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IxTRODUCTION

Tho general theory of symmetrical factorial experiments has been considered
in detail by Boso and Kishen (1940), Fisher (1943, 1945) and Bose {1947). Tt was
shown by the author (Rao, 1046, 1047) that the designs for factorial experiments can
be mado to depend on the existence of combinatorial arrangements known as arrays
of strength d. Theso arrangements aro also usclul in the construction of multifac-
torial designs suggested by Plackett and Burman (1946) and the fractional replicated
designs developed by Finney (1045). In this article tho general theory of fractional
replicated designa has been developed using the proporties of arrays of strength d.
Some principles underlying this theory have keen given by Kempthorno (1047) and
Kishen (1947).

When the levels of a factor andfor the number of factora are large, there results
a large number of treatment combinations so that even a singlo replieation of the
factorial experiment becomes unwieldy. From a singlo replication all the main effects
and interactions with the exception of those confounded with the blocks can be mea-
sured but the error cannot be estimated. From practical expericnee it has heen found
that some higlier ordor interactions are absent or negligible so that the sum of squares
due to these interactions could be combined to build up an estimate of crror. It
has been shown elsewhere (Rao, 1047) that when the higher order interactions can
be neglected the main offects and some lower order interactions cun he measured from
only a subset of the trentment cominations. In such a case it is economical to use
only a subset of tho treatment combinations in the actual experiment.

As a practical requirement of the general problem we may state that the design
should

(i) make uso of only & subsct of tho (trentment, tions)

and
(ii) admt tho measurability of main effects and first order intoractions un-
aflected by the interactions of order less than (d~1) and lead to unbiased tests of
singificance
2. HYPERCUBES OF STRENGTR d AND MEASUREMEST OF CONTRASTS

Let theio bo n factors T, ...,l-?, ench of which can assume & values, thuso
corresponding to the i-th being represonted by 45,45, ..., 7,-  An ordered set

1,2, .0y
may be enlled a combination or an assembly, This can, without any ambiguity,

Vo represonted by (@b ... k). Thero aro altogother s* nxsemblics of which a subsct
ot N assemblics may Lo enlled an array. This array is said to bo of atrength d if all
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the & asscinblics corresponding to any d factors chosen out of a oceur an equal number
of times. Such an array, represonted by (V, n, 4, d), Is called & hypercubo of strength d.

It was shown elsewhere (Rao, 1947) that from an array of strength (d4£—1),

(i) all the main cffects and interactions up to order {(k—1) can bo measured
when interactions of order equal to and greater than (d—1) aro absent,

(i) tho expressions for main cffects snd internctions are simply oblained
from tho usual definitions by retaining only thoso treatinent combinations present
in tho array, and

(iii) that theso expressions belonging to different contrasts are orthogonal,

From this it follows that if a fractional replicated design consists of a subset
of treatment combinations forming an array of strength (d+1), then we can obtain
independent estimates of main effects and first order interactions unafected by the
presenco of interactions less than the order (d—1).

If these treatment combinations forming an array of strength (d41) are
arranged in & blocks of equal size then a suflicient condition that the main effects
and first order interactions are prescrved in such a design is that each Llock is an amay
of strength 2.

If b is the number of blocka of & plots each, N tho number of assemblies or
treatment combinations used, n the number of factors and # the lovels of each factor,
then the following relationships hold,

N =k v (21)
[

N1 %, (0—1)+ o + % le—1)  if(@+1) iseven - (29)
E)

]

K13 =1 oo o+ e 0 W+ iy (s=1)° if (d+1)isodd... (23)

These aro tho inequalities given by Rao (1947) for a sct of N assemblics to form an
array of strength (d+41).
Sinco cach block of k plots is an array of strength 2 it follows that
k=1 > (s-1) e (24)
Tho main effects and first order interactions together have *,(s—1) and *cfe—1)
degrees of freedom. Sinco all these aro cstimablo from tho above design it follows
that the above degrees of freedom together with thoso for Letween blocks are Jess than
N—1, tho total number of degrees of freedom uvailahle.
N—13 (0—1) 4 *ailo—1) + *efs—1)* e (25)
In general, if main effects and interactions up to tho order p aro estimable
from a fractional replicated design, when the interactions of order equal to and greater
than (d—~1) aro absent, tho subset of assemblica used neod bo an array of strength
(d 4- p) or » whichever is smallor and cach block an array of strength (p + 1)-
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3. CoNnsTrUCTION OF DrsioNs wieX s 13 o Pivs on A Priug Powzn

Tho & levols of & factor may bo identifled with tho s cloments of & Calois field
QF(s) reprosontod by ag=0, ay, ..y tany. A combination of n factors ean bo repre-
sonted by (a b...&) whoro tho letters onn assumo all valuos in GF(s), Tho #* ordered sets
arising out of the combinations of n fuctors curroupond Lo assoimblics. Tho cquation

0,2, o o}, 2, = O o (31)

in GF{s) dofincs a subsot of #2=1combinati This contains all binations equally
repeated of any eet of m factors providoid m is lens than the number of non-zero coofll-
cients in tho oquation (3.3). If the equation

byzit . +byz, = 0 e (32)
is difforent from (3.1), then (3.1) and (3.2) bulh define #*=3combinations, Theso combi-
nations aut teally satisfy an ion of the form

(AR o 18,)2 4 oo (A0, pbg )2, = O e (33)

where A and x aro any two clements of GF(s). Jn goneral any (n—r) independent
homogencous oquations define of combinations cach of which satisfics an cquation
obtained as a linear bination of tho (R—r)equat The necessary and sufficient
condition that these a* combinatiors form an array o] sirength d is llml rm rqualum deri-
vable as a linear combination from the (n—r) i denl ¢q g the
subset conlaing less than (d4-F1) non-null mﬁimm.

If the above condition is satisfied then any combination of any sct of d factors
satisfics the system of cquations.  Also tho number of solutions correapouding to any
combination ks thosame. 1lenco tho comploto set of solutions to tho above equations
forms an srray of strength d, which catablishes the sufficioncy of the condition.

If an array of strength d is derived as a sulution of & sot of equations then
this act ol oquations antinfies tho condition stated in the abovo theorem. If not let
there exint Ay, ..., Au., such that tho linear combination of tho equations with tho A's
a3 compounding coeflicicnta gives nn oquation of the form,

AZ,t e Fay, = 0

where § < d+1. All combinations of the i factorss F,, ..., F, o not satiafy the aliove
cquation which {s contrary to tho assumption. Hence tho nccemsity of the
condition.

Tho abovo result gives us a method of constructing a hyperoubs of strength
d with &* aascmblics, if ono oxixts, involing » factors.  Wo havo to find (r—r) homogen-
geneous linear cruatinns such that no equation derivablo from them containg Jesa than
{d+ 1) non-null cocflicienta.

If wo aro using a aingle block as & denign satialying the requircmenta of tho
problom stated fn tho Introduction wo neod choso an array of atrength (d41). Thie
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supplics the solution to multifuctorial designs treated more fully by Plackett and Bur-
man (1946) and Reo (1747). Let this be determincd by

ay oo a7, =0,i=12..,m e (34)
If thero exist { moro equations
a1t .. 0,7, =0,{ = m+], L,mt w (35)

such thet the equations (3.4) and 3.5) togother supply an array of strength 2, then
this forms a part of the array of strength (d+41) defined by cqnations (3.4) only, In
fact, tho array of strength (d+1) can be constructed by combining tho &' scts of
arrays of atrength 2 obtained aa solutions of tho equations

a2+ .. ta, 7, =0, fm1,.,m

a2yt . 0,7, = ay, ft=m4l, L, mt e (3.8)
J=01..,8-1

Tho array of strength (d+1) arranged in & aub arrays of strength 2 can be
obtained in a simplo way as follows. Fimst obtain the solutions (i.e., all combina-
tions of z;, ..., .) satisfying the cquations (3.4) and (3.5). There are a*=- assemblics
satisfying theso equations and they form an array of strength 2. This may be
called the key array in relation to tho above problem. Now consider any
assembly satisfying the equations (3.4) but not occuring in the key array and
ohtain a sccond array of &=+ asscrublics by adding this pacticular assembly
{like a vector) to cach of tho assemblics in the key array. A third array can be
obtained in a similar way by using the key array and considering an assembly
satisfying tho equation (3-4) but not occuring in the first two and so on. By this
method s arrays ench of strength 2 are gencrated.  Sinceall the assemblies involved
satisfy tho equation (3.4), all the & sub arraya put together will bo an array of
strength (d+1). This simplo method is available hecauso sll solutions of non-
homogencous equations in (3.6) can bo obtained from tho solutions of the correspon-
ding homogencous equations by adding to them (like a vector) any particular solution
of the non-homogencous equations.

If we chnoso theso o* groups cach containing &2-=-* assemblies, then we get
u design prescrving the main effects and first order interactions unaffected by interac-
tions of order less than {{—1). The total number of asscmblics used is &*=,

The abovo result gives us a mothod of deriving a fractional replicated design by
omitting somo blocks from a design containing all tho asscmblics. Consider & completo
factorial design in which tho main effects and first order interactions are preserved.
In this each block will bo an array of stiength 2. Let at least ono interaction of or-
der greater than (d +1) be confoundod in the design. Ifthere exists a design confound-
ding only thosc interastions of order greater than (d+1), then each block of this design
will bo an array of strength (d+1). Tho assomblics in any block of this design may
bo chosen for the fractional replicated design. These assemblies will be distributed in
a certain number of blocks in tho eriginal design. This sot of blocks supplics tho
fractional roplicated design,
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Tho methodd of construction for dexigns, admitting tho measurability of main
efceta and first order internctions when all interactions of order greater than the first
aro absent, is illustratod in two cases. In theso cascs tho subset of assemblies is an
array of strength 4 and each blook an array of strength 2.

Consider the 2% design in 4 blocks confounding tho inleractions ABCDE,
DEFQII, ABCFGII. Ench block of this design containing 2 assemblies is an array
of strength 4. If two moro idependent interactions ABF and BDG are to be confounded
tho total number ot blocks is 24 with 24 plots in a block. The totality of the confounded
interactions is

ABF ADFG ABCDE ABCFGH
BDG BEFH BCEFG ABDEGH
AEH CDEF ACDFH
oGl Bepit DEFGH

AEEQ

From this design wo need chooso four Llacke which togetler constitute a single block
of tho previous design.  This supplies a design in 4 blocks using only a quarter of the
number of assemblics.

Consider the caso 8 = 4. Tho lovels of a factor in thia easo aro represented
by 0,1, a and o?satisfying the relationsbips, 1 = a+a?, 142 = a¥, 14at=a. If
n = 5, then the cquation

2y daxygt stz dar, =0 w (37)
defines 44 nssomblies which form an array of strength 4. This together with tho equa-
tions

n4+2,42,=0
re+arydry =0 . (3.8)

define 4% azsomblics which can be casly shown to form an array of strength 2. Using
this as a key block we can generate, on the total, 42blocks covering all tho 4! assemblics
which aro »olutions of (3,7) by the process of addition oxplained before, This supplics
a design in a quarter repliente. It may be observed that the complete factorinl design
preserving main effects and first orler interactinns can Lo obtained by starting with
the above key block and developing the other blocks till all the the assemblics aro
covered.
4. SuMmMaRY

It is observed that when somo higher order interactions aro absent the lower
order interactions and main effects can bo defined by using only a subset of treat-
ment combinations. This admits tho possibility of experimenting with only a subset
and thus reducing the cost.

When tho subset satisfics the requirements of an array of atrength d (intro-
duced earlier jn 1040 by tho author) the actual expressions defining main effects and
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desired internctions ¢an bo casily obtained The procedure is first to consider the
genernl expreasion auitablo when none of the higher order internctions vanish and then
retain only those treatment combinations that occur in the array of strength d. An
additional advantage of using such an array in that tho estimates of main effects
and the dusired interactions all become mutually independent thus introducing great
simplicity in the analysis,

Tho dexigna using only subscts of the treatment combinntions can ho derived
from the general confounded designs, containing all the treatment combinations, by
sclecting only a few of tho blocks. Tho problems of fractional replicated designa i
thua linked with the gencral problem of confounded designs of factorial expesiments.
In future it may be made a rule that, whenever the genoral confounded designs aro
listed, all possible fractionsl replications corresponding to each design may be
indicated.

Tho analysia of a fractional replicated design deserves some attention. The
main components of the analysis of variance table are the sum of aquarcs due to
main efects and first order interactions. Tho rest of tho aum of squarces can be
atributed to error except when some of the sccond and higher order interactions
could bo isolated. If theso interactions are not negligible tho eatimate of the error
is slightly enhanced but this keeps us on the rafo sido so far aa tho tests of signi-
ficance are concerned.

A list of useful designs involving more than 5 factors is being prepared
elsowhere and will bo published shortly.
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