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Abstract

With reference to the quasi-likelihood arising from an unbiased estimating function, we con-
sider a large class of test statistics which includes the likelihood ratio, Rao’s score and Wald’s
statistics in particular. We study Bartlett adjustability and third-order power in a possibly non-iid
setting and provide explicit formulae. Since the relevant Bartlett identities may not hold while
working with a quasi-likelihood, our results can differ from those based on the usual likelihood.
The prospects regarding posterior Bartlett adjustability have been briefly indicated. (© 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction

The study of Bartlett adjustability and higher-order power for test statistics based
on the usual likelihood, under model specification, has received considerable attention
in the literature — see e.g., Bickel and Ghosh (1990), Taniguchi (1991), Mukerjee
(1993) and the references therein. The present paper investigates the corresponding
problems with reference to the quasi-likelihood arising from an unbiased estimating
function in a possibly non-iid setting. This is motivated by Barndorff-Nielsen’s (1995)
recent work on the first-order null distribution of the likelihood ratio (LR) statistic
based on such a quasi-likelihood. Starting from an estimating function and the asso-
ciated quasi-likelihood, we consider a large class of test statistics, which includes the
LR, Rao’s score and Wald’s statistics, and characterize, via appropriate necessary and
sufficient conditions; the Bartlett-adjustable members of this class. We also give an
explicit formula for the third-order power function under contiguous alternatives and
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discuss its implications. The preliminaries and the main results are presented in Sec-
tions 2 and 3, respectively. The prospects regarding posterior Bartlett adjustability are
briefly discussed in Section 4.

Since the relevant Bartlett identities may not hold while working with a quasi-
likelihood, our results can differ from those based on the usual likelihood. For example,
as seen later in Section 3, there can be situations where Rao’s statistic is Bartlett
adjustable but the LR statistic is not so. Some of our algebra has a similarity with that
in Viraswami and Reid (1996a, b), who studied the null distributions of Rao’s, Wald’s
and LR statistics under model misspecification. However, our findings are different
from theirs. In particular, unlike them, we work within the framework of a large class
of test statistics and our results involve computations under the null hypothesis as well
as contiguous alternatives.

2. Preliminaries

Consider a collection X" = (X3,...,X,), n>1, of possibly vector-valued random
variables with a density involving an unknown parameter € which belongs to an open
subset of R/, Let g,(X™, 0) be a smooth unbiased estimating function for 0 and define

i

lpin(e) = E9 { dd@l gn(X(n)v 9)} (l = 1927 3)a Vn(e) = Var@{gn(X(n)a 6)}

Following McCullagh (1991, Section 11.7), without loss of generality, it is supposed
that

Va(0) = —y1,(0), (2.1)
identically in 0. Let 0 be the estimator determined by ¢,(X™, 0). As in Barndorff-Nielsen
(1995), the quasi-likelihood, associated with g,(X™,0), is defined as

0
LaX™, 0)= / gn(X™,0)de6. (2.2)
0

Considering the null hypothesis Hy: 0 = 0y against 0 # 0y, the LR, Rao’s and Wald’s
statistics arising from (2.2) are given, respectively, by

T'R = 2{ Z, (X", 0) — L (XM, 00)},
TR = £4,(X™, 00)}2/V,(0p), TV = Vn(é)(é — 0,2, (2.3)

cf. Rao (1973, p. 417). In what follows, we shall treat the statistics in (2.3) as members
of a large class and study their properties.

We work under assumptions similar to those in Taniguchi (1991) — see also Chandra
and Ghosh (1980). In particular, it is assumed that, for an appropriate sequence {c,}
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satisfying ¢, — oo as n — oo, the cumulants, up to fourth order, of

i—1
G XD.0) — Yy n(e)} (i=2.3)

Z1(0) = ¢ gu(X™,0),  Z(0)=c;! { d

doi—1
(2.4)
possess asymptotic expansions of the form
cump{Zi(0), Zj(0)} = ki; (0) + ¢, *k;(0) + o(c; ), (2.52)
cump{Z;(0), Z;(0), Z(0)} = ¢, 'kija(0) + o(c; ), (2.5b)
cumy{Z(0), Z,(0), Zi(0), Z0)} = ¢, *kiju(0) + o(¢; ), (2.5¢)

the fifth and subsequent cumulants being of order o(c,?). As in the iid case, the
second-order cumulants have an expansion in powers of ¢, 2 rather than ¢, !; cf Chandra
and Joshi (1983). The expansions in (2.5) as well as those in (2.7)—(2.9) below are
assumed to be uniform over compact 6-subsets. The functions k}il)(H), k,$1.2>(0), kij1(0),
kijn(0) are supposed to be smooth with functional forms free from n. Let

10)=k(0), J(O0)=k(0), K(O0)=kni(0), L) =k(0),
M@0)=KY0), NO)=kn0), HO)=knu(0), A0)=kP0).  (2.6)
Note that by (2.1), (2.4) and (2.6),

n Wia(0) = —Varg{Z,(0)} = —{I1(0) + ¢, >4(0)} + o(c,, *). (2.7)
We assume that in analogy with what happens while working with the usual likelihood
¢ 2 Wan(0) = ma(0) + o(c, 1), ¢y 2 an(0) = m3(6) + o(1), (2.8)

where m;(0), i = 2,3, are smooth functions with functional forms free from n. It is
also supposed that the first two derivatives of ¢, ?y1,(0) and the first derivative of
;7 22,(0) can be approximated using (2.7) and the first relation in (2.8), respectively,
ie.,

& W (0) = —{I'(0) + ¢ 2 A'(0)} + o(c; ), (2.9)
and so on, where the primes denote differentiation with respect to 0. Write Z; =
Zi(0p) (i=1,2,3), miy=mi(0y) (i=2,3), my=m)(0y), and, with reference to (2.5), let
1=1(0y), J=J(0y), K=K(0y), I' =1'(0p), I" =1"(0y), J' =J'(0p), and so on.

As mentioned earlier, for power studies we shall consider contiguous alternatives of

the form 0, =0y +c, 'h, where 4 is free from n. Let Z be a class of test statistics for
Hg: 0 = 0y such that every statistic 7 in & admits an expansion of the form

T=W?2+o(c,?), (2.10)

over a set with Py -probability 1 + o(c,?), uniformly on compact subsets of % (this
implies that 7= W3 + 0,(c, %)), where

Wr=1""22) + ¢, (1 Z1 2> + 122})

+0, (NMZ\Z5 + 212 + 3 Z; + »aZiZs + ysZh), (2.11)
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and vy,0z, y1,...,ys are constants free from n. The class &, identical with that in
Taniguchi (1991) and analogous to that in Chandra and Mukerjee (1985), is very
rich and includes, in particular, the LR, Rao’s and Wald’s statistics the corresponding
expressions for vy, vy, yi,..., ys being as shown in the appendix. Consideration of the
square-root version Wr simplifies our algebra to some extent and helps in interpreting
the conditions for Bartlett adjustability.

We shall require the first four approximate cumulants, under 0, =0y +c;; 'h, of Wr.
These are given by

O =1"h+ ¢, ' (f1 + f2h*) + ¢, 2 (f3h + fal) + o(c; ?), (2.12a)
O =1+c; fsh+c,*(fo+ f1h*) +o(c, ), (2.12b)
Osn=c;, ' fs+¢, foh+0(c,?),  Qan=c,”fr0+0(c; ), (2.12¢)
where the constants f7,..., 19, free from n and 4 but dependent on vy, vy, y1,..., Vs,

are as shown in the appendix. The expressions (2.12a—) as well as the contents of
the appendix follow from (2.3)~(2.9) and (2.11) proceeding along the line of Chandra
and Joshi (1983) and Chandra and Mukerjee (1985). Unlike these authors, however,
we work with a quasi likelihood and cannot in general employ the relevant Bartlett
identities. As such, the quantities f7,..., f19, shown in the appendix, are somewhat
more involved than the corresponding expressions in Chandra and Mukerjee (1985).
Incidentally, if one specializes to the usual likelihood and iid observations then the
expressions in our appendix are in agreement with the findings of Chandra and Joshi
(1983) and Chandra and Mukerjee (1985).

3. Main results
3.1. Third-order power

On the basis of any statistic 7 in %, consider a critical region of the form T > z% +
¢, %st, where z is the upper %oc—point of a standard normal variate and the constant
st, free from n, is to be so determined that the test has size o + o(c, %) (0 < & < 1).
By (2.10) and (2.12), considering an Edgeworth expansion for the distribution of Wr
under 0,, after some simplification,

Pon(T > Z2 =+ Cn_ZST)

=1—Py,(|Wr|<z+ %cn_zz_]sT) + o(c,,_z)

=2 — &(z — 1)y — Dz +1'?h) + ¢! i (—1)a;(h)R;(h)

J=1
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+C,;2 26: (_l)jb](h)R/(h) — %ZﬁlST{(b(Z _ 11/2h) 4 ¢(Z +11/2h)}
j=1

+o(c;?), (3.1)

where ¢ and @ are the density and distribution functions, respectively, of a standard
normal variate,

ai(h)=—(f1+ f2l*), ax(h)=3fsh, as(h)=—1fs, (32)
bi(W)y=—(f3h+[4h*), ba(W)=3{fo+[T+([1+2/1 /D7 + [3H*}, (33a)
by(h)y = —{(§fo + 3 f1/5)h + 3 f2f s}, (3.3b)
ba(h) = a0 10+ ¢ f1 S5+ S5+ § /2SO, bs(h) = —15 5 fsh, (3.3c)
be(h) = 35 [ (3.3d)

Ri(h) = Gj_1(z — I'"*h)p(z — I'*h) + (—1) G;_1(z + I h)p(z + I'?h), (3.4)

G;_i1(.) being the Hermite polynomial of degree j — 1. If one takes #=0 in (3.1) and
employs the size condition, then one gets

st = 22{b2(0)G1(2) + b4(0)G3(2) + bs(0)Gs(2)}.

Using this in (3.1), the third-order power function, under contiguous alternatives, of
the test based on 7' is given by

Po (T > 2> 4 ¢, %s7) = Po(h) + ¢, ' P1(h) + ¢, 2 Pa(h) + o(c; %), (3.5)

where

Po(h) =2 — &(z — I'?h) — ®(z + I'*h), Pi(h)= 23; (=1)a;j(h)R;(h), (3.6a)

Jj=1

6
Py(h) = 3= (=1)/bi(M)R;(h) — {b2(0)Gi(2) + ba(0)Gs(z)

Jj=1

+b6(0)Gs(2)Hp(z — I'h) + (z + 1V?h)}. (3.6b)

For a meaningful comparison of the statistics in # with regard to power, we now
bring in the criteria of maximinity and average power. This is in the spirit of what one
does while working with the usual likelihood — see e.g., Mukerjee (1992, 1993). Under
the criterion of maximinity, it is possible to discriminate among the members of # at
the second order of approximation. By (3.2), (3.4) and (3.6a), Pi(h) = ¢(2)S(z)h +
O(h?), where

S(z)=(fs+2/ 1'% = fsI')z + S f1'22. (3.7)

Consider now any two members 71 and T3 of %, the corresponding expressions
for S(z) being denoted by S"(z) and S®)(z), respectively. Proceeding as in Mukerjee
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(1992), for any given o, T will be better than T?) with respect to second-order local
maximinity, in the sense of rendering a larger value of

min{Py(h) + ¢, ' Pi(h), Po(—h) + ¢, ' Pi(—h)}
for small |A|, provided
1SD(2)] < [SP(2). (3.8)

Turning to the criterion of average power, we note that Py(%) and P,(h) are even
functions while Pi(#) is an odd function. Hence, as with maximinity, considering
alternatives that are equidistant from 6, it follows from (3.5) that the third-order
average power function is given by Po(h) + ¢, 2P5(h). Now Poy(h) is the same for all
tests in .# while by (3.3), (3.4) and (3.6b), Py(h) = ¢(z)U(2)h* + O(h*), where

U@ ={fr+2f1f2+20"7f3 = 1(fs+ 1) — 1 fr0+ [1/3)}Gi(z)
{3332 fsH TP fo+ f1fs) —1G fro+ f1fs) — 51f51Gs(2)
+ {31 fsfs — 51f3}Gs(2). (3.9)

Clearly, for given «, a statistic with a larger value of U(z) will lead to a larger
third-order local average power.

Unbiased estimating functions are too diverse to allow any general result on com-
parison of power in the present setup. However, in any specific setting as dictated
by a given estimating function, it is possible to draw definite conclusions using
(3.7)—(3.9). An illustrative example will be presented in Section 3.3.

3.2. Bartlett adjustability

By (2.10) and (2.12),
Eo(T)=1+¢,*(fs + [1) +0(c, ).

Considering an Edgeworth expansion for the distribution of Wy under 0y, in analogy
with (3.1), we get

Po,[T/{1 4+ ¢, *(f6 + D} <Z°]

=2P(z)—1—¢; ! 233 (—=1)/a;(0)R;(0)
=1

J=

6 .
—c;? { Z} (—=1)!5;(0)R;(0) — z¢(z)(f's + ff)} +o(c, ).
=
Hence by (3.2)~(3.4),
Po,[TH{1 + ¢, 2(fo + [DI<Z1=20(z) — 1 = ¢, 9(2){355 /3 G5(2)

+ (5 10+ 2 /1/8)G3(2)} + o(c;, ?).
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The above equals 2&(z) — 1 + o(c, 2) for each z (> 0) if and only if
f8=0, fi0=0 (3.10)

which are the necessary and sufficient conditions for the Bartlett adjustability of T at
0p. From (2.12c) and (3.10), it is interesting to note that 7 is Bart-adjustable at 0, if
and only if the third and fourth cumulants of its square root version W7 are both of
order o(c,?) under 0.

Considering Rao’s score statistic in particular, it can be seen from the appendix that
fs=1732K and f9=1"2H. Thus, Rao’s statistic is Bartlett adjustable at every 0 if
and only if

K(0)=0, H(0)=0 (3.11)

identically in 0; incidentally, Rao’s statistic has expectation unity under the null hy-
pothesis and hence, under (3.11), even without any adjustment, its null distribution
is chi-square with margin of error o(c,?). From (3.10) and the appendix, it can
also be seen that the LR statistic is Bartlett adjustable at every 6 if and
only if

K(0) +3J(0) + my(0) =0, H(0)+ 6N(0) + 3M(0) + 4L(0) + m3(0) = 0,
(3.12)

identically in 6. If one works with the usual likelihood then the conditions in (3.12)
are simply Bartlett identities so that the LR statistic becomes Bartlett adjustable. As the
example in Section 3.3 reveals, with a quasi-likelihood, however, there is no guarantee
that (3.12) will hold.

From the expressions for f, fs, fs and f19, as given in the appendix, one can
check that conditions (3.10) for Bartlett adjustability as well as the Bartlett-adjustment
factor 1+c, ?(fs+f7) arising under these conditions are in agreement with the findings
in Taniguchi (1991) when one specializes to the usual likelihood.

3.3. An example

Let X"=(Xy,...,X,), where Xi,...,X, are independent, with E4(X;)=0, Vary(X;)=
702, 1<i<n, the third and fourth cumulants being zero for each X;. Here 0 > 0 and
r1,...,F, are positive constants which are free from 6. Suppose

Fo=(r1+-F+r)n=1—n""4om". (3.13)

Consider the unbiased estimating function g,(X™,0) = n(X, — 0)/(7,0?), where
X,=(X, + -+ X,)/n. Then (2.1) holds and with ¢, =n'/?,

wln(g): _n/(fnez)a ¢2n(6):4n/(fn93)9 l//3n(9): _lgn/(file4)a

Zi(0) =n'"(X, — 0)/(7,0%),  Z2(0) = —(2/0)Z1(0),  Z3(0) = (6/0°)Z1(0).



52 J.K. Ghosh, R. Mukerjee!Journal of Statistical Planning and Inference 97 (2001) 45-55

Hence, by (2.5)—(2.8) and (3.13),
I0)=A(0)=1/0%, J(0)=—-2/0% L(0)=6/0% M(O)=4/0%
K@O)=N0)=H(0)=0, my(0)=4/0%, m3(0)=—18/0". (3.14)

By (3.11), (3.12), (3.14), Rao’s statistic is Bartlett adjustable at each 6 and the LR
statistic is not so at any 6. From (3.10), (3.14) and the appendix, it can also be seen
that Wald’s statistic is not Bartlett adjustable at any 6.

We now consider Hy: 0 = 0y, where 6y = 1. Then by (3.14),

I=1, I'==-2, I"'=6, J==-2, J/=6, K=K'=0, L=6,
M=4 N=H=0, 4=1,
my=4, mh=-12, my=—18, (3.15)
so that from the appendix,
fi=ra=0, [3=14+2043y+ys, fa=y, [s=4+2,
fo=1+20" +6y+2ys,
f1=1+80+4?+6y, fs=6v, fo=24uw+1v?)+ 18y,
f10=2420* + y), (3.16)
where
v=0,—2v;, y=4y; —2y+ y3+ 6ys. (3.17)

From (3.15), (3.17) and the appendix, the values of v, y and ys for the LR, Rao’s and
Wald’s statistics are given by

ULR _ _;” yLR _ %, ng — _%, URao — yRao — 0, y?ao — _%,

UWald _ _1’ yWald _ 1’ y;Nald _ _%. (318)
By (3.7), (3.9) and (3.16),

S(z)=2z(1+vz?), U(z)=—z+ (1 —6v)z° +v(2 —v)z°. (3.19)

For the LR, Rao’s and Wald’s statistics, using (3.18), these expressions reduce to
SR(z)=22(1 - §2%), SR°(z) =2z, SVM(z)=2z(1-2%),
UR(Gz)=—z+432° - %25, UR()=—z423, UVM()= —z 472 —32°.

Hence, by (3.8), with regard to second-order local maximinity, Rao’s statistic will be
superior to the LR statistic if z> > 6 and Wald’s statistic if z2 > 2. Also, comparing
the expressions for U(z) for the three statistics, it is seen that under the criterion of
third-order local average power Rao’s statistic will be better than the LR statistic if
z2 > 18 and Wald’s statistic if z> > 2. In particular, for «=0.05 (i.e., z=1.96), Rao’s
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statistic will dominate Wald’s statistic under both the criteria and the LR statistic under
the criterion of third-order local average power.

From (3.19), we also note that there does not exist a choice of v that maximizes
U(z) uniformly in z.

Remark. While Rao’s statistic turns out to be quite attractive in the above example,
the conclusion can be different with other estimating functions. For example, if one
works with the usual likelihood then the LR statistic is Bartlett adjustable and always
at least as good as Rao’s statistic in terms of second-order local maximinity — see
Mukerjee (1993).

4. Concluding remarks

The present work is the first attempt to understand the higher-order asymptotics for
test statistics arising from quasi-likelihood and one of our primary objectives has been
to demonstrate that the results can differ considerably from those based on the usual
likelihood. With heavier notation and algebra, it should be possible to extend our results
to the case where nuisance parameters are present but, in the absence of the relevant
Bartlett identities, the resulting expressions would be very messy.

For discrete X, Edgeworth assumptions do not hold and hence interpretation of
moment expansions as in this paper becomes problematic. However, a possible route
sketched in Ghosh (1994, Chapter 9) may lead to similar results without Edgeworth
assumptions.

Before concluding, we briefly indicate the prospects for a Bayesian version of our
results on Bartlett adjustability. Considering, for example, the LR statistic T LR ' one
can check that even in the iid case T™R is distributed as a multiple of a non-central
chi-square variate, up to the first order of approximation, in the posterior setup given
X Under mild conditions, this limiting distribution becomes central chi-square only
if the quasi likelihood coincides with the usual likelihood. Hence, there is no point
in investigating posterior Bartlett adjustability, given X, with reference to a quasi-
likelihood. However, if we consider the posterior setup given 0, then the first-order
posterior distribution of T™® is again a central chi-square. We can also consider
higher-order posterior expansions given the second and higher derivatives of the quasi-
likelihood at 0 and investigate Bartlett adjustability. But no neat results are expected.
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Appendix

We show below certain expressions which have been used in the main text of the
paper:
phR — %173/2’ LR _ %175/2

Uy my,

LR 37-5/2 LR 57172 LR 17-9/22 1 7=7/2
4 :§[ /, b2 :ﬁl /mz, V3 :§[ /m2—|-ﬁ1 /m3,

LR _ 1752 LR _  17-3)2

v =¢l s Y5 =51 4,

Rao _ ,Rao __ _Rao _ _Rao __ _Rao __ _Rao __ Rao __ 17-3/2
v =0 =y ==y =y =0, yst =—3177A4,

UY\/ald :[—3/2, v;’Vald _ %[—5/2(,"2 + [/)’
vaald :1—5/2’ yXVald :1—7/2(%”12 _~_1/)’
y3 M = IPms + 1) + IR {gm3 + gl — (')},
yVald — %1—5/2’ yWald _%1—3/24
fi=vd +ul, fr=1""Gm+1) —vil(my +I') + 021,
fa=1""2A40,(J —L—=M)+0,(I' =2J) + 1 {IM — 2(my +1')J}
+ 32{21 — (my + 1)} + 33017 + y4{2L — (m3 — my)}H + ysI,
Fa= 3170+ 1" = gms) — o {(ma + 1) (gmay + 1) + 1(my + 31" — 3m3)}
+02l(my + 21" + yil(my + I'V — 2l (my +1') + y3I° — yaI*(m3 — mh),
fs=I"Y1"=27)+ 20 1V2(J —my — I') + 40,12,
f6 =217V {0;N + 02K + y1(IM + 2J%) + 3y,1J + 331> + 3y4IL + ysI}
+ 3(IM 4 J?) + 20317 + 4vy000J + 174,
fr=I""AI" +L+M —2J") + o)l 2{2I'(3J —1') + my(5J —2I')
+1(2J" —2L —2M — 1" — 2mly + m3)} + 20,0 V(41" — 4J + my)
+UH{IM + (my +1'Y(my + 1 — 2J)}
+ 4031 + 4oy P(J — my — I') + 290 (my + 1Y (my + 1 — 2J)
+ 29,132 (J — 2my — 2I') + 63172 4+ 2y, (L — 2ms + 2mb),

fs=1732K 4 60,J + 601,
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fo=I1"3K' —3N)+3v,[2J' +N —2L—2M + I~ {2JI' — 4J> — K(my +1")}]
+ 60,21 + K — 4T) + 6031V 2{IM + J* — 2T (my 4+ I')} + 24031°
+ 12010123 —my —I') + 691 J(J — 2my — 2I') + 621 (2J —my — 1)
+ 18y31% + 6y4l (2L — m3 + mb),

f10=1"2H + 120,173*(JK + IN) + 24v,1 2K + 1203(IM + 3J%) + 48131°

+ 960 0,1 + 2417 2(y1J* 4 yolJ + p3I? + pIL).
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