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Abstract. In this paper a method is developed to study the first eigenfunction u > 0 of the
Laplacian. It is based on a study of the distribution function for u. The distribution function
satisfies an integro—differential inequality, and by introducing a maximal solution Z of the corre-
sponding equation, bounds obtained for Z are then used to estimate u. These bounds come from
a detailed study of Z, especially the basic identity derived in Theorem 3.1.
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0. Introduction

In this work, we obtain estimates involving the first eigenfunction of the Laplacian
on bounded planar domains. In order to state our results more precisely, let D be
a bounded domain in IR?, and let u satisfy

Au+XMu =0, in D,

v =0, on 0D, (0.1)

where A; is the first eigenvalue on D. Now, u has one sign in D, so we may take
u > 0. Let |S| denote the area of an open set S in IR? and let S* stand for the
disc, centered at the origin, whose area equals |S|. For a domain S, let A;(5)
be the first eigenvalue of the Laplacian on S. For the rest of our work, we take
|D| =1, supu =1,

D

Dy ={x € D : u(x) > t},
and
p(t) = | Dl

Define
u*(z) = inf{t > 0: pu(t) < 7w|z|*}. (0.2)
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Here u* is the radially nonincreasing rearrangement of « in (0.1), and
|IDf| = {x € D* : u*(z) > t}| = |[{z € D :u(z) > t}| = |Dy|.

Let A7 = A\1(D*). It is classical that A\; > A} unless D = D*. Let B be the disc,
centered at the origin, such that A;(D) = A;(B). Then |B| < |D*|. Actually, via a
scaling argument one can easily see that |B| = AJ|D*|/A\1 = Aj/A1. Let v be the
first eigenfunction of the Laplacian on B,

Av+ M v =0, in B,

v =20, on OB. (0.3)
Then v is radial. We take v > 0 in B and v(0) = sup v = 1. Also, let
* _ : *
AU+ AU =0, in D%, (0.4)

U =0, on 0D

Again, U is radial and we take U(0) =sup U =1, and so U > 0 in D.

In this work, we shall develop a method for obtaining estimates on u*. We
achieve this by studying the distribution functions of the various functions involved.
Our starting point is Talenti’s inequality [8] which we derive in §1. This inequal-
ity is stated in terms of the distribution function of u. We construct a maximal
solution Z to the corresponding integro-differential equation. Let V'(r) be the non-
increasing radial function whose distribution function is Z. From the construction
of Z, it will follow that V is an upper bound for «*. It is known that v in (0.3) is
a lower bound for u*.

To facilitate a better understanding of V', we carry out a detailed study of Z
in §2 and §3 where we obtain qualitative and quantitative information. This may
be of independent interest, especially since much of the analysis, in particular the
existence of the maximal solution, can be carried out in greater generality. See, for
example, Remark 4.1.

The estimates on V so obtained, and those known for v yield information about
u*. Thus the results of §1, §2, and §3 lead to the following

THEOREM 4.1. Let u and U be as above. There exists a constant C' such that
H’LL>k - UHLOO(D*) S C\/)\— )\){

The proof of Theorem 4.1 will follow from the observation that v — U < u*—U <
V — U, and the estimates available for the two sides of the inequality.
We also prove the following stability result.

THEOREM 5.1. Let A1 > A}, and u, u*, and v be as in (0.1), (0.2) and (0.3). Let
B be as in (0.8) and R be such that |B| = mR?. There exists a constant C = Cg
such that if u*(R) = e > 0, then for sufficiently small €,

|u* —vl|peo(py < C/e.
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1. Construction of the maximal solution 7

We start with a formal derivation of Talenti’s inequality for eigenfunctions. Recall
that u is analytic, and thus by Sard’s theorem and the coarea formula [5, p. 248]

we have, for 0 <t < 1,
2
/ 1] < / | Dl / L, a.e. t.
| Dul

0Dy 0Dy 9Dy
Thus,

L{oD}? < | M / ul (1), ae t,

where L{0D;} is the one-dimensional Hausdorff measure of the boundary of D;.
The right side follows from an application of the divergence theorem on the p.d.e.
in (0.1) over the set D;. Employing the usual isoperimetic inequality we obtain

Tut < (5 [u . (1.1)

Dy
Now using Fubini’s theorem, we may write

u(z

[u= [ [ s 1)
Dy Dy t

1
_ / u(r)dr + tu(t).
t
Thus, (1.1) and (1.2) yield

i—zr,u(t) < (—i(®) [/tlﬂ(T)dTHu(t)] L ae te0,1], (1.3)

p(0) =1, and p(17)=0.

The inequality (1.3) which is a consequence of Talenti’s inequality, plays a key
role in motivating our work. Based on this, we are led to consider, for A > 0, the
o.d.e.

1
o) = (7)) [ JEGLSNZ0

z2(0) = 1.

, (L4)

Since (1.4) is nonstandard, we must formally define what we shall mean by
solutions and subsolutions to (1.4).

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.4
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DEFINITION 1.1. Let Y (¢t) > 0 be nonincreasing for 0 < ¢t < 1 and satisfy the
conditions

7Y(t) < (=Y'(t)) MlY(T)dTthY(t) , ae. tel0,1],
Y(0) = 1.
Then Y (t) is a subsolution to (1.4).

Note that p(t) in (1.3) is then a subsolution to (1.4) with A = A;. For emphasis,
we shall sometimes refer to subsolutions satisfying Definition 1.1 as nonincreasing
nonnegative subsolutions.

DEFINITION 1.2. By a solution of (1.4) we will mean a continuous function
z(t) > 0 such that

47 / dr
z(t) = exp [_To/sz(s)ds—i-TZ(T)] , 0<t< 1. (1.5)

The right hand side of (1.5) is interpreted as 0 for any ¢ for which the term in the
exponential becomes —oo.

Again, for emphasis, we sometimes refer to solutions satisfying Definition 1.2
as nonnegative solutions.

By simple bootstrapping, we see that a solution to (1.5) becomes C* at points
t € (0,1) where z(t) # 0.

Let W (t) be the distribution function corresponding to U as in (0.4). Then
W(t) > 0 for 0 < ¢t < 1, and is decreasing and satisfies (we have equality in

(1.1)),

%W(t) — (W) [ /t W(r)dr + W (0) (1.6)

W(0) =1, and W(1) =0.

Later we will show uniqueness for (1.6).

We observe that if z in (1.5) is positive then z is decreasing in ¢; and W in
(1.6) satisfies (1.5) with A replaced by Aj. In what follows, A will play the role of
a parameter in (1.4). We now study certain kinds of solutions of (1.4), which we
shall call maximal solutions. The analysis of this section considers only the case
A > A]. We shall observe in section 3 that there are no nonnegative solutions to
(1.4) for A < Aj.

THEOREM 1.1. For each A > )}, there exists a unique C* solution Z) of (1.4),
in the sense of Definition 1.2 such that

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.5
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(i) Zx(t) is positive and hence decreasing in t ;

(it) Zx(t) is mazimal in the sense that if Zx(t) is any nonnegative solution of
(1.4), then Zx(t) > Zx(t);

(iii) furthermore, if W(t) is as in (1.6), then Zx(t) > W(t), and if Y(t) is a
nonincreasing, nonnegative subsolution of (1.4) in the sense of Definition 1.1

for the given value X, then Z)(t) > Y ().

Proof. For simplicity, we shall write Z instead of Z). We prove the existence of

Z via an iteration process. Take Zy(t) = 1 on [0, 1], and for n = 1,2, ..., set,
4 / dr
Za(t) = o A 0/ [ Zy i (s)ds +tZn_1(t) | .7
Thus,
Z!(t) 4 1

Zn(t) N [LZy_1(s)ds+tZn_1(t)
Clearly, 0 < Z, <1on [0,1], n=0,1,2,...; set

4m 1
A [} Zu(s)ds +tZ,(t)

Zoa(t) = exp (— / An<7>d7) .
0

If Z,(t) < Zp—1(t), then A, (t) > Ap—_1(t),. Thus from (1.7),

Ay (t) =

Then,

Zn+1(t) < Zn(2).

Let us then check the hypothesis for n = 0; it is easy to see that Zi(t) =
exp(—4nt/A) < Zy(t) = 1. By induction, we see that {Z,}52, is a decreasing
sequence. That these will converge is clear as Z,, > 0. Call

R
[Y(s)ds +tY(t)
and A 1
o) = 37 5 :
L W (s)ds + tW (t)

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.6
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where Y is asin (1.3) and W as in (1.6). Recalling that 0 <Y <1, 0 <W <1, we
have that Ay(t) < B(t) and Aop(t) < C(t). Thus Zi(t) > W(t) and Zi(t) > Y (t);
this follows as

W (t) = exp (— / C(T)dT> and Y (t) < exp (— / B(T)dT) S 19)
0 0

Regarding the proof of the inequality (1.9) for Y, since —log Y(¢) is increasing
where Y'(¢) > 0, then for those points

-Y'(s) 4m / dr
5 7% ) 1Y (s)ds +7Y (7))

—log Y (t) = /t
0

At points where B(t) = 400, we take Y (¢) = 0. It is then easy to see that ( 1.9)
holds.

Assume that for some n, Z,(t) > W(t); then A,(t) < C(t) implying that
Zn+1(t) > W (t). We may thus conclude that Z,(¢) > W(t),n =0,1,2,..... A simi-
lar argument also yields that Z,,(t) > Y (¢). Clearly then, Jim Zn(t) = Z(t), where

Z(t) satisfies (1.5) and hence (1.4). Furthermore, Z(t) > Y (t) and Z(t) > W(t).
In particular, then Z(¢) > 0 on [0,1), so as previously noted, Z must therefore
be continuously differentiable there. Regarding the point ¢ = 1, it follows from
(1.5) that, whether or not Z(1) = 0, we have that Z’(1) exists. From the mean
value theorem it then follows that the one sided derivative exists at ¢t = 1 and is
continuous.

In order to see the maximal nature of Z, let Z be any other solution. Then
clearly Zy > Z; now employing arguments as before this implies Z,(t) > Z, n =
1,2, .... The conclusion follows. The uniqueness of Z also follows in a similar fashion.
|

DEFINITION 1.3. Let Z = Z) be as in Theorem 1.1. Then Z will be called the
mazimal solution to (1.4) (corresponding to A).

Remark 1.1. Let v be as in (0.3), X (¢) be its distribution function. Then X (¢)
satisfies
4

TX(t) = -X'(t) [ /t ' X(r)dr + X () (1.10)

X(0) = Ai/A; and X(1) = 0.

By a result of Chiti [3], u* — v > 0 implying thereby that X (¢) < Y (¢). Since v
and U (as in (0.4)) are related via scaling, we also have X (t) < W (¢).

The next theorem demonstrates that Z is monotone increasing in .

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.7
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THEOREM 1.2. Let A > A\ > AL, Z and Z be the mazimal solutions corresponding
to X and A respectively. Then Z(t) > Z(t). Furthermore, if {\™}5°_; is a decreas-

ing sequence converging to A > Aj, and if Z™’s are the corresponding mazimal
solutions and Z that for X then lgn Z™M(t) = Z(t).
m—0o0

Proof. We prove the first part. Let A > A > A% Let {Z,} and {Z,} be the
sequences, corresponding to Z and Z, as given by the iterative scheme of Theorem
1.1. Now Zy = Zy = 1; it Z,,(t) > Z,(t) for some n, then

47 1 < 47 1
N [ Zy+tZy T N [ I tZ,

This implies Z,, 11 > Znﬂ; thus we need to check the hypothesis for n = 1. One
can easily see that Z; > Z;. Thus

Zn(t) > Zy(t), n=0,1,2,... . (1.11)

Passing to the limit, we see Z > Z. In order to prove the second part, we note
that Z™(t) > Z™tY(t) > Z, m = 1,2, ... . Here,

dr
0 i ¢(s)ds + 7¢(7)

(1.12)

[V
=
N—
I
@
o
o]
|
S
> 5
—

where lim Z™(t) = ((t). Again, Z™(t) > Z(t), and thus ¢(t) > Z(t). But Z(t) is

the maximal solution of (1.12). Therefore, by Theorem 1.1, ((t) = Z(t). ]

The maximal solution Z, as given by Theorem 1.1, may be thought of as the

distribution function of a radial function V(r). It is this V(r) that will serve as

an upper bound for u*. We also point out that as Z(t) decreases with ¢, one may

calculate tliI{l Z(t)=Z(1).If Z(1) = 0, then Z(t) is the distribution function of a
e

radially decreasing function which will be the first eigenfunction of the Laplacian
(with eigenvalue A) on D*. This can happen if and only if A = Aj. Thus, for
A> A7, Z(1) > 0. In section 3, we derive an expression that will, not only prove
the assertion, but also provide us with an estimate for Z(1) important for later

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.8



8 Tilak Bhattacharya and Allen Weitsman

work. We will also conclude that the maximal solution for A = A] vanishes at ¢ = 1.

2. Properties of Z

THEOREM 2.1. Let A > 0 and z(t) be a solution of (1.4) corresponding to X in
the sense of Definition 1.2, which is strictly positive for 0 <t < 1. Then,
(i) 2'(t) < —4xw /X and 2'(1) = —47/X;

(ii) z(t) is convez.

Proof. If z(t) is such a solution of (1.4) then z(t) is decreasing for 0 < ¢ < 1,
and hence

4 t
I L (21)
A i z(s)ds + t2(t)
- Adr z(t)
X (T—1)z(t) + tz(t)
_ 4
= -
Again, from (1.4),
, A z(t)
t -
S iy
_ 4
At
Taking limits, ie., t — 1= we get 2/(1) = —4x/A. To prove convexity, we
differentiate (1.4) once for 0 <t < 1 to get
" A [2/(t) [} 2(s)ds + tz(t)2' (t) — tz(t)2(t)
z = ——
A (f; 2(s)ds + tz(t))?
_ dm ) (s)ds
A ([ 2(s)ds + ta(t)?
> 0.
|

We make a few observations regarding z”(1). If z(1) # 0, clearly 2”(1) = 0. If
2(1) = 0 then one can show, via L’Hopital’s rule, that z”(1) = 27 /\. However, the
value of 2/(1) is independent of z(1).

Let us call §(\) = Z(1), where Z is the maximal solution corresponding to .
We know from Theorem 1.2 that §(\) is nondecreasing in A. We prove

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.9
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THEOREM 2.2. Let A > Aj. Then the value of 6(X) is strictly increasing in A.

Proof. Let A > X > A%, then 6(\) > 6()\). Suppose that §(A) = §(A). Let the
corresponding maximal solutions be Zy and Z5. Then Z\, > Z5. Now Z)(1) =
—4m /X and Z5(1) = —4m /A, so

ZL(1) < Z}(1) < 0.
This, in turn, implies that Z%(t) < Z4(t) near ¢ = 1. Since 6(X) = §(X) = Zx(1) =
Z5(1), this implies that Z)(t) < Z5(t) near ¢t = 1. This contradicts the fact that
Z)\(t) > Z;\(t) on [0,1]. [ ]

We now make some observations regarding solutions z(t). Let 2(t) = cz(t), ¢ > 0.
Then from (1.4),

4% %t) = Clg(—il(t)) [/tl 2(r)dr + té(t)] :
That is,
(;1;;) 2(t) = (—2'(t) thg(r)dr +t:2(t)} : (2.2)
2(0) = ¢

Thus 2(t) solves (1.4) with X replaced by A/c and 2(0) = c. In particular, if we
take ¢ = A\/A}, then c¢X(t), with X (¢) as in (1.10), solves (1.6). Actually, it will
follow from the estimate for Z(1) that c¢X (¢) = W (¢). The basic result that implies
uniqueness in the case A = \J, is contained in Theorem 3.2.

One can easily show a Payne-Rayner identity for solutions z of (1.4) which are
positive for 0 <t < 1. Now,

47

= x(t) = (~t2 (1) [ / 2(s)ds + t2(t)

Set F(t) = [} z(s)ds + tz(t). Then F'(t) = t2/(t). Integrating we obtain

(f 1z<t>dt)2—<z<1>>2 - / b2(¢)dt. 23)

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.10
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( /0 1 W(t)dt>2 _ i—j 0/1 £W ().

Let Z(t) be the maximal solution as in Theorem 1.1, 0 < V(r) < 1 be the radially
nonincreasing function whose distribution function corresponds to Z. One can
show, by retracing the steps in (1.1)-(1.3), that V(r) satisfies

For W, we have

AV +AV = 0, F<r<l1/ym, (2.4)
V(1/y7) =0, V(F)=-X7/2 and V(r)=1, 0<r<r.

Here 7 = \/Z(1)/m, and the condition on V' at r = 7 follows from the fact that
Z'(1) = —4x /X and Z(V(r)) = 7r?, for r > 7 .

3. Estimates for 7

A readily available estimate for Z follows from Theorem 2.1, namely,

47
7! (+) < .
()— )\7

integrating, we get

4
Z(t)gl—;t, 0<t<l1.

In particular, Z(1) < 1 — 4x/A. Noting that

4 1
Z(0)= -5 .
A2
and that Z is convex, we find
4 t
Z(t)>1-— —— 0<t<l.
Ao Z

If A — oo, then Z increases, and it follows that

lim Z(1) = 1. (3.1)

A—00

We now state and prove an expression for Z that will provide us with an estimate
for Z(1). We do not assume here that A > A}.

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.11
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THEOREM 3.1. Let A > 0, and 2(t) be a nonnegative C* solution of

Then,

z(1)J2( AzT(l)) ——JO( %) /Olz(t)dt,

where Jy and Jo are the Bessel functions of order 0 and 2 respectively.

Proof. We first multiply the o.d.e. in (3.2) by 2™ 1. m = 1,2, ..... Integrating
both sides we get,

1

jzm(t)dt _ A [mpy (/tlz(s)ds+tz(t)> dt
0 0
1

_ _ﬁ {zm(t) </tlz(8)ds +tz(t)> - jtzm(t)z’(t)dt}
0

Zm 1

_ _amid / A / L (3.3)
T dn(m+ 1 T om  drm(m +1) B

We intend to use (3.3) recursively. We start at m = 1. Then (3.3) yields

/OIZ“)C“ Zf(? 4A7r/ ”dt‘m/

1
< >O/Z = 12) Ar-1-2 b (34)

Taking m = 2 in (3.3) we have

1 A23(1) A 1 A 1
2 3
/0 2¥(t)dt = — ir.3 + 12 Jo z(t)dt — 2.3 /0 z°(t)dt. (3.5)

Thus,

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.12
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Substituting (3.5) in (3.4), we get

(3.6)
A Ao 1 1 A2 (1) A, 23(1)
AR GRAR P | — (=
(471' (&) 33 )/0 2(t)dt 471' 2 (47r) 2.3
1
- () 1 2.2 3/ (0
Let us assume that for some m, we have
m A 1 1
—1)HH (=) t)dt .
{nz::o( 1) (47r) (n!)? } /0 () (3.7)
a A 2"(1)
= 2(1){2(—1)"“(—)" }
— 47’ ((n—1))2n(n+1)
A 1 1
-1 m+1, m—/ m—+1 t)dt.
We use (3.3) to compute the integral on the right side of (3.7), i
1
1 A2 H2(1) A 1
/0 (t)dt = 47r(m—|—2)+47r(m—|—1)/oz() m—|—1 (m + 2) oz

Thus,
1
O G | O
w2y A \m 2m2(1)
= (-1) +2(E) +1(m!)2(m+1)(m+2)
m A m 1 1
(1) +1(E) +1((m+1)!)2/0 z(t)dt
m A m . 1 "
+(_1) +2(E) +1 ((m+1)!)2(m+2)/0 z +2(t)dt. (38)

From (3.7) and (3.8) we obtain

mal 1 A\ i 1 1 m+1 il A " zn(l) }
oyl A » — . +1/
{Z( D) (n!)2}0/ e (1){;1( DG Dt 1 )

n=0

HER(E

1
)m-i—l m " 2 /Zm+2 (39)
0

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.13
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Since we have shown that (3.7) holds for m = 1,2, it now follows by induction
that (3.7) holds for every m. Noting that 0 < z(t) < 1, letting m — oo, in (3.9),
we have

{3—1)”*%%)" o } [ =t

n=0

— 1A 2"(1
==(1) {;HW & - 1)!)273(” D) } '

Comparing the formulas for Jy and J; [10], we get

z(l)Jg( AZT(”) :—JO( %) /Olz(t)dt.

THEOREM 3.2. Let Z(t) be the mazimal solution of (1.4) corresponding to A =

T, and z(t) be a solution of (1.4) also corresponding to \i which is positive for
0 <t<1 Then, 2(1) = Z(1) = 0 and 2(t) = Z(t) = W(t) where W(t) is the
function of (1.6).

Proof. We first observe that z(1) = Z(1) = 0. In fact since Z(t) > 0for 0 <t <
1 Theorem 3.1 applies to Z(t) as well as z(t). Now, A} = v?m, where v is the first
zero of Jy. Thus from Theorem 3.1, we have

ZWQ( w) o

™

Since the first nonzero zero of Jy is greater than v, it follows that Z(1) = 0.
Similarly, z(1) = 0.
Now, z(t) < Z(t), and

Z(t) 4w 1
z(t) AT [ 2(s)ds + t2(t)
47 1
T A [ Z(s)ds +t Z(t)
Z'(t)
Tz

Integrating from ¢ to t,0 < t < t, we obtain
) _ 2()
2(t) ~ Z(t)

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.14
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This, in turn, implies

20 _ 2()
20 = =)
. Z()
e L
. Z'(t)
= T
= 1.

The last step follows from Theorem 2.1 and the fact that z(1) = Z(1) = 0.
Hence,

z(t) < Z(t) < z(t);

uniqueness follows. [ |

THEOREM 3.3. If A < A], then (1.4) has no nonnegative solutions.
Proof. Let A < A}, and z be such a solution to (3.2). Suppose first that z(t) > 0

for 0 < t < 1. Then z is C!. Since A < v?7 and the first nonzero zero of J is
greater than the first zero v = |/A] /7 of Jy, we have that

JQ( AZS)) >0 and Jp (\/%) > 0.

Thus, both sides of the formula in Theorem 3.1 vanish implying immediately

1
0/ 2(t)dt = 0.

The conclusion follows in this case.

If z(t) = 0 for some 0 < ¢ < 1, letting a = sup{t : 0 <t < 1,2(¢) > 0}, we may
then define ((t) = z(at). Then, it follows readily from (1.5) that {(t) is again a
solution with the same A, which is positive on [0,1) and hence C!. Thus, applying
Theorem 3.1 to ((¢) we find that {(¢) = 0 and so again z(t) = 0. ]

THEOREM 3.4. There exists an absolute constant C such that if z is a solution
to (1.4) corresponding to X > X, then z(1) < C\/A — Aj.

bweigkluwer.tex; 3/09/2003; 17:08; no v.; p.15
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Proof. By Theorems 1.2, 2.2, and 3.2, we find that Z(1) decreases to zero as
A 1 A]. Inspecting the series expressions for Jo and Jy, we find that,

AZ(1 A
200 (223 < 270002,
™ T
(3.10)
[A [A [\
Jo( —) :Jo( —) —Jo( ) =o -2,
T T T
as A | A]. The conclusion now follows from Theorem 3.1. [

If, in Theorem 3.1, we integrate from 0 to ¢ (instead of 0 to 1) we may derive
the following expression for z(t).

THEOREM 3.5. Let A > A} and z(t) be a solution of (1.4) which is positive for
0<t<1. Then

A=(2) Dew) | N\ /
tz(t)Jo ( —) = J ( —) z(s)ds — J, ( —) z(s)ds.
T 0 T t/ 0 T 0/

It is clear from Theorem 2.2 and Theorem 3.2 that Z(1) = 0 if and only if A = A}.
However, this does not imply the statement about z(1) . Although Theorem 3.2
implies that z(1) = 0 when A = A} , in order to prove the converse we have to
employ Theorem 3.5 . So let us then assume that z(t) is a positive solution of (1.4)
with z(1) = 0. Then from Theorem 3.1

JO( g):o.

Let v = 11 < v < ... be the zeros of Jy. Then A\ = « 1/12 for some ¢ > 1. If
A = mvi = A} then we are done. So let us assume that A = 7 v? for some
i > 1. We now observe that Jy and Jy do not vanish together. This follows from
the recurrence formula Jy(z) = (2/x) Ji(x) — Jo(z) and the fact that J; and
Jo have no common zeros [10]. Thus, Jo(v;) = (2/v;) Ji(v) # 0, 1 = 0,1,2,....
Furthermore, z(0) = 1,2(1) = 0 and 2(¢) is continuous. Thus, there are i numbers
0=t <ty <..<t <1suchthat v? z(¢;) = 1/12_]-“, j =1,2,...,i. Upon
substituting the t;s in the formula in Theorem 3.5 we see that

tjz(t;) J2(Vij41) = Jo(Vimjt1) /1 z(s)ds = 0.

tj

Therefore, z(t;) = 0 for j = 2,...,4. This contradicts the positivity of z(¢). Thus
we obtain
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16 Tilak Bhattacharya and Allen Weitsman

COROLLARY 3.1. Let z(t) be a solution of (1.4) such that z(t) > 0 for 0 <t < 1.
Then z(1) = 0 if and only if A = A}. ]

Let A > XA > A}, Z and Z be the corresponding maximal solutions of (1.4). We
show that Z’ > Z’. This will provide us with pointwise estimates for Z — W . Recall
from Theorem 3.2 that W is also maximal.

THEOREM 3.6. Let A > \ > AL, Z be the mazimal solution corresponding to A,
and z be a solution to (1.4) corresponding to A such that zZ(t) > 0 for 0 <t < 1.
Then Z'(t) > Z'(t).

Proof. Recall that we have

Z'(t) = —4777 - Z(t) , Z(0) =1, (3.11)
[ Z(s)ds + tZ(t)
and )
7(t) = —4777 . A(t) . 2(0) = 1. (3.12)
[ Z(s)ds + tz(t)

t

20 -2 = =20
[ Z(s)ds +tZ(t)
4 Z(t) Ar  Aw Z(t)
i -/ 20
A j’z(s)ds—l—tz(t) <A A ) j’z(s)ds—i—tz(t)

Thus,

Z(t)jZ(s)ds — Z(t)jz(s)ds

2 -2 = T |+ 1
(] Z(s)ds +tZ(D)(] 2(s)ds + (1)
4 < Z(t)
Aoy (313)
AA jé(s)ds +tz(t)
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Now set F(t) = Zz(t) [;' Z(s)ds — Z(t) [ Z(s)ds. Then F(1) = 0, and F(0) =

J) Z(t) — Z(t)dt > 0. Differentiating F,

F'(t) = 2(¢) / s)ds — Z/(t /1
t

CAm Z() f, Z(s)ds 4w Z(t) J, Z(s)ds

X [La(s)ds +t2(t) N [LZ(s)ds + tZ(t)

_4r [z( ) Ji Z(s)ds — Z(t) J;' Z(s)ds]
A [} 2(s)ds + t2(t)

N (47r 47r> ftzu) [} 2(s)ds

A X [TE(s)ds + t3(t)

A

47

_ 4w F(t) Ar Z(t) [} 2(s)ds
B (ft Z(s)ds + tz(t )>+)\)\()\ )\)ftlé(s)ds-i—tz()

4m Ji(Z(s) — 2(s))ds + t(Z(t) — Z(t))
——7 Z(s
X (t)/t s | as Tz (R 2(5)ds £ 42(0)

Using (3.12), and observing that A > X and Z(t) > z(t), we have

1y FOZ()
implying thereby ,
(F(t)/z(t)) <0

Thus F(t)/z(t) is decreasing, and

F(t . F(t)

A0 7 ot 5

1
1 J zZ(s)ds
= lim /t 2(5)ds — 21— ]

If 2(1) # 0, then (3.14) yields

F(t)/2(t) > 0.

bweigkluwer.tex; 3/09/2003; 17:08; no v.;
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18 Tilak Bhattacharya and Allen Weitsman

If (1) = 0, then by Corollary 3.1 A = A}, and again the right side can be easily
shown to be zero. This follows from Theorem 2.1, i.e., Z/(1) = 47 /X # 0. Thus

F(t)/z(t) >0, 0<t<1.
Since z(t) > 0, this implies that

1 1
F(t) = 2(¢) / Z(s)ds — Z(1) / Z(s)ds > 0. (3.15)
t t
Employing (3.15) in (3.13) and observing that A > A, Z(t) > z(¢) > 0, we have
Z'(t)—Z'(t) > 0. (3.16)
|

As an immediate consequence of Theorem 3.6 we have
COROLLARY 3.2. Let Z and z be as in Theorem 8.6. Then
0<Z(t)—z(t) < Z(1) — z(1).

If, in Corollary 3.2, we take A = \¥, W = %, then
0< Z(t)—WI(t) < Z(1). (3.17)
Thus, by Theorem 3.4 and Corollary 3.2, we have that for A close to A7,

Z(t) — W(t) = O(y/x — X}).

Recall that U(r) is the eigenfunction whose distribution function is W, V'(r) is the
function whose distribution function is Z. Then

1
1Vl = [ Wk,
0
and
1
Vil = [ 2t
0

Noting that U < V and using (3.17),
1
IV =UllLyp+y = ; (Z(t) =W (t)dt < Z(1)
Thus, (3.17) and Theorem 3.4 yield,
IV = Ul oy < Cy/A — Af (3.18)

for some constant C'. That this is sharp follows from
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Some estimates for the symmetrized first eigenfunction of the Laplacian 19

THEOREM 3.7. Let A > A}, Z the mazimal solution in (1.4), and W as in (1.6).
Then there exist constants C’l and Co such that for X sufficiently close to A},

CiJA—Ar < /Z (t)dt < Cay/X — AL (3.19)

Proof. The right side of (3.19) follows from (3.17) and Theorem 3.4. Recall that
Z(0) =1,W(0) =1 and W(1) = 0. From the o.d.e.’s for Z and W, we see, using
integration by parts that

1
47 t
e Z(s)d tZ(t) | dt

L
= log Z(t Z(s)ds +tZ(t )) — [ tZ'(t) log Z(t)dt
(/ !
1
— Z(1) log Z(1 /t ) log Z(t) — Z(1)) dt

0
—Z()log Z(1) = Z(1) log Z(1) + Z(1)

+/@UR%ZU—Z@Mt
0

— 201) + / (Z(#) log Z(t) — Z(t))dt. (3.20)
0

Similarly,
1

/ 1) log W (t) — W(#))dt = — . (3.21)
0

Combining (3.20) and (3.21), we see
1

[z - Wi = z0) - 550 x)

4 / ) log Z(t) — W(t)log W(t)dt.  (3.22)

We proceed with the integral on the right side as follows. Multiplying, the o.d.e.
for Z(t) by log Z(t) and integrating, we obtain

1
/Z Ylog Z(t) /Z’ Ylog Z(t) (/Z ds+tZ())dt
0
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20 Tilak Bhattacharya and Allen Weitsman

_ _ﬁg{/{zuﬂq;zuy-zg»’(/z@ym+¢zugcu}
0 t

1

1
- 2 {{Z(t) log Z(t) — Z(t)} ( / Z(s)ds+tZ<t>)

4m

0

_/Ezunzuﬁquuy—zunﬁ}

0

0
2
+ /Ol(ZT(t)log Z(t) - gZQ(t))dt}- (3.23)

Set
_ Ao Ao 4r
A=7Z(1)+ 167rZ (1) 87rZ (1)log Z(1) o

Now combining (3.22) with (3.23) and (3.25), (3.20) we obtain

(A= \%). (3.25)

1

s AF T
%ﬂﬂﬂﬂMﬁ:A—Eézwﬁ+ﬁ/W@ﬁ

1
—% (ﬂmﬁ+%43mwmt
0
1
:A—%/@@—W@W

0
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_A<AWWOM+AUUW6MQ

1
_%/(](Z(t)) — (W)t (3.26)
0
where 9 3
150) = T\ 10g 1) - 2200,

Now, Z(0) = W(0) = 1, and 0 < W(t) < Z(¢) < 1. Thus, I(Z(0)) — I(W(0)) =0
Now the function (x 2/2) log ©—3x2/4 is decreasing for 0 < z < 1. Thus, I(Z(t)) <

I(W(t)). Finally, from (3.25) we obtain
(/ W (t)dt +/ Iw dt) (3.27)

Applying Theorem 3.1 to Z(t), and again using (3.10), the result now follows from
(3.25) and (3.27). n

1
A
1+—/ dt>A+
47r0

4. Pointwise estimates on u*

We now set A = A1, and recall (0.1), (0.3), (0.4), (1.3), (1.6) and (2.4). If u is as
n (0.1), u* as in (0.2), and v as in (0.3), it follows from a result of Chiti [3] that
u*(r) > v(r). Also , from Theorem 1.1 we have that v*(r) < V(r). Thus, if U is as
n (0.4) we have

o(ir) =U(r) <u*(r)=U(r) <V(r)—=U(r). (4.1)
With these preliminaries, we now prove
THEOREM 4.1. Let u and U be as above. There exists a constant C' such that

H’LL* — UHLOO(D*) S C\/)\ — )\){

Proof. We first estimate V' — U. We state once again that U(r) and V (r) satis-

fy
AU + MU =0, 0<r <1/,
U(0) =1, U'(0) =0, and U(y/I/7) = 0;
and

AV + MV =0, T <r<.1/m,
Vir)=1,0<r <7, V'(ft) = —\7/2, and V(\/1/7) =
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22 Tilak Bhattacharya and Allen Weitsman

Here, 7 = /Z(1)/m; note U and V are both positive and radially decreasing.
The function U is the first eigenfunction on D*. Regarding V'(7), observe that
Z(V(r)) = wr?, for ¥ < r. Thus Z'(V(r))V'(r) = 277, hence V'(7+) = 277/2'(1) =
—MA17/2. Let us first estimate U on [0,7]. It is easily shown that the o.d.e for U
yields

T t
1
U@):l—A;/Z/AKQMdt
0o 0
Nir2
> 1-— 4.2
S (4.2
Thus, for 0 < r < 7, it follows from (4.2) that
Al 2
V(r)-=U(r) < 2
< My (4.3)
~ 4w ) ’

Now consider the interval 7 < r < /1/7. Set t = U(r) and ' = V(r). Then
Z(t") = W(t), and noting that W is one-one, decreasing and differentiable, (3.17)
and Theorem 2.1 imply

V() =U@r) =t —t = WHW()) - W H(Z(t)

1
< lggrlle={2 () = W)} (4.4)
< AL A !
< Xze) - wiey)
Al
< —=Z(1).
Yy (1)
Thus from (4.3) and (4.4), it follows from A; close to A,
u (r) = U(r) <V(r) =U(r) = O(/ A1 — A}). (4.5)
Now v(r) and U(r) are related via a scaling, i.e., v(r) = U(cr) with ¢ = /A1 /A}.
Thus - ;
[ =U(r), R<r<y/1/m,
UW%JNA_{UQM—U&LO<T§R, (4.6)

where R = /|B|/m = 1/A\j/mA;1. Clearly,
U(er) = U(r)] < [[U"[zee(c = Dr

< U lzee (y/Ar/AT = 1)

5-
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Recall that W(U(r)) = mr?; hence W/(U(r))U’(r) = 277, implying by Theorem
2.1 that
2mr < Al
(W/(U(r)| ~ 2v/m
A similar calculation in (4.6) for R < r < 1/4/m, yields that
0<U(r)—ov(r) =0\ — A]). (4.7)
Putting together (4.5) and (4.7) in (4.1), we deduce, for A\; close to A} and

0<r<+1/m,

U'(r)| =

[u*(r) =U(r)] = O(y/ A1 = A).

The Theorem now follows. [ ]

Remark 4.1. We mention here that Theorem 4.1 holds for uniformly elliptic
p.d.e.’s. Consider the following eigenvalue problem. Let u € VVO1 ’Z(D) be such that,

3u

- (aij(x)z—) + ¢(x)u = \u, in D,

;1 1) 5 x; (4.8)
u=0, on 9D.

We will assume that u > 0 and that sup u = 1. Here a;;(x) and ¢(x) are bounded,
real and measurable, and the a;;’s satisfy ellipticity, i.e.

aij(2)&& > 1€}, Vo €D, and V¢ € R%.

We also assume that c¢(z) > 0, Ay is the first eigenvalue and w is the first eigenfunc-
tion of the elliptic operator on D. Let u* be as in (0.2) and (0.4). By the work in
[8], (1.1) and (1.2) continue to hold. Furthermore, by [3] and [4], u* —v > 0, where
v is as in (0.3). All our results regarding Z are applicable and hence Theorem 4.1
holds for the first eigenfunction of (4.8).

5. A Stability Result

We now apply our methods to derive another estimate on u*. Let v be as (0.3) and
u* the radially decreasing rearrangement of u as in (0.1) and (0.2). We will prove
the following

THEOREM 5.1. Let Ay > A}, and u, u*, and v be as in (0.1), (0.2) and (0.3). Let
B be as in (0.3) and R be such that |B| = mR?. There exists a constant C = Cg
such that if u*(R) = e > 0, then for sufficiently small ¢,

[u” — | oo (3) < Ce. (5.1)
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24 Tilak Bhattacharya and Allen Weitsman

The proof of Theorem 5.1 will follow from two lemmas. First recall that |B| =
T/A1. Let Y (t) = u(t) be the subsolution of (1.3) and X(¢) be as in (1.10).

Then
Y(e) = X(0) = A\[ /1. (5.2)

We will construct an upper bound for Y (¢), say G(¢), much the same way as
in Theorem 1.1. The function Z will not be useful here as Z(¢) may be large
compared to Y (), especially if € is very small. We again proceed via an iteration.
For e <t < 1, let G(t) satistfy

1

/ G(s)ds + 1G(t)

t

TGt = (-G(1)

, and G(e) =Y (e) = A]/A1. (5.3)
A1

We introduce the following iterative scheme. Take Go(t) = Aj/A1 on [g, 1], and
define G, (t) on [¢,1] by

t

* 4
Gn(t) = ﬁeXp ——W/ - dr , (5.4)
e [Gpo1(8)ds + 7Gp_1(T)

where n = 1,2,.... As in Theorem 1.1, G,,(t) are decreasing and G,(t) > Y (¢) >
X(t) on [g,1],n = 1,2,.... Using the same procedure as in the proof of Theorem
1.1, one can easily show that

4am dr
Y(t) <Y(e)exp | -1~ :
_ Ala/ j’Y(s)ds+TY(T)
and _
4am / dr
X(t)=X(e)exp | ——
_ Ala/ jX(s)ds+TX(T)

Here X(¢) < Y(e) = X(0), as X is decreasing. Passing to the limit, we obtain
le Gn(t) = G(t), a maximal solution of
n—oo
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This, in turn, satisfies (5.3). We now calculate G(1). We first state an easy upper
bound. Since, as in Theorem 2.1, G'(t) < —4w/A; on [g, 1], then

Y Am
M ATy .
Gt < 3= (5:6)
Thus,
e <3 -Ta-o
M A1

We now deduce an expression involving G(1) which will aid us in estimating
G(1) for small values of €. This is the basic estimate that will lead us to the proof
of (5.1).

LEMMA 5.1. Let G(t) be as in (5.83), and Jo be the Bessel function of order 2.

Then
G(1) T ( %(1)) _ . A_i T (@) . (5.7)

Proof. We follow the proof of Theorem 3.1. In what follows, G(t) is any positive,
decreasing C! solution of (5.3). Then, integrating by parts and proceeding as
before, for m =1, 2, ...,

1

/Gm(t)dt:—i LG ) (/G )ds + tGl(t )) dt

4dmm J.
_ _ﬁ_;{ (/ G(s)ds + G (¢ )) 1 jtam( )G’(t)dt}
- {Gm+1(1)—sam+1 —Gm(e / Gt

— Gm+1(1) 4 Gm+1 / m+1
m—+1 m+1 m+1

m+1 m—+1 m
MG | MG () | MG /G it

am(m+1) 4 (m + 1) 4dm
A1 ! m+1
D) / G (1)t (5.8)

We use (5.8) recursively; start at m =1

1 2 2
/ G(t)dt _ _)\1G (1) n )\1€G )\1G / G
€

4 -2 4 -2 4 -1
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26 Tilak Bhattacharya and Allen Weitsman

2
471'12/G

Setting m = 2, we get

1 A G3(1) A EG3 )\ G2
2 _ M 1 1
/SG(t)dt_ 4 - 3 + 4 - 3 47 - 2 /G

3
471'23/G

Comparing these formulas with those in Theorem 3.1 and employing induction we
get form=1,2,...,

[i(—l)“ﬂ (2 ]

n=0
= G)S, <A10 )~ <G()Sm (—AIG(E))

47 47
(1) ﬁ) S / LG (gat (5.9)
4 (m!)Q(m +1) Je ’ '
where S, (z) = Z:(—l)"+1 > Passing to the limit in (5.9), we

(n—1)NH2n(n+1)

n=1

G(1) Ja(A(1)) — £G(e) Ja(A(E)) = —Jo (\/MG ) / Gt (5.10)

where A(t) = /A1G(t) /77 Now recall that G(¢) = Aj/A; and hence
MG(e )/7T = A\ /7 = v2. Thus (5.10) reduces to

obtain

MG(1 i
G(1)J, ( 17()) =L L(v), (5.11)
T M
where v is the first zero of Jy. Thus (5.7) follows. |

COROLLARY 5.1. Let Ay > A} and G(t) be the mazimal solution of (5.3). Then,

G(1) = O(ve), as e — 0T, (5.12)
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Proof. Set T' = /A\1G(1)/m. Then (5.11) reads
T25(T) = ¢ A—JQ( ) = a2 (v), (5.13)

where v is the first zero of Jy. Let o be the second zero of Ji, the Bessel function
of order 1. Then « > v. This follows from the interlacing of zeros. Observe that

MG M A M

< :V2<()é2.
T T A T

Thus, 0 < T < «a. Now, [10],

d
%$2J2( ) = {E2J1((E).

Thus for 0 < z < a, z2J(x) is positive, increasing, continuous and vanishes only
at x = 0. Thus T — 0 as € — 0. Recalling that Jo(T) = O(T?) as T — 0, (5.13)
yields that 7% = O(e). Employing the definition of T, we have

G(1) = O(ve), as € — 0. ]
Next we prove that G(t) — X (¢) is increasing. The proof is similar to that of
Theorem 3.6. We provide details wherever necessary.

LEMMA 5.2. Let G(t) and X (t) be as in (5.3) and (1.10). Then, fore <t < 1,
we have G(t) — X (t) > 0 and G'(t) — X'(¢t) > 0.

Proof. By following the procedure of Theorem 3.6 and the construction of G(t)
(see (5.3) and (5.4)), we find quite easily that G(t) > X (t). To prove that G'(t) —
X'(t) > 0, we see (as in (3.13)) that for e <t < 1,

X() [} G(s)ds — G(t) [} X (s)ds (5.14)
i G(s)ds + tG(1) ([} X (s)ds + tX(t)) '

Set F(t) = X(t) [ G(s)ds — G(t) [;' X (s)ds. Then F(1) = 0. Differentiating F,

F'(t) + i—j (
o . G(S X(s)ds + t(G(t) — X(t))
= AlG( )/t X(s)d [(It X (s)ds + tX(2))(J} G(s)ds + tG(t))

Q1) — X'(t) = i—T [(

ftl ds —l— tX (¢

] . (5.15)

Using (1.10) and G(t) — X (¢) > 0 in [¢, 1], we get
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Thus F'(t)/X (t) is decreasing and as lim F'(¢)/X(t) = 0, we conclude that F'(t) >

t—1—

0 on [e,1]. Then (5.14) yields G'(t) — X'(¢) > 0. [ ]

It is possible to obtain a lower bound for G'(t) — X'(t), namely,

*

(1) — X'(8) > b (0 — W)[W(0), (5.16)
AMA1

where _5\1 is such that there is an eigenfunction ¢(r) with the property that, for
some R,

Ap+XMp=0, 0<r<R, ) (5.17)
#(0)=1, ¢'(0)=0, ¢(R)=¢, ¢(R)=0, and ¢ > 0. ‘

The eigenfunction ¢ is constructed by scaling U (see (0.4)). Let W(t) be as in
(1.6), H(t) be given by

AT W (t)
TN W)
Then H(g) = A}/A1. Let ¢(r) be the radially decreasing function whose distribu-
tion function is H(t). Thus A\; = AW (¢) and ¢(r) = U(cr) with ¢ = /AW (g) /AL
Clearly, \; < A; and proceeding as in Theorem 1.1, one shows G(t) > H(t).

Following Theorem 3.6, one may show that G'(t) — H'(t) > 0. Recalling that
X(t) = MW (#)/ A1,

H(t)

G'(t)—X'(t) = G'(t) — H'(t) + H'(t) — X'(t)
S On =Rl o)
0.

AV

V

Although (5.15) is a stronger result than Lemma 5.2, we will not be using this to
prove Theorem 5.1.

Proof of Theorem 5.1. We now consider R (and hence A1) fixed and let € vary.
By Chiti’s results [3], [4], and (5.3), (5.4), and Lemma 5.2, we see

0<Y(t)— X)) <G(t)—X(t) <G(1), e<t<]l.
Employing the estimate in Corollary 5.1, we obtain a constant A > 0 such that,

0<Y(t)—X(t) <AVe, e<t<l. (5.18)
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Let g(r) be a radially decreasing function whose distribution function is G(¢). Then
G(g(r)) = 7r?, # < r < R, where 772 = G(1), and T7R? = A\}/\;. We now proceed
as in Section 4. It is easily seen that from (0.3) that

t

v(r) = 1—)\1/(: %/v(s)ds dt

0
>1- %7‘2
Thus,
Ogg(r)—v(r)gl—(l—%ﬂ)é%(l)a 0<r<r (5.19)

Now on [, R] we set t = v(r) and ¢’ = g(r). Then G(t') = X (¢), and
g(r) —v(r) =t' =t = X7H(G(1)) - X~1(X(1))
[Le={G(t) = X(8)}

IN

1
I
< Man), (5.20)
T Ar
Here X' is estimated much the same way as W’. We know X is convex, X' < 0
and X'(1) = —4n/A1. Thus ||[1/X'||p < A1/47. Combining (5.18), (5.19) and
Corollary 5.1, for 0 < r < R,

0 <u*(r) —ov(r) < g(r) —v(r) = O(Ve).

The result now follows. [ ]

6. Concluding Remarks

The maximal solution Z has provided a convenient method for estimating the
symmetrized first eigenfunctions in §4 and §5. Although we showed in Theorem
3.7 that the inequality (3.18) is sharp, it would interesting to know if Theorems
4.1 and 5.1 can be improved. In particular, it would be useful to know if the square
roots which appear in those theorems can be replaced by first powers.
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