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Tho discriminant function introduced by R. A. Fisher hos proved a valuablo

tool in biolegical research.

It haa also opencd up a varicty of problems which aro of

intorest in tho gonernl theory of statistical Inferenco. Tho aim of this papor is to
presont somo of tho logieal problems in tho theory of discrimination anil suggest
suitablo mothods of solving them.
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To atart with, it is useful to dixtinguish problems of discrimination from those
of testing of hypothesiv. Recently, thore has been a tendency to treat both theso prob-
lems on an equal footing nnd this has, no doubt, caused s good deal of confurion. In
teating of hypothexis wo havo a clearly stated null hypothesis and a comparatively
undefined sct of aliernatives, Tho emphasis I3 moro on the null hypothesiy whirh Insy
ba rejected or provisionally accoptod. When a null hypothesis is rejected no decision
is mado about tho actual alternative hypohthesis. But in problems of diacrimination
wo have a clnss of alternativo hypotheses out of which ono has to bo chosen.  While
it ja a queation of rejecting the null hypothesis at a given rivk jn tho former problem,
itls s question of balancing between wrong and correct decisions in tho Iatter prob-
lem. Whilo the apriori probabilitics have no place, even conceptually, in problema
of teating a null hypothesis, they aro tial for a eatinfactory solution of tlio probl
of discrimination. In all sciontific i ions both the problems are important,

The firat part of this paper deals with tho concept of null hypothesia and the
various situations wlicre tests of hypotheses and discriminant functions Lave to be
used.  Tho concept of distance power test has been introduced 25 an alternativo Lo the
average power test.  This introduces some uniquencss in the test criteria being invariant
for transformations of the paramcters occuring In & given probability density
function.

Somo examples and other complicated problems leading to tho soquential
theory of discrimination {with closer limits than thoso proposed by Wald, 1945) whea
there is an upper limit to the number of obsorvations (Rao: 1950) will bo discussed
in Part IT of this papor.

2. XNou. HyroTursia

Consider the following problem which frequently crops up in biological
rescarch.

A apocimen is obsorved and it is dosired to know, on tho basis of some morplo-
logical measurements, whether it belongs to a previously classificd group whoso charac-
teristics aro either known or eatimated from a sample of individuals from that group.
Insuch a probloma thore are only two possibilitics, cither tho now find belongs to s known
group or to an unknawn group. Tho alternativo to tho epecified one is clearly 8n
undofinicd one. Thia might be a new group whose exist has yet to bo established

Thus, when a fossil is di | the paleontologint enquires whether it is &
apecimon from a known colloction. Such sn enquiry is, often, made with the hopo
of obtaining & negative snswor in which caso tho fossit could bo taken as & now
specimen,

The investigator rmay not bo ful in diatinguishing a now s
from & previous colloction bocause thoe nnswer depends on the evidenco supplied by
the obsorvod ono. Tho only safoguard offered Ly a Itical test in such & caso ia
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to check the investigator f[rom rushing to a hasty conclusion unless the evidence is
strong enough. If specimens, such as the obscrved or thoso differing to 8 greater
extent than the observed from the characteristics of a known group, form a reasonable
proportion in the group then the cvidence for rejecting thy null hypothesis cannot be
considered conclusive. Only when this proportion is small, ono could take s risk
in asserting that the observed specimen belongs to a new group. low small this pro-
portion or legel of aignificance should be depends on the risk invelved in ascerting that
the null hypothesis is wrong when in fact it is true. The choice of level of significanco
is arbitrary in this scnse! but once it is fixed the rule of procedure is determined
exactly. Thus it may be possiblo ta refute any statement made about the observed
peci Such an inf is possible only when some risk is allowed.

On the other hand it is almost impossible to assert that the new find belongs
1o a specified group. To make this latter statement one must ascertain whother the
chance of the observed specimen arising from any otber group is small. This is clearly
no. possible when the alternative groups gre undefined ones,

There is clearly no scope for the introduction of apriori probabilities in this
case. However perfect our past knowledge may be about the species that have been
already studicd and their relative numbers nothing can be said about the new epecies
to be discovered. When these latter oncs are considered as alternatives to 8 null
hypothesis tested there is no method of attaching apriori probabilities to the
alternatives,

Sometinmes the apriori probabilitics are introduced not as objective quantitics

d by observed frequencics but as measuring merely *psychological tendencies’,
If this is 8o we nced further rules of procedure for chooring the apriori probabilitics
themselves. Ona can recall tho efforta made by Jeffreys (1948) in this connexion
Toremove some apparent contradictions in Baycs’ postulate of equal ignorance Jeflreys
sdvocates the use of crtain invariant functions of the paramcters occuring in a proba-
bility distribution as apriori weights. Even here no argument is put forward for using
particular Invarint functions of the parameters, In fact, different choices lead to di-
Borent resultsso that no objctive theory could be built up on the lines efinverse
probability,

To take another examplo a geneticist enquires on tho basis of observed data
whether two fuctors are scgregating independently. Ifhe can disprovo this with some
confidence then ho acquires aomo Lasis to plan tho future experiments to esti-
mate tho intensity of their linkage and to study the relationship of the two factors
under consideration with others. If data aro insufliciently numerous loose linknges go
undetected and it is only by repeated experimentation and accumulation ol evidenco
wupplied by other factors linked with the former that some definito conclusion can be
arrived at.

* It is not arditrury in the s0ns6 that wo aro assuming ono value when in fact it ehould bo somothing
alee. It is 008 which is choson by the ig Thus il the of rojocting a true hypotheeis
lavolve a grost loss it Is reasonablo to koop it ss low sa possiblo.
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Tho alternative to tho hypothesis of indepemicnco in the above problem is
linkego with all possiblo valucs of tho recombination fraction? (Iying between 0 to ).
To the experimenter it ls & definito knowledgo if ho can diaprove the hypolhesls of in-
dependenco, Then only, he will proceed to enquire what the valuo of the recombination
fraction is anl tey to obtain an cxtimate. To axk for apriori probabilitics of the alter-
native recombination fractions before attempting to answer tho problem posed is
to believo that from previous expiericnce the frequencies with which various rccombi-
nation fractions oocur could bo deduced.  But thero may not be suflicient reason to
believo that the frequencics a0 derived corresponid 10 the total frequencics obfainablo
from all posviblo factors known snd unknown.

In the previous problen of the pal logist tho al ives aro completely
undefined while in tho sccond of the geneticist thy possiblo alternatives aro known,
viz., that the recombination fraction lies between (010 1).  But in both theso types of
problems there is no scope for tho introduction of apriori probabilitics. Expericnce
has shown that for an advance in knowledge sn investigator need not depend on the
apriori probabilitics. "Whatever the rcasons aro which give experimenters confidence
that they can draw valid conclusions from their results, they scem to act just as power-
fully whether the experimenter has heard of the theory of inverse probability or not”.
{Fisher, 1947, p.7).

Tho null hypothesls is ono which is chosen by the experimenter appropriate
to his enquiry. When sufficlont evidence gathers against it during tho experi-
mental work ho rejecta it. He is not trying to balance between the evidences aup-
plied by the data on the various alternatives,

Whetber s particular null hypothesia is rojected or not thero fs a class of null
hypstheses which are not contradicated by tho data at a given level of significance.
Any hypothesis outsido this class is rejected. Tho class of null hypotheses accepl-
able to the dats supplics us with what may be caliod a fiducial set. When tho hypo-
theses refer (o tho values of & parsmeter tho fiducial sct will bo in the naturo of an
interval called the fiducial Interval (Fisher, 1047). The fiducial set of lyypotheses may
bo assertcd to contain the trup hypothesis becauso the chanco of it boing left out is
small {equal 1o the percentago lovol of significanco chosen). Thus, although it ia not
possiblo to aceept any singlo hypothesis it is porsiblo to restrict the scopo of enquiry
to only a subsct of all pomsible sitcrnatives. Any furthor diserimination among the
alternatives in the fiduoial sct has necessarily to bo basod on insufficicnt evidence. No
statement of confidenco can bo mado about a singlo hypothesis choscn by any rule of
proceduro as tho most appropriste for the data and quently such a proc docs
not posscrs s scicntific basis of jnfcrence.

1f tho problem needs tho choice of a singlo hypothesis then what should bo the
naturo of tho answer? Wo might try to formulate & rulo of proceduro which aclects

*Formaety it waa ballevwd that the renge of thia frection (9 (0, §). Plsher, Lyun sod Owea (INT)
discusesd the possidility of the Traction o &
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& hypothesis which is as near ns poasible to the true hypothesis and which in lnrge sam-
ples di flora very little from the true one with probability approaching certaioty. The
prooedure of choosing that hypothesis which maximises the likelihood, advocated by
Fisher, conforms to the above requirement to a large extent, Thua the two msthodo-
logionl problems. testing of hypothesea and estimation admit neat solutions indepen-
dent of the probabilities apriori. Much of the confusion in the current discusalons of
these topics can be avoided once the logio of null hypothesia as stated by R. A. Fisher
is ndmitted.

“The two classes of reaults whioh sre distinguished by our test of significance
are, on one hand, those whioh show a significant discrepanoy from a certain hypothesis;
and on the other, results which show no significant discrepancy from this hypothesis.
This hypothesis, whioh may or may not be impugned by the result of an experiment,
ia again characteristic of all experimentation. Much confusion would often be avoided
if it wore explivitly formulated when the experiment ia designed. In relation to any
experinent we may speak of this as the Null Hypothesia; and it should be noted tbat
the null hy pothesis i never proved or eatablished, but ia possibly disproved in the course
of the experimentation. Every experiment may be said to exist only in order to
give Lhe facls a chance of disproving the null hypothesis' (Fisher, 1047, p.16).

Although the emphasis in tests of significance i on the null hypothesis suffi-
oient rarc ahouid be taken to see that the facts are given a fair chavce of disproving
the null hypothesis, The following views of R. A, Fisher are again relevant.

“The interpretation of the experiment consisted in dividing these results in
two classes, one which is to be judged as opposed to, end the other as conforinable
with the null hypothesis. If these olasses of results sre chosen, such that the first
will oveur when the null hypothesis is true with a known dogree of rarity. for example,
5%, or 1%, of trials, then we have a test by whioh to judge, at a known level of signi-
ficance whether or not the data contrudiot the hypothosia to be testod.

““We may now observe that the same data may contradict the hypothesis in
any uhe of a number of different waya. For example in the paycho-physical experi-
ment?, it is not only possible for the subject to designate the cups correctly more often
than would be expected by chance, but ia also possible that she may do so less often.
Instead of using & test of significance which separates from the remainder a group of
possible occurences, known to have certain small probability when the null hypothesis
i8 truo and characterised by showing wn excesa of correct classifications, we might
h.ave chosen a test soparating an equally infrequent group of occurences of the oppo-
site kind, The reason tor nut using this later teat is obvious, since the object of the
exporiment was to demonstrate, if it exiated, tho sensory cliscrimination of a subjeot
claiming to be able to dlstinguish correctly two classes of objects. For this purpese the
new teat proposed would be entirely inappropriate, and no experimenter would be
:mp!.od to employ it, Mathematically, however, it is as valid as any other, in that

*Thia ref i# 1o an oxperimont designod Lo toul tho claim of a lady that by tasting & oup of s

=he osn disoriminate whether milk or tea infusion was first added Lo tho cup.
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with proper randomiration it {a demonstrablo that it would give a significant result
with known probability, if the null hypothexix wero truo'’ (Fiaher, 1947, p.183).

No definito riles can be given in the choico of & suitablo test criterla. 1. A,
Fisher objects to any format theory which explicitly makes uno of tho allernative hy-
pothesca and which In practice doca not slwaya lead Lo Leats of significance independent
of tho alternativo hypothescs mxsumed.  Commenting on tho error of tho second kind
introduced by Neyman aml Pearson (1033), Fisler says

*“It {the notion of tha second kind of error ) has no meaning with rexpect to
simplo tests of aignificance in which the only availablo expectations aro those which
flow from the null hypothezis being true™ (Fisher 1047, p.17).

Neyman ani] Pearson (1933) have no doubt brought in tho sltemative hypotho-
i only s an intermediato step.  Ultimatcly the aim s not to make any assumplion
about the alternative hypothesis. This in automatically provided when & uniformly
most porcerful lest exists. But such tests aro very raro 20 that they had to introduce
tests depending on locally powerful unbiased regions. But these regions casuro maxi-
mum power only in tho neighbourhood of tho null hy pothesis and the ‘final verdict of
tho practical valuo of these regiona will depend thercforo on tho propertics of the
power function throughout tho whols rango of admixeablo values of & parnmeter’.
If tho power is small over a wido rango excopt in the neighbourhood of the null hypotho-
sis tho test would not bo useful, Any considersation of tho power fumction boyond the
neighbourhood of the null hypothesis will introduco tho unknown parameters, or
thoir apriori distribution in tho test criteria.

Although the theory of loeally powerful tests cannot bo accepted as a general
theory, tho methods suggested can bo used to obtain test criteria whick may be
comparod with any other test.

Goneral theorioa of testing of hypothesis havo beon usoful, in as much as they
provido mcthods for comparison of various teat criteria for & given sct of alternntive
hypothescs, But it may not bo maintninod that all tests of significanco applicable
for any situation can bo derived from suitably defined sot of axjoms by s purely
deductive process.

3. PronLxus oF DisCRIMINATION
(a) The general problem

Wo now como to & group of problema where apriorl probabilities are needed
for o satisfactory solution, anil tho null hypothexis docs not play a prominent role
but is sometimes posed to arrive at a decirion subject to & small risk.

Thua when o queation la asked whether a skull or a Jaw bono belonged to &
malo or a lemalo thero are ovidently two alternalivo hypothescs and ono has to bo

chosen,
Here a rulo of proceduro fs necded by which the Individual specimen coukl
Do assignod to ono or other of tho groupa. In any such rulo of proceduro crrors aro-
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nevitahlo. 1f 2, in the proportion of wrong classiflcations for individuals from the
fimt group and a, for the sccond group then the proportion of wrong chsifications
on the total in ma; 4752, when the Individuals aro regarded an randomly observed
from & poulati ining the | f tho two groupain tho ratio myimy, (7,4 mge=1)
Evidently that proceduro is the best which givea the Jeast possible value to the expres-
sion ma, +mea,.

16 /,(x]0,)* and fy(x|0,) aro probubility densitics of some measurable characters
in the two groups then tho Lest solution which minimises ( 7,a,4-mx,) Js that of
sssigning an individual to the fimt group if

x| 0) > #,/yfx105) e (300)

and to the sccond if
mf\(x]9,) < mfo{r|0) e (38.2)

The case whero the equality holds can bo decided by & toss of the coin,

Ifryis tho loss resulting in ansigning an fndlividunl of the first group to the second
and r, for the sccond to the firat then the beat sulution is ono which minimixes the
expected losa max,ry mayr,.

The best solution which minimises the sxpected loss is that of awigning an
individual to tho first group if

mndi(x|0,) > merfi{x]0y) e (38.3)

and to the second if
mnd|0,) € mrafilx|0) - (384)

Theso solutions aro derived in sn carlier paper by using a general lemina
given in appendix A of Rao (1048).

In any givon problem the quantitics r, and ry appearing in tho best solution
{38.3 & 4) aro casily ascertainable but tho apriori probabilitics aro either unknown
of estimoted from scrappy data. In acxing jaw bones ono might use the sex ratlo deri-
ved from other proporly soxed skeleta) material recovered from the same arca as the
jaw bone.  As for inatance if & number of pelvio Lones could be recovered they can
be sexed olmost corrcetly,  With other bones sexing by anatomical appreciation is
subject to certain amount of error. It ia claimed by anthropologists that a ekull could
besexed with a falr chanco of success. Inany caso even & rough idea of the apriori
probabilitica will be usoful in such problema of clasaification.

(b) Uncertainty of the apriori information that one of the allcrnalivea is corvect

For the uso of tho discriminant function, it must be known that an individual
10 bo classifier] belonge to one or other of a given number of groups. This knowledge

+In the roprosontation of 1he probabilily doasity & stands for all the svsilahle mresurcawnts sod
2 for all the parametors.
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is, very often, availablo from externnl evidence (apriori information). In some proh.
blema, as in the caso of two exes, thero aro only two powiible groups. Rut in caser
whero the external evidence is mengre, the clssification of nn indivilunl as & member
of one of the piven groups may bo subjeet to another kind of error, viz., the wrong as-
sumption that ho belongs to ono or other of the given groups when. in fact, ho comes
from another unknown group. In the abscnco of any iefinite knowlailge it may be
necessary to examine by tho internal ovitlencs aupplicd by the me ts whether
tho indivklual could be conaldered! to belong to one among the given groupm.

In solving such a problera whether the Highdown akull belonza 1o the Bronze
Age or the Iron Ago comprising the Romano-British tho author (Roo, 1948) has tested
separately the two null hypotheses, (1) it belonga ta the Bronze Age and (2) It belongs
to tho other group.  On 5% level each of the two hypotheses could not bo rejected,
This gave u suflicient Justification for sctting up o diseriminant function between the
two groups and then deciding -the issue.

It must bo noted that in testing two aull hypotheses reparately we are not
testing tho combined pull hypothesis that tho specimen belongs to one or other of the
groups at the 5% lovel. Thisiabecause out of the 5% ot the rejected cnaca under one
hypothesia somo of them aro accepted under the secconel hypothesia so that when the
5% level is used for tho two hypotheses separately we will be jwiging the combined null
hypothesia at & lower level.

Some adjustments® could be made for thia but in practice the procednre imdi-
ented aboro can bo enfely followed beeausa the error involved fa on tho right kide.

If tho two populations are multinormal with the ramo dixpersion malrix
A = () with its inverso A=! = (A") and mean values my, my....m, and m'y, 'y a0’y
then the eritical region, for testing the hypatheain that an observed specimen with
measurements z. ..., 7, bolongs to ono or other of the 10 papulntionx, can be
defined by

L EA 5 —mXz=m) > p and S E Az —mKxy~m') g
whero 4 is chosen such that the sizo of tho region ix 8% which ever of tho two
hypotheses is truc.

(c) The doubiful reyion

In the problem ot discrimination considered in acction (3a)a working rule is
provided by which the number of wrong clussifications coull bo kept at a minimum
level. Suppose s doctor wanta to discriminnte betwoen two types of ncurotica, psycho-
patha and obscnsionists, on the baxis of kome tests.  1f the teat scores of neurotics
properly ding I aro available, then ing that the ratio of the two tyex of pati-

sIn genetal I the null hypothotla consixta of & st of Jistii vt hs pothrets Use critiont trcivn may be
choeon, If possiLls, Lo have tho same sizo for any distinct hyiotheais in the set comprising 1he null hy pothesis.
The sclution selislying the sbovo requirement may nol exist in whith caso the criticn] region may be
ehoson such Lhat fLs sixo dorw bot sxerexd & given value for wny dixtinct hypothosia in 1he null ey, Bome
tosuite oldalned [n this connoion will bo publishal in & subseguent comnmunication.
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chits admitted into the hospital in the past, represcnts the ratio in the general popula-
tivn, the doctor can sct up the critoria(3a. 1& 2). By following this proceduro he
can minimise the number of cases of wrong diagnosis. This method was suggented in
a paper by Rao amd Slater (1040) in the discrimination of five typoes of neurotir patients
using threo indientors.

But in problems fiko this the groups overlap 10 a largo extent so thal even
by following the kest procedure the percentnge of wrong classifientiona remain quito
high. By inercosing the number of characters or indicatora in the sbove problem
(ref. Rao, 1948, rection 6) thia pereentage could bo mado smaller and smaller Lut not
always below an irreducible minimum beeause of the correlations between tho
characters.

Further s stage may bo reuched when tho cost involved in further exaniina-
tion will not bo to to the reduction in tho number of wrong classifications.
But subject to a given cost, the indicators ean e choxen 8o aa to minimisc the number
of wrong classifications. Thus one Dhas to balanco between the errors commitied
and tho time or money availablo,

But by following this procedure it may bo diflicult to asaert that an individual
belongs to one group or tho other unless the groups nro well scparated in which cnso
the propertion of wrong classifications will bo low. On the other hand ono may take
the view that, whatover may be the basis of judgement, in some cases it should Lo
possiblo to give a decisive answer (subject to a small risk) whilo in others no decision
or only provisional decisions could bo made. The latter constituto the doubtful cascs
which need further examination.

Cascs also ariso where the question askal is whether a scleeted individual can
bo mssortext to helong to one particular group oud of & given number ol possibititics.
Congider the protlom of the High lown skull referrcd toin a previous paper (Reo: 1048).
The grave findings associated with tho skull excavated from the ‘invasion horizon’
do not give any conclusive evidenco as to whether tho skull belonged to a Bronze Age
"defendor’ or an Iron Ago ‘invader’. It may or may not bo possible to givo a definito
answer in such & problem. Tho caso has to bo judged on its individual merits
conaidering tho probability of its having como from ono group or the other.

Sitting on tho fonce is a scientifio attitudo if it means looking for further
evidence and better methods of judgement to bo able to give a dofinito answer.

Take tho caso of doctor who has a routine method of diagnosing a discaso or
diseriminsting among & number of discascs®, Although by following thia procodure
ho commits the lcast possiblo orrors, ho likes to bo more confident about his dingnosis
in somo scleeted coses.  If the routine method docs not give him anfficient assurance
in any such cnso he may supploment it by further teats.

 For instance, thoro are two typos of Jaundico which are difficult to distinguish. One calls for
surgical troutmont, the othor for modical troatmont, A discriminant function bass:l on two hio-chomlcal
tenta Jo used [n praciice to ensure & greator cortainty of dingnosis for far lons lnboratory work,
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For any apecially chonen ease liko this or nn indlividual find aa the Jligh-
down skull, tho rulo of proceduro suggested shonli neeessarily Lo independent of the
apriori probabilitics used in the genernl problem of discrimination. Firstly, such
apriori probabilitics may not be available, as in the case of the Highdown skull it is
not possible to know the proportions of Bronze and Iron Age cranial population.
Seconilly, even if such knowledgo is available from previous experience, this is not
strictly applicablo in & case not chneen uf random from a mixed population. For

instance the proportions applicable to the Highdown skull may depend on the numbers
of Bronze and Iron Ago warriors who went down fighting and not the general

proportion.

Thus 8 problem where one individual is in question has to be dixtinguished
from the problem where & number of individuals havo 10 be classificd into & given
number of groups by using suitnble criteria. The Jatter, however, supplics & provisi.
onal answer to the former but for tlefinite answers suitable eriteria have 1o he ileve
loped.

Let us consider the caso of two alternative groaps with probability denxities
Ji(x]0,) and f{x]0,). 'The risk minimising solution referred to n seetion 3a leade to
assigning an individual to the first gronp if

nm [x0,) 2 rymy filx05)

and to tho seconil if

nmfilx6,) < rymyfofr(0y)

Let 2, and z4 bo tho expected proportions of wrongly classified individuals of the first
and second groups by following the above rule. I{a, 8nd x, are small then we could
assert in any individual caso that he is rightly classified. Otherwiso we may follow
the procedure of sssigning sa individual to the first group if

Jix10,)> Afolr 1)
to the second i

100 B 4 0,) o el
anl remain in doubt if

AfALD)>[i(x00)> Bf {x05)

The quantitics 4 and B aro chosen such that thoe probabilitics of wrong deci
sions are at assigned levels. The diagram below (fig.1) ahows tho nature of decisions
that could bo made sfter ascertaining tho velue of the ratio £,/ or its logarithm.

Rl Ll DI ] DI L} l“‘l
— gy I 3 A
D' - log, 0, Al = oA, C' = log.rymy—log.rym
Fig. )
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In the region R, the individual can bo asseried (ab a given risk) (v behing
to Lho sccond group whilo in D, ho can bo provisivnally nxwigned (o the scvtnl group
aad ginilarly for Ryand D, Insuch enses it runy bo poxsiblo 1o menstro moro clinme-
ters and thus bring in further ovidenco to docitlo tho fssue. Tho procesluro is analo-
gous to Wall's theory of scquential tests.

Let thero Lo threo alternative groupa with probability densities fi(x0,). [x ),
and fy20;). Ifm, my, my, aco apeiori probabilities and r,y representa tho risk in wrongly
classifying an individual from the i-th group in the j-th, then the minimum risk yolu~
tion leads to assigning tho individual to the first group if

TS tmrads < Mt rrsds e 1302)

< mralibarals
to the sccond if

it e < myrpfytmrafa e (3e3)
< mrafitafy
and to the thind if
mrahitnnty K ongaitrrad w (20d)
< mrsfitmra/s

If tho probabilitics ansocinted with tho wrong classifications for tho various
groups are not small then a procedure similur to tho one atated above in the case of
two groups has to bo followed. This lends to assigning an individual to the first group
if

Lh>AS 4B,

where A, and B, aro choson such that the probalbilities of individuals from the sccoml
and third groups being wrongly elassified by this rule aro less than some assigned values?,
11 theso valucs aro chosen to bo umall then an individual can bo clawsified into tho first
group with some confidence.  Similr eriteria can bo act up for tho sccond and third
groups. Thia procedure makes provinion for xome doubtful casea which cannot Lo
classified into one group or the other with somd confidonce.

The boundaries mecting at the point O in figure 2 are delined by the relntion-
ahipain (30.2), (30.3) and (30.4). Anindividunal lalling in tho region R wil) be classified
Into the fitst group with some confilenco whilo In 1, ho will Lo provisionally classi-
God inlo tho first group. Ono imporiant thing to bo noted is that the regions R,
Ry, and R, aro independent of tho probabilities apriori,

Thero {a 90100 suggestion in litecature (tho nuthor fs also given to unidomtanil
during sominars and aymposiums held in Caloutta and Poona) that tho delermination
of tho region of doubt is not a statistical problom but woull Lo mudo on ractical
considerations concerning tho conwoquences of  wrong docision. It is also said that

lucing an lity cotationship ls liscusecsl in (1tao, 1918)
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indcterminablencss of tho risk function in ccrtain regiona of tho paramictrio space
leads to s doubtful region. In the method indicnted abovo tho doubiful region is
derived merely on probubility considerations. Neither apriori probabilities nor risk
functions aro used,

AL Bt

Ry
Fig. 2 Diviston of the spacs for six posible jullgements.

(d) Allocation of a number of indiciduals lo two or more groupa.

Suppose n, and n, posts have to be filled in the Navy and Airforce, a candidato
boing choscn on tho basis of his performance in e test.  Assuming that the distribution
of test soores for thoso who aro fit for tho Nevy and Airforce ure nvailablo from past
oxperienco how could this knowledgoe bo used for the most officicnt sclectiont

In tho actual population tho relative proportions of candidates suitablo for
the Novy may bs differcnt from nyin,. Tho procodure for sclection must be such that
whatever may be the actual proportion in the populution the division of & mmplo of
individuals in tho sasigned ratio myin, abould involve tha least possible crrors.
A similar prollem ia tho allocation of a given number of skulls into two soxex in & given
ratio which is determined from some apriori considerations, This may be only aa estic
mated propartion and hence may not represent tho true sex ratio.  Whatever criterion
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1s chosen somo malo skulls will bo classified as femnlo and vico versa. A procedure
which gives the keast value to tho oxpected number of wrong clarsificntions in efther
groap may bo regarded as the best one.

Let fi(x0,) and fi{x'0,) bo tho probability donaitics In tho two groups having
npriori probabilitics w; and 7, 30 that tho probability density in tho mixed population
ls m/(x0)) +1,fy{x0,). For tho each individual supplying observations on tho charac-
ters under consideration ona can caloulate, what may bo caild tho discriminent score

8 = log, [(z0,) o8, /y(x0s)
If there are » = x, -, individuals one has & discriminating scorcs which can

be d in d ling ordor of magnitwle. The n, individuals obtaining the first
" nnh are asigned to tho firat group and the rest to the second.
This procod i the 1 loss whatever may bo tho rolative

risk involved In wrong olassification and whnle\er may bo the apriorl probabilitics
w, and =4 applicable to the population. To prove this it is enough to show that tho
expected number of wrong classificotions In cither group is greater for any other
procedure.

Conaider all anmples of ny-+n, individuals for whom the discriminant score of
{n,41)th rank is constant say S.

If # denotes tho probability
m= | fhitmfdo

whero C denotes the region £,(r0,)> ¢ fy{x0,), then tho individuals with discriminant
scores greater than § ariso from s mixed population with Individuals of the first
and second groups in tho proportions

a=-I fudo, -n=_.[ Judo

If the procedure of assigning all individuals with discriminant scores greater
than § 10 the first group is followed, then in samplea which have S as tho (n,41)-th
rank discriminant scoro, the oxpeeted number of wrong classifications in tho firet

group is
"411. [ Sodv
Any othor method would chooss somo individuals from the first ranks and

othera from tho rest and allocato thom to tho first group. If the avorago proportions
chosen from tho first n; ranka and tho rest are donoted by ¥ and &, then

ny tagd =my
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For any procedure which chuoses & proportion y on the averago from the sub-popula-
tion dofined by the density

"]!1‘*‘":[1
" h>ely
the minimum expected proporilon of wrong clasxificatlons i3

.
I‘L, 1, dv v (3.0)

where C, is defined by fy>e"1 £y, 8, Leing choscn to satisfy the relationship
1
1 omfitmbddo =y

The minimum expected proportion of wrong clussifications for the other sub-populs-
tion is

,
=t DL
where C, is dofined by enfy<f1¢* /5, S, being chosen auch that

1

(r Syt S do == 8
s

The minimum expected number of wrong classificationa under the second procedure
is not less than

LIRS n, w
wn| e rat TH[ e TR
Because of the identity
iy Hong =y
we havo

uf o, (it do = 1 | o lctml do
Now ELf ndbnfdde < ,"—_'—,[,,l--/-(””-?) o
and 5 e, SRR I > nf o, -./.(1+1;3:-) dr

Sioce the loft hand sides aro equal it follows that

15[, hdv> B[ mihdo
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The expected loss (3d.1) Is then greater than or equal to

2 (et & Ir-c. Sy do
or
adl—a)
which is tho expected loss for the procoduro suggesied easlier.  For any value of the
(#y+1}th rank discriminant score (he above procedure is tho bext poxeible and henco
has the least possible number of wrong classifications on tho average. Tho loss for the
other group is simull ly at a mini This proves tho reguired result.

The problem of sllocation increases in complexity with inereoso in the number
of groups. Comsider only three groups with apriori probabilitics my, 77,. 7, and proba-
bility densities f,.f;.fy- Suppose a selection of n,; individuals has to be mndo for the
first group. For each individual we calculate tho scoro

S = mSitmafy+mty

[N AN

whero ry; and 75, denote the relative losses incurred in accepting individuals of the
second and third groups for the irst. The expected loss will be a minimum if the n,
individunls corresponding to tho highest values of S are chosen. It is necessary to
know tho spriori probabiliticy for a satisfactory solution of this problem while in the
previous case of two groups this information is not needed. Tho proof is similar to
that given above.

Suppose wo want to sct up a criterion by which, on the average, individuals
are assigned to tho three groups in the ratios p,:pyp,. (Sp = 1). If R, R, R, aro the
regions which determine the groups of the individuals then

[ s, (mfitmfytmefiddo = pui = 1,2,3. - (342)

The expected loss is
[n ramfatramfd dvt [ o Gumfitramafi dot [ Gamfitrgmfi)de 30.3)
where r,, denotea the loss in accepting an individual of tho ith group for tho j-th group.
The best regions which minimise the expected loss aro defined by
R, 0N FF.FKF,
R, n F;<F,F,<F,
Ry N F,<F,F.<F

where the symbol N stande for ‘defined by’ and
Fy = rymfyHramfs tAm i+ +74fy)
Fy = ramfy HramfiHalmfy +mfy+7afs)
Fy = ramfi o fsta(mls Hmefy+mafs)
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whero A, A; and A, sro dotermined 20 as to salis1y tho conditions (3d.2). This solu.
tion follows from n lemmn in Appendix ) in (Rao, 1N8).

| Tho solutivn given above can bo used in obtaining the most efficient allocation
of o number of individuals into three groups in an assignail ratio.  Suppose N Indivi
dunls havo to bo distributed inlo groups of a,, ny and ny{Ea=N) for Navy, Airforco
and Army. To slart with'we can try tho regions defined above uaing the proportions
P1PyiPy 1 myngin,. But this will not give an exact division of the N individunls into
groups of my,m, and ny in any singlo sample but will do xo on tho avciage. In such
& coso wo ean try somo alternativo values of p,, py, py till the required numbers fail
into tho regions R, R,.' R, Tbero may bo many scts of p's for which this condition
is satisficd in which caso that sct for which the loss (3:).3) is A minimum is chosen and
tho desired grouping arrived at. In practice thero may be some difficulty in l'olloumg
this procedure.  Somo simpler methods will be di d in a sul
cation.

4. Drstavce Powza Tests
(a) Distance functions

Tho concept of distance betweon two statistical populations was first developed
by Mahalanobis (1930) and the goneralized distanco D? defined by him has becomo
a uscful tool in biological and anthropological hes (Rao, 1048; Mahaluenobi
Majumdar & Rao, 1949; Rao & Slater 1040). Since functions defined to bo dislance
between two hypotheses concerning a population aro boing used in tho theory of tho
testing of hypotheses it is of interest to examino tho logical basia of the distance
functions.

The overlap function: Lot fi(x}0,) and f{r0,) denoto the probability den-
sities corresponding to two populations or two hypotheses. Suppose an individual
i3 chosen [rom one of theso two populations and it is desiretl to know whether ho be-
longs to tho first or to tho second. If an individual could ba nssigned to the proper
group with certainty then wao hiave a caso of no overlap which may bo considered as
tho maximum possible distanco between sny two populations. On the other
hand if tha two populations are identical there ia no meana of discriminating between
tho individuals of tho two groupa in which caso the only mothod of classification is
by & toss of tho coin leading to 60% crrora. This may bo consilered as the completo
overlap leading to the minimum distance between any two populations,

The frequency of errors in any other situation lies between 0 to 50%. Let
«, tho probabilily of an individunl from any group boing misclassificd by following
tho beat possible procedure, bo definod a8 Lhe oxtent of overlap between two populations
(Rao, 1047). A distance function can bo dofined to bo any docreasing function of a.
Ono such function fs (1 —x) which ia shown Lo satisfy somo mathemnatical and emperical
requirements of a dislance function (Rao, 1048).

294



STATISTICAL INFERENCE ATPLIED TO CLASSIFICATORY PROBLEMS

The ity a idered abovoe is tho valuo of the probabilities

a=| Heo)do={ fixi0pdo
/l>'\/l /)</v1

where A is properly chosen,
The quadralic differential metric:  Let us consider n population chamcteriscd
by the probability denaity
$lx, 0y, et 0g)
Dy varying 0’s we generato dilferent populations. e shal) assumo that the spaco, in
which tho parameters Icading to valid probability densitics Yo, is continuous.
I0 {0y et O) and (G;44d0,, ..., 0,+d0,) represent two contiguous points in

the parameter space tho best method of discriminating Letween tho individuals from
the populations defined by them is to mako uso of the likelihood ratio

Hro+ds) d}e
e 1t
where

=% [l
d = 5 oyt . +30. do,

Alindividunls for whom dg>Ag will be put into ono group whilo the others in tho second.
It is dificult to find the probability of wrong classifications by following tho above
procedure. A fair idea of this ie given by the aquaro of tho dillerenco in mean values
of d¢{$ for tho two populations divided by its variance® which to the onder of infini-
tesimaly considered is samo for both the populations.

v(%?) = £57,d0,0, . (al)
whero g = £ (.3 %%-) (% g_i.) is an clement of the information matrix defined by
) 1
R. A. Fisher,
The squaro of the difference in mean values fs

(ZZp,, d0,d0,)* o (40.2)
10 that the required ratio of (45.2)/(40.1) is cqual to
£Sg,, d0,d0, w (48.3)

* la focl oll 1he highor momonts are oqual to the ordor of inBnitcsimals connidercd 0 1bal the
eatire distance b 3 by 1ho diffs inauinglo quantily vir, Vhe meaneo 1hal division by 1he
varisace s Larmal. In an carlior papor the varianco of dg/g was considored 10 oblain the distance. Dub
1ha proper Juatiication Iy Uhat o motrio denotos tha difference fn meen velurs of tho Iielibocd ratio,
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This quadratio diflerentinl form with its fundumental tensor as tho cloments of the
Information mattix may bo used ns a auitablo mensuro of tho distance between two
populations. If two given populations havo tho | 0080, ..., 0, and 0'y....0",
then tho distance between them can bo obtained Ly integration along a geoealo uaing
tho clement of length aa defined by tho metric (4a.3) {ref. Rao, 1945).

Angular distance: A perfectly general measuro haa been developed by Jhalta-
charya {1943) who definea tho distanca botweon 1wo papulationa as the angular distance
between the points representing tho populations on a unit sphere. If ny..., m, sro
tho proportions in a population consisting of & classes then the population in represent-
ed by a point with co-ordinntes 4/m,....,/m, on & unit aphere of & dimennions. 1
two populations hiave tho co-ordinates v/ay,...,v/m, and V/a/'....,/m,’ then the dis-
tance betweon them is

Cos™ v/mmy +4/mgiyg +.. +vmm)
If the populations aro continuous with probability densitics ¢{x) and y(x) t1e distance
is given by

Coa-t [ y/3TG(x) dv

I1 $(z) snd pix) are two contiguous populations as defined above then the se-
tual length ds nlong tho sphero on which ¢{x) and y(x) aro represented is proportional
to

VEE,,00,d0,

which involves tho metrio defincd abovo. This establishes an interesting correspo-
denco Letween the angular distanco and thoe quadratio differential metrie.

It must bo observed that in problems of classification of groups which involve
tho identification of cluaters or Uations in & given guration of groups the
uso ot tho overlap distance {unction has a greater appealin that it is, to somo extent,
based on the organio or physical resemldanco or differenco between the individuals
in tho two groupa as revealed by somo observablo characters.

A necessary requirement of this tool fe that tho variables considered should
be continuous. Analogoua distance functions could bo defined when tho varinlles aro
discrete but theso aro not attempted hero.

The quadratic dilferentinl metric though mathomatically clegant is usctul only
when tho populations considered aro of the samo typo and differ only in the valuces of
tho paramcters which can take continuous values. Although tho angular distanco
Is frco from thia limitation it docs not explicitly make uso of the parameters in tho dis-
tribution »o that it ia diMcult ¢o judgo how fut tho angular distanco roflecty the clanges
in the distribution lunction consoquent on changes in the parmmoters.

Tn texis ol significanco whioh will Lo rhscumed in scolions (de, d, & c) the
distanco {unotion can Lo conveniontly chosen from the altornatives auggested abovo.
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(& A lemma on power functions

Lemma: Let £y, fy.... bo o finito number of probability denaitica alternative
to f, which is specified by the Null hyputhesis. Lot » bo any region satisfying tho
conditions

I- fodo = a {18}

and

5:_ l- Jde = al: I. Ido = . v (40

where ay, a,.... aro positive assigned quantitics.
Out of all regions satisfying tho conditions (4b.1) and (4b.2), the region «,
insido which, Jo S Sy FASy+
outside which, Jo > MfiFhSeton

where Ay, Ag,... aro determined such that the above conditions are satisfied, gives
the highest common valuo to the quantities in (41.2).

Proof: Let £ and fy bo the common values (4b.2) associnted with tho
regions e and wy nnd denoto by w, the region comnion Lo « and », . Then wa have

Ah Mt fo= [ ity n) do
>

= e 1 [ o (LA St ) do

fo dv+.[-.° LA+ de

wy— ey

5 [ o, Mt Yot [ SN do
= I - NSy +. ) domAym + Aay+..) £

If (A2, 4224 ) is positive then Ao 8. To provo that (3,8, +A,2,+..) is positivo
wo obscrve that
]’ v (,\,/,+A,j,+..).f.,>[ et

ie. (Ao, +Ae,+. ) Da
Since f, and a are positive it follows that (1,a, 4-2,a,..) Is nocessarily pesitivo.
The lemma is proved.

Thie lemma gives us a mothod of determining a region with respeet to which
tho powors of tho various alternative hypothoses aro in an assignod ratio and subject
to this condition every alternativo hypothesia has tho maximum power.
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c. Test for a finite number of allernalires,

Consicler a null hypothesis H, and s scrica of altcrnatives Hy . ... Let tho
power of tho best poasiblo test for H, when Hy is the only alternative ho denoted by
7z} whero @ denotes the level of significanco.  Any region w suggeated as tho critical
region for testing H, will liave

Julidv= a0

as tho power for the alternativo 3. In no case can £ excoed ¥ tut there may exist &
singlo region g such that f{s)my,(x) for all § in which caso this region is uniformly
the best and no criticism can be lovelled against it.

If this is not so, various alternatives havo been suggested. Ona is 10 chooso &
region which moximises tho minimum A (Neyman nnd Pearson, 1033b; Jackson,
1936; \Vald, 1939). A procedure like this mny give undue prelerenco to tho hypotheses
nearer to the null hypotheais. It may bo felt that s method which electively con-
trols the errors of not accepting a ncarer hypothesia wlhen it ia true will bo good
enough for distant hypotheses. But robbing Peter to pay Paul ia not necessarily tho
best eolution.

On tho other hand ono may tako tho view that in the course of experimenta-
tion it is necessary to detect-a distant hypothesis as early as ono can. Itin fact s dis-
tant hypothesis wero true and tho critica) region had been so chosen s to givo this
bypothesis tho maximum possible power then it could bo discovered with the minimum
possible number of observationa. If, in fact, a nearer hypothesis were true a larger ex-
periment would be necessary to detectit. Insuch a caso tho experimenter might consi-
der himself unlucky on the choico of his subjet or might regard the consequences of
accepting 1, when in fact an alternative closo to it is truo as less serious than when
the alternativo js distant.

A compromiss golulicn may Lo suggestod if the experimenter could assign apri-
ori probabilities for the various alternatives. This means that ho has a knowledgo of
a series of similar experiments and frequonoles of various types of alternatives ho has
to deal. Whon such a knowledgo ia imperfect or the experimenter is not yurc that the
particulnr cxperiment ho is conducting bolongs to tho samo group of experiments that
havo been conducted bofore, no uniquo solution is possible. In tho absenco of any
information about the apriori probabilitics, na o compromiso between tho two viows
of moximising the minimum power or giving more weight to distant hypotheses, tho
following solution is suggested.

The critical region « ia chosen such that the comnion ratio

Bla) _ Ada) _
nla)  yda)
is a maximum whero the 4's and 7’s are es defined above. This method supplics a
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syatem of woights to Lo attachod to the powers duo to various nlternatives, the woights
boing the individual maximum powers. This rcgion has tho following two pro-
pertics,

(a) Tho distant hypotheses havo nocessarily moro power than tho neazer
hypotheses

(b) The individual maximum powera nro now roduced by the samo propor-
tion with tho provision that this proportion is aa amoll as possiblo.

If fo.fy.fss. . denote tho probability densitics for tho hypotheses I, 1.,
then tho region satisfying the above requirements is deduciblo from tho lemma proved
in scction 4b.  The boundary of this region w is defined by

Jo = MSitAfs+
whero A;,A,.. aro determined from the relations
I_/, dyv = a o (H0.2)

and

1 1
mlulldv=ml_].du=... o ({03)

Tho solution deduced abovo is not useful in practice Lecauso of tho difficulty
inevaluatingthe constants. It may bo convenicnt to consider tho region compli-
mentary to

Soomh =1 2. o (Hed)
a3 tho critical region, the quantitics ji,.p1y.. . being detormined to satisly tho relations
(4¢.2) and (4¢.3).

Example: Consider two independent normal variates z and y with unit varl-
ances, The hypothesis to bo tested is E (x) = E(y) = 0. Two possible alternatives aro
H, Efx)= E(y)=m
H;, E(z) =—E(y)=m

whera m >0, the exact valuo being unknown.

For any given m, tho maximum powera of tho individual Jypothescs aro tho
samo. Tho ingide of the best region w for an assigned m is dotermined by

JoQAS 1 FAy v {dod)
whera X, and A, aro chosen suoh that
I_ oxp—}(x*+y') dxdy = 2na ve (0.5)

[ oxp—itz—mpt Hy—m)*) didy = [ | oxp—I(z—m)*+ly-+m))dsdy

249



VoL 10]  SAXKIYX: TIHE INDIAN JOURNAL OF STATISTICS [ Parrs3

Two things are to be noted, (1) the region defined in (4c.4) is not independent of m so
that no valid test is possible and (2) it is ditlicult to determine tho value of 2, and A,
satisfying the conditions (4c.5). On the other hand, if tho simpler type of regions sug-
gested above is followed we obtain the region 3 complimentary to the critical region ss

exp—|(x*+y*) > pyesp—|((z =m)* +y —m)')
> pyesp—{llr—m)t Hy +m)*)
which on taking logarithus and simplifying reduces to
rdy £ 0
-y $ oy v {4.6)
where v, and v, are to be determined such that in the region complimentary.to that
defined by (4¢.6) the conditions (4¢.5) holl good. We thus obtain a region indepen-
deat of the uakeown paramcters. By symmetry it can be ecen that vy = v, so that

the critical region is tho shaded portion bevond the boundsry lines (4¢.6) ehowa in
figure 3.

Fig- 3 Tho mgion of rojection

Tho value of » has to bo determined such that the integral of thoe probability density
under tho null hypothesis in the shaded region is oqual to & an asvigned Jovel of signi-
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ficance. In tho above caso the variablea (x+y) and (x—y) aro independent 20 that
1=P(z+y)<v, (r—y)<r] = 1- (Plx +y<o))?
Ifahis is equated to .03 then
Plrty  v)=v.05

Observing that (x+y) is a normal variate with variance 2, we find from normal tables
the valuo of v = 1.954 for which tho above relation is true.

If z and y havo different variances say o,* and og? then tho region @ is defined
by
z ¥ z Y
Brar S =g <n
Again by symmetry it can bo seen that v, = vy, Now if

z y x
n= i ter T g
then
1 1
Vi) = ‘7—Ii+¢zl =V(z)
1

1
Cov (z,2,) = oo

20 that tho cotrelation between 2, and 2, is (730—0,%)/(0,® +04?). For any given corre-
lation one ean find tho valuo of A such that

P, <bVo 14010104, 2, <Byo 03 Y0,0,) = 05
Tho values of A for various values of tho correlation coefficienta aro given in tablo 1.

Tadtx 1. 6% SIGXIFICANT YALUZS OF A FOR FOMITIVE AXD XEOATIVE CORRILATIONW

[4 A 4 A ’ A 14 A
.03 1.833 .53 1.909 —.05 1.956 —.85 1.960
.10 1.951 .60 1.000 -.10 1.037 - .00 1.960
.18 1.049 .65 1.889 -.13 1.958 -.83 1.060
.20 1.040 .70 L7 —.20 1.938 ~-.70 1.0¢0
.28 183 W18 1.863 -.25 1.050 -.75 1.900
.30 1.930 .80 1.840 -.30 1,850 —.80 1.960
.35 1.034 -85 1.826 -3 1.060 —.83 1.960
40 1.920 .00 1.798 —.40 1.960 -.00 1.960
{5 1.023 .08 1.738 —.d8 1.080 -.05 1.960
-850 1.010 1.00 1.848 -.50 1.060 -1.00 1.600

Pp=0, Aml.054
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If 2, and/or z, oxceods AV 04300y then tho null hypothesis 1T, is rejected.

This test which hns a gonotical application was suggeated to mo by R.A.
Fisher.

(d) Tests when the alternatives are continuovs

Tho foregoing theory could bo oxtendled to the caxo whero tho alternatives
can Lo specified by paramecters with continuous varinton. Tho following definitions
will bo useful,

A region » which givea equal power to all hypotheses equidisiant (in thoe scnso
in which distance is defincd in secton 4a) from the null hypothesiais called the distance
power region. A test based on a distance power region u, is said to be uniformly the
best distanco power test? if

(i) thoaize of tho region w, with rcspect to tho null liypothesis isa (sn
assigned value)

(ii) w, is a distanco power region, and

(iti) for any spocified alternative ypotheais the power aesocinlcd with tho

rogion v, is not Jess than tho power for any other region satisfying the
requirements (i) and {ii).

Let A denote tho distance of a hypothesis H from H, the null hypothesis.
Then a distanco powor region satisfies tho condition

I-"" dv = $(a), a function of A only

If tho paramoters entering in tho alternative hypothesis Lo denoted symbolically
by @ and in the null hypothesis by &,, then

[_ J(0)do = $(8) and L £i0,) dv=a )
Let us dofine the insido of the region », by

10 € [ 5 comar, AON0) dS - 4d2)

whero tho integral is taken over tho surfaco A=constant. Lot thero exist a function
A0) such that the con litions (4:1.1) aro satisficd. Tho region w,, if it exists, is the best
distanco powor region for alternntives on tho surfaco A=constant. This follows from
the lomma of seotion 4b oxtenrled to an infinite sct of altcrnatives. If tho relation-
ship (4d.2) is independont of tho alternative used then wo obtain a uniformly best
distanco power test. It ia seen that tho region (4d.2) is same as tho region which has
tho bost averago power for alternatives on the surfaco A =constant and for an assigned
apriori probability density A(0) of tho parameters (Nandi, 1047). Whilo in tho theory
of averago powor tests there ia no justification for ohoosing a particular type of

* An oxamplo of such & tost which has wido practical applications is discusecd in & noto foliowing
thisarticle. {Sunkhya, Vol. 10, F1. 3, p. 207)
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the deasity function A(9} on which the test generally depends, the function A(0) is
saitably determined ia constructing distance pawer tests.  The determination of such
afunction, evenifitsexistence is known, may be a difficult task. When once it is
detsrmined by trial or otherwise the optimum property of the test is immediately
established.

The region defined in (¢4.2) may depend on other parameters which are not
direetly involved in the null hypothesis but occur in the specitication of the probability
density. If the true values of such parameters are not known, thea the best region must
satialy the further conditions that it is similar to the rample space with respect to theso
parameters, Thus the theory of camposite hypotheses could be brought in to cons-
troct a valid region. The classical and studentized D1 statistics considered by Hsu
(1941) and Nandi (1947) can be shown to be uniformly best distance power texts becauso
the regions associated with them can be expressed as

100 <[ § _conge, MOUO) 4§

It is of interest to examinoe the critical region obtained by extending the results
in (4¢.4) to the case of alternative hypotheses specified by parameters with continuous
variation. The outside of such & critical region is defined by

10} > X0, 8)/(0).

for all 0 on the surfaco A(J)mA where Ais the specificd distance of the siternative
from the null hypothesis. If due to considerations of symmetry tho function A(6,3)
could be replaced by a function of Aonly then tho critical region is tho outside
of the envelopo of the surfaces

J(0)[f(0) = const.
for varistions in @ on the surface A(0)=A. This ia the likelihood ratio test developed
by Neyman and Pearson (1925).

o, Neyman and Pearson's region of type € with a suilable cllipsoid of
equidetectadility

Let
Loy _ .
Lo = 1oy and it = gy
It = I3 sny region such that
[_ J100) dv = a — (d0.1)
]‘_ JO)dvm0,i= 1,2, e [H0.2)

then the power of the test associated with w at the aliernative hypotheais (0% d0,,
23
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0,°4-10,....) in tho neighbourhood ol the null liypothesis (0,8, 0,2,...) is given Ly

EIA,(0,)10,40, we (40.3)
whero

By= [ 1m0y dv

1t = ean bo dotermined such that tho expreasion (1e.3) is proportional to tho quadratie
difforential metric

$£20,,d0,40,

doflnod in soctioa (4a), then tho lest sasociated with w lias cqual power for all neigh-
bouring liypothescs equally distant from the null hypothesia. This meann

Biylg,y = constant for oll i and j v (1c8)

By using tho lommn in scction 4b it may now bo shown that the insido of the region =
is given by

J108) € E2A, 001+ ZAS00)
snd tho outsido by v. ({0.5)
J(0g) > ZEAS 0N ZA,S'(0y)

where A;and A, aro determined Lo satinly tho conditions (40.1), (+0.2) and ({0.4).

It ie casy to sco that tho region determined by (40.5) is invariant under translor-
mations of the parameters becauss of the invarianco of the quadratio differential metrio.
Thia is an fraportant property of the distanco power region such as tho ono deduced
abovo. This is not truo of tho goneral unbinacd critical region of-the type € given
by Noyman and Pearson (1038). ‘Thoy say (on p.44), **..when deciding to apply an
unbiasod critical rogion of typo C to test n hypotheais Hy it is neccssary to bo quito
clear about tho system of parameters which it is most appropriate to adopt in any prac-
tical problom. Tho choico of such a system lica clearly boyond tho bounds of the theory
of statistics and must bo mado in accordanco with tho practical importance of crrors
which it is desired to avoid whon lesting n particular hypothesis”, In tho method sug-
gested abovo tho sebjective element in tho choico of parameters is climinated.

I wish Lo oxpress my thanks to Prof V. M. Dandokar for going through tha
manuscript and making somo suggestions.
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APPENDIX
Supposo that individuals aro boing drawn from a mixcd population with
probablity denaity
nht+nh

If tho mcthod of solection is such that on an average s proportion y of the
individuals aro identified as belonging to tho Srst group what is the minimum esror
comitted,

Tho most gencral sclection proccduro ia ono which chooses a proportion
Pleynnsy 7,)=p(x) of individuals with the samo measurcmicnts (z,......%;) for
assigning to tho firat greup. DBy definition

Joh+mpapadoay
w
whero w represents the whaole epaco. The proportion of correct classifications is
I o/, pl) do
w
How can p(x) Lo chosen such that the abovo integral is 8 maxitoum?
Let ¢ boa region insido which w) f; > (7, fy+7, fy) whero A is cheson such
that

I mfi+mf)dv=y
c

For any genoral plx)
[ENSIEE]
w
= mnntde+ [ wfplna
3 w—C
<[ miotdds 4 [ At S+ 00 sty
©

w

= [ Mimhi+ m s ptaie

c

= [ whiptndot { Atefy + m £ (L=plaldo
€

|
<

<[ mfiptde + [ 1-ptalmfido
<

c

...] » fido
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This shows that tho function
plx)=1 when wy fy D A(x
p(z)=0 clrowhero

IR N

Joads to tho maximum numbor uf correct clawvifications. This result is umed in
deriving tho cquation (k1. 0) in scction 3, Tho proof given above refers to
a most genornl caso and includes tho important lemma of Noyman and Pearon on
critical regions,

REerFErENCIS

L A Drarrachanvya. (1043 On & mossure of divergenco botween twe Mistical populationa dedined.

by their prubability distnbutions. Jwll. Col. Moth. Soc., 35, §0.
2. Fisnen, R A {10473 Design of experimente.  Fourth edition, Oliver and Boyd. Edinburgh.
. Funen, R. A, Lyox, ). F. & Owry, A. R, 0. {[947):  Sox chromosoino ia houso mouso,  Heredity,
2 8.
liso, P. I~ {10413 Analysis of vatiance (roro the power function stand point. Biomeirita, 82, 62.

-~

Jacksox, R. W. 0. (1036); Touta of statisiical hypolheata (n the case whea 1hs sct of altornatives (s
discoatinuoua illustrated on some gonotical problems.  Sial. Res, Mem., 1, 130,

13

6, Jzromrvy, H. (1048)1  Theory of Probability, Oxford University Prems.  Oxford,

7. Maxaraxous, P. C., (1030)  Ou Lewts and mossurcs of group divergence. Jour. Proc, dslalis Soc.
Bengal, 26, B41.

5. Mawaraxosu, P, C. Majoupas, D. N. & Rao, C. R. (1048} Antbropomelrio vurvey of T"aited Pro-
vinces, 1041s & statistcal study. Semthya,'0, 90,

9. Naxor, IL K. (1047 On the average powor of Leat critoris.  Sanbhya, §, 87.

10. Nxxiax, J. & Psansow, K. 8. (1028} On the wso and intorprotation of cortaln tost criteria for pur-
pesos of statistical inforonco. Biomeirika, 20A, 1768 and 263,

n (103%): Ua (ha problem of most eifcicnt Lesta of statiatical hypothosss. PAil. Trons.
Roy. Soc. A, CCXXXI, 289,

12 (1933b): Tho tosting of statistical bypothowen o rolation ta tha probsbilitics apriorl
Prec. Cam. PAQ. Sec., 20, 492.

1. {1030)  Contributiona to the theory of testing slatistical hypothosce, Sial. Res Mem.
1,1 & 25

1. Ruo, C. R (1945} and accursay blo in L1ho eati of i ! parametery.
Calcutsa Mothematical Dulletin, 37, 81.

15, {1947 Tho problem of clomifcation ani tho distance betweon (wa populations. Nature,
159, 30.

10 (1948 The Usilization of multiplo measuroments in problsms of biological classification.
Joir. Roy. §tat. Soc.Somion B, 10, 169,

11 (1950} Bymposium on tima serioa, Abstract, Journal Indian Maih. Sec. {io Prom).

18, Rao,C. R.& Staren, P. (1940} Multi Iysis applicd to dil betwoon Rourotio groups.
Britiah Jasr. of Paycholvpy {Statistical Bootion) 2, 12,

19. WaLo, A, (1050 Contri t0 1he theory of statisti a5d tesling of hypothescs.
dnn, ok, Swr, 10, 20D,

20. Waro, A. {I043): & il tosta of Y Ann, Math, Stas, 10, 1.

Paper received July,” 1950,
260



	001
	002
	003
	004
	005
	006
	007
	008
	009
	010
	011
	012
	013
	014
	015
	016
	017
	018
	019
	020
	021
	022
	023
	024
	025
	026
	027
	028

