? -ti'{'l}

Let P and T > 0 be such that o

-2 () 1(('r:a) as follows ©

i "1

<P<1 and g <PT < PHT <L,
Coneidering &i we find € > 0 apd I

L

Bp PO [y & +F J——> (7) (8, x DY)
satisfylng - -

. | 1
gi(q’ti) outside Bp ) ¥ 0

(2) E,(ayt,) =

§i(q,t) on - Bp'x 0t

This is obteined by & repstition of the arguments for cunstruﬁting' gﬂ's
from }11 o Whioh will now be replaced by Ei and Ei respectively, and
the o dise changed to o which is O outside By ;_,c X DJ' and 1 on
Bp X Dl . We note here that if, for some (x,U)IB Bb-x Dl ,_and some

qé&d, . |

Ei(q,t)(xw) = §,(ayt;)(xpu) for all e [ti, t--n] ’
then Ei thus constructed also has tha S amo praperty; that is, |

gi(Qrt)(er) ' Ei(th )(X:‘J) for all t € [i' tl + 8:] S
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In other words, if §i(q!t) 1s time-independent at (x,v) , so is £,(q,t).
. . . ' - ' l

Now construct a ' i !
n isotopy c5t y ti < t< ti-i-l y Of B, dinto B, x D

satistfying

(1) & (X) is of the form (xX,w{x.t £ |
% ( !V(Xy ))’.X . Bb gy L BEtJ‘.’ ti'l‘l_] v

(2) 5t(X) = (X,0) 1if X ?'E'!n_l x (P ~1, P+1), for all t E[ti?t

| |
(3) éti(x) = (x,0) on B,

" ti L5 if 2 ti F g
(5) 5’& + § moves S_Hh'l X P x 0 at e distance of at lsast
i .
%*- away from 5n=L X P x 0 in By, X Dl_ -

(An ldea of (6t) is given in Figure 2 on the next pagla');

We point out here that in view of Lemma 13 proved earlier

':*I' ] L l a -u-l . | _

5’0 ( lk-i‘l(Bb X D )C_(_l k(Bh) . This is because 61:.__-' ’)Ut oi for
some flbre-reserving diffa_umprphi. 1 ’\I/t of B, x 07 . So if

woe, | 1 M %o, N =
N ?-(--)-k*i*lwb.x D™) , then 6, 7 i (e ) E-L-)-‘k(ab__) by Lemma 14,

i

Next construct

~ oA =T
Ei e QX _Etir ti+11_—_? i.l R(EGi)

Hh -

6t gi(qlt) on Ep
fh...-ﬁ

. o - | |
&, gi(q-, min (t, & +s.)) autan.d_g By
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Figure 2
m
l [t et eyl s A 3 et e it et oo oo l
1] d .
2 2
L o 1,
4 3
0 — - !
1 —1¢
B! L™ ypxo 41
4 | 7
1 L _J__,
? 2
olT
1 .-'-r-—--- - N K RSP SN W VW R .
0 b ac_nipm'tﬂﬁ-b'l: 1 2

The bump over e X [D_~ Ty P+ 't_'[ indicates the pusitian of

| 6t + 5 over thi.a domadn.

1
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N

We verify now that &, is wel-def'ned. For ¢, < £< &, + €,

1

o~ o
Ei(q!t) = 6t Ei(q,t) an BDi y

because of ,nnnditinn_.(Z) for E:I. . For t2 ti + E_, a8 61: satisfies

sroperties (4) and (5), it tekes a neighbourhood of _Sn"l x P x 0 outside

EiE X E--%‘- ' %‘] where Ei(q,t'} is indapandaht of time t .

o~ | . - .
We note that {é,i(q,t) becomes time-independent. outside Bp o in Bﬂi
and on Bp b

E(at) = glat) o4
= Ht(ﬂrt) ol = G'(ﬁ:t)
e

i

Fur ther Ei(q,ti) gi(_q,t) oi on B,

1

| !
= { (qiti) on O

Now we define

41 _
by
T, (qot)(x) 4F £ < byo x© A
~ | -
™ = t)(x) if tZt,KBB
Gi+1(q,t)(x) . i‘q! )( ) I i Bi

Fylakd(x) i 626 % F 8

' = P+1T , Ue ohssrva that
Let o449 ° e

i

| . ' .
G (q’t) on -BD

and Gi+l(q’t) - i+l...

| | | o = AR biem
Thus by induction we get the desired lft & to the'.l}fting‘ _pr:_n_ -

(e Ge,) -
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