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ATSTRACT

We describe the struchure of oonnegative matrices dominated by a nonnegative
ichsrgsatent it ety amcler B g order.

Lo INTHEIUCTION

Mutrix partial urders have been an arca of Mtense reseurch in the past fow
years, The minus partial order is one of the importunt partial vrders for
matrices, and it s related to several other Conoepts such as rank addillvit}-.
shorted operalors, and the }_Jﬂl"dllt‘l SULIL [4] It is well known thal idx:mpnl{'.ﬂf
matrices play an important tole in the theory of generalized inverses. lu
}mrtit:u]a.r, the stucture of iL].ETJ'IPU[ETlt matrioss that arc eIt rywisl IOLDeEs-
tive is well andarstood. and it is a natiea] prablen to investigate how the
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minus partial order hehaves with refersnce to nonmegative idenpotent iulri-
cos. The purpose of this paper is o descobe the siracture of nomnegative
matrices which are dominated by a given nommegutive idempotent 1nutrix
under the minus parti.'ﬂ vrder. fn Secton 2 owe introduce some definitions
and prove some preliminary resulls, The main result is proved In Section 3.

2. DEFINITIONS AND PRELIMINARY RESULTS

We consider only real matrices, A mairiy A - [Hi_,-] is wonnegatine it
a2 0 for all 4, . i which case we write 4 =101 sSimilacly, A is positive
it g = 0 for all 4, j. denoted A > 0. The squure matos A s ddempotent il
A* = A, The transpase of A is denoted by A”, and the identity matrix of the
apprapriate arder s denoted by T

If A is un mn > anatrx, then an oo X e malrix G B 2 generalised
twerse (or & g-incerse} of A if AGA = A We denote an arbitrary g-inverse
of Abyad .

A matrix ] is a divect sum of mattces £ ), denoted by J=T,
- i

o0 o
ﬂ jﬂ e |::|
=% 5w

0 0 ]

If A B are m X n mutrices, then we say that A is dominated by B in the
minus order, denoted by A £7 H if runk 8 = runk A + ruld B — AL

It is well known that the minus onder s o purlial order, and several
characlerizations aof it are avaifable in the litevature (for example, see [3]) In
particulur, we note the follvwing result which will be used.

THFOREM 1. Lef A. B by m X n matrices. Then the following eonditions

are eyrivalent:

(i) A=< B.

{ii) There existy o geinwerse A7 of A swch that {8 — A)AT=0 anf
A(B- A -0

{fii) Every g-inverse of B is o g-inverse of A

(iv) Every pgunverse BT of B satisfles ABT(E — A) =0 and
{B- A8 A=10,
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Wi remark that (iv) cun be interpreted as saving the “paralle] sum™ o A
and B A is zowo,

We will need the following characterization of nonnceative idempotent
matrces due to Flor 2] (ulse see Theorem 3.1 p 683 in [Lh.

Tieonks 2. i E s o nonepative idenmpotent matrix of rank v, then
theve vaisty o pertindation mealvin F seerfe that

FE [ T
¢ 0 0 0
] G} 0o
60 0o

PrpT =

where afl the disponad birrrke gy sonare; { i o divert sum of matrices x, 1;
= oy >0 and oy Te =1 i=12....r and C. 1} are LR IR
wmatrices of seitable wzes,

I [allows from Theorew 2 that i & is a positive idewnpotent miatrix, then
E st he of rank one.

The main purpose of this paper i to deseribe nommepative matrices
darninated by o given nouncpative idempotent matriz imder the minns order,
We frst prown same preliminary resells which ure necded Tor such 2
l:!.&“;(.'r‘lpf!ﬂn

LkMsa 3 Let ALE be n ¥ n matrices such that F° F, and suppase
thet A = "E. Then A is fdempotent ond AK = A = KA,

Progf. Siwee E? = E, the o a ideutity matrix T s a g-inverse of F.
Since .r‘L % F, by Thearem 10} 7 must be a g-imverse af A and therefore
Ad= Alsi, ]_n Theorern Livh ANE — AY={8 — AMA =0, und this
r*nmp'lf-’rcﬂ the pmo[. [ ]

Lessa 4 Let X} be 0 % n nonnegative nutrives such thet (X = X =
5f_l||' and suppose | — [ & - @ [ where o= uglox e 00 g = 0 awith
T R L L{t X=1X%]1bethe+ < r Dlock portitioning of X
in mnﬂ;rmu‘q with thar af . Then ;I"rar earcts i ] wither X, ~ 0 or X, iz a
PoTiioe preel T u_f' rank L.
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Proof. Leti,fbefixed 1 4,7 < v Since JX = X = X}, we have
1 Xr'_;i =K X:‘;.Jr_f* ? {1)

Therefore rank X; < rank J, = L 1M rank X; = 0 then X, - 0. Suppoese
rank XF.;; =1, and et X = ut:' be a nonnegative tank factonization. Then

fron '[l.]l

JaT = we = ue’}

ir
-

(2)
Since w, v moust be nonecro vectors, it follows from (2) that fe = o and

o' =o', Since J,, J; arc posilive matrices, 4, ¢ mst be positive vectors.
Thus Xi,‘ = np' is positive and the proof is {x}mplerﬁ, [ ]

3.- TIIE MAIN RESULT

TusoueM 5 Let A, E be n X n nonnegutive matrices such that E*=E,
and stippose A =7 F. Then there exists o perruutation matvix P such that

J D 0o v OUD 0 0
b 0 0 0 0 0 0 0
PEPT = 1 PAPT =
¢ oop oo oo ct ctp 0 0
b0 0 o0 o 0 0 o
'IU}lﬁm
% s 1
i b oo
o0 0 00
¢f 6B o o
o 0 0 0

J ond f are direct sums of positive idempotent matrices of rank 1, and
C, D,C, I are nonnegative matrices of the appropriate szes.

Proof. Since E = Dand E* =F, by Theoren 2 there exists a permutu-
lion matrix f such that

f i o
cf ¢ o o

o)
=
-
=
=
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where f=jj @@ [ =xyl 1,y ue puositive vectors, and g1, = L
I =1,2,...,r For convenicnee we assume that E-iself is of the fonu given
in (3), as this will not aflect the eonclusion of the theoren. Let

Yoo Y Yo Yy
¥, Y Yoo T,
A= 2 i X

Ya Yu Yy Y
_}'41 Yoo Yo Y-u_

b the corresponding partitioning of A, Since 4 = £, by 1.amma 3 we have
AF = A = FA and [rom dhese ey uations it Follorars that

Y, ¥, 090

The eyuation AF = A nowe gives

Yl Hyfhe o 0 Yo ¥y 0 0
) B0 0l_]0o 0 00
Yof Yujb 0 0 Yy Y 00
i} 0 0 o } [} [

Thus ¥, = l’l,f, Y= Y“_J'df},d and hence ¥, = THI?J‘. Similarly, from 4 =
A we conclode that ¥ = J¥,,, Yy = CfY,, snd hence ¥, =CY,. It
follows that ¥, = ¥, fD = €Y JD = €Y, D. Therefore, setting X — ¥,
wie; have

X XP o0 o0
0 0O 0 0
X CXO 00
0 0 0

A=

e now take a closer luok at the equution }q_ =f= ﬁ{ Let
o0 o0 X X o= B
- ¥ g, B0 X Xpe v Xoy
= A : o I & : " ;
0 0 - X, X, - X
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be conformal purtitions. By Lemma 4, each X, is either zero or o positive,
rank oonc matriy. We also wole from the equation A® =4 that X7 =X,
Constmict the £ X r matrix & - [z,.J.] by sclting 5 = _!;f':{i_r.x_i, [ N
We cluim that Z is idewpotent, This is seen us follvas, For any 1,k S
{1.2... .. r}L we have

r r
- — T T
-21 z':'_.l""j.fc i -E| yi Xl:_il ‘r_.‘ y_,l "x;?k T
i #45

.r;-:'{ ) x} I

=1

= _r;f"{ L ‘xi:'x.!h}”i ( since X = Xsi]
=1
=y X%, {since X* =X
= s
and therefore the claim is proved.

Since 7 is & nonnegative idﬂmpnl‘ent matrix, hy Theorem 2 there exists a
permutation matrix £ snch thut

Ji LD, 0
. 0 0 6 0
QT =
iz ¢, Gy ooy
) () 0o

where Jisu clirect sum of positdve i{fempﬂtent mutrices, sach of rank one.
Let £} be the permnnlation mutrix obtained from @ by replacing the 1 in the
ith column by the identity matrix of the same orderas X, i =1.2,....r.
and replacing each woro by a 2o matrx of u‘Ppmpriute size. Then by block
matrix muldplication it can b seen that QXQ permutes the hlncks Xr.j of X
in the same way as Q20 pennutes the eatrics =, of Z, Therefore, keeping
in mind thut each X is either sero or positive, we have

r

J D oo
hoo 00

Xptes] 5
Bk M 00
4]
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where f is o direct sum of positive mattves and 53 C:: M arc nonncgative
Imtlrlees, s .-

The: equation (QXQ) = QXO' now leads to T ey,
and A = (_H_.'l 1t followas that j must be o direct sum of positive idempotent
rmatrives of rank | amd we lave

R T2 VI |
provel 2. 2 B
CF Gy o0
0 nooanon
Sl
O 00w
PR U I
60 o0 4 ool
01

where The partitioning is conformal with that of A wmd E. Then

ofor o 0 o0 OXOU XA o0

Pifle,| %6 0 URGBL @] S I 00
S To LB 611 FRN (I CEQYOCXD 00

(s 00 0 0 0 00

lhe c{rmtnmtmn of {} and the shmetnre of _,I' {as a block mm} show that
O}Q is also a direet sun of positive. rank one idewpatend mateices. Tn Tact il
). eomespands to the permutation @, then

S, 0 i

o {} jrr2 “
G T :

0 ':] e _rr.rl:r'l

Finally, set U7 = (_}XQ C = C{,—J‘ D= OTJ and | = l‘,')}QT toy gt fowms of
PEPT ind PAPY s asserted. That completes the proof. a
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CoRmLARY 6. Let A, E be n X n nonnegatioe matrices with no sevo row
ar columm, Suppose E* = E and A 57 E. Then the follmoing assertiony hold,

(i} There exists o permutation matrix Fosuch thot PEPT and PAPT are
both direct susis of positive {dempotent tattices of rank 1.
(i) Foranyi jife, > Elrhma =0, where A = {g, ] and &£ = [¢,]).
(iii) faet {7.9,.. ﬂ} =5, U "':' be the erarE':ttfm of 11,4,. }
induced by the ifiﬁ:cr swm representativn of PEET aned ot (2.2, :ﬂ} =
T, U - U T, be the partition induced by the direct sum representation of
PAPT. Then the former partition iv a refinement of the latter, and if §, = i
fm‘ wonne 4, f then the cur‘rﬁs;nmdiﬂg Blocks in the direct sum representations
are el

The oot of Corollury  is essentially contained in the proof of Theorsm
5. Statewend (i) of the Lumlhn follows from AE = A = FA together with
the fact that the diggonal of A4 s positive, and statement iif} folloners From (i)

The next cxample shows that in the case of Themwem 5, the natiral
COMVETSE imp[i{:utitm v not tooe.

Examrii 7. Let

1 1 0N
11111 2 3
Ar-E] 1. FE-14 L a0l
E Lk ¢ 0 1

Then A, ¥ are both nomnegative idempotent matrices. Also the condiion in
Theorem 5 is trivially satisficd. However, A is not domivated by E i the
minus arder, since rank & — 2, which does not equal rank 4 + rnk({ £ — AL
which is 3.

The following cxample Mestrates the simelore described in Corollary 6.

ExamrLe & Let

$ 0 0 00 o0

c 4 0 0 3z 0 0

w0+ 3 0 00
E=le o L L o o o] and

O A A ¢

3 00 08 3

(o 0 0 0 0 0 1]
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(i 1 0 0 3 ¢ 0]
i3 000§ 30
U | S I |
A=l0 ¢ 5 3 0 0 0
IS | S ) B SR
RS S VT S |
L0000 0 0 1]

Then it can be verified that the hypotheses in Corallary 6 are satisfied. Also,
il P isthe perinutabon tratrix

b1 0 o 0 0 b
G0 0 0 4 a
Lo 00 00
F=q10 0 O 0 & 1 0
o o 1 a0 i 9

06 0 1 40 0
0o 0 0 0 0 0 L]
then

B

_g : 00w i

PO B L SUNE S 0

: B

PBEE=la 0o L L o0 0 0] ad

C 0 0 0 3 & 0

O 0 0 0 o5 3 0

(¢ 000 0 0 0 L]

PO S SR S B

+ 3 3 3 000

| TR S S S R S |

PAP'= |2 4L L 1 p g g

S R | T (A

6 00 0 3 3 O

IS I R VR (R VA

which are in the form asserted in Coroflury B
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In the remainder of the paper we show that the sct of monnegative
matrices dominated in the minns erder h}-‘ i given nonunegutive idﬁmpntent
matrix of rank + can be “identificd” with the st of r ¥ r nooncgative
iempetent matrices, This jibes well with the simple absercation that the st
of nunnei_,ame aatrices dominated h!, the ¥ r 1-'_|Jt-n’r1‘|:_':r mutx is ]]]’i—"(ht"i\.
the sct of all ¥ X r nomegative jdempotent watmdocs,

We now inteoduce some notadon. Tet & he an - X n nannegative
idempodont mateix ol pank 7 Let # ={A: A 20 A =7 £, and let 7 be
the set ol r ® v nimnegative idempntont matrices. With this notation we
have the following resalt.

THECOHEM 8. Let K be a nonuegative idempitent motrix of rank r, Then
there existy @ map & e — 7 satisfying the follcing propertics:
(i} & is one-to-one,
(i} o iz onto,
(if) If A, Bedy and A — BA =10, then A+ B .4, $lA + B) =
dl A + $BY und HlAIS(E)Y = {1

Proof, W first deseribe the construction of the wap & Tad A S By
the pronf of Thenrem 3 we may wiite, without loss of generality, that

o6 o0 X XD 00
0 ( i i 3] (LI
of ofp 0 ol e CX CED 0 0 (4)
o ] o o oo ﬂ o 0
where X = 0, whers _,|"{ =X =X}, and th-rrl# ﬂ @ f = Ji ;
2, =0, 4 = 0wl 7 l, i=12....r. Lol T_f ] ke the core-

spomding  block p1rtlhonlﬂ,q of X. By Lemma 4, cach X, s cll]wr ZCTO OF
positive matrix of rank 1. Since fX = X = . we have

fX, =X, = A . (3}

We define $(AY = 2 where 7 = [z ”] wei[ X £2 Vis Lhe et rix construetod
in the pmuf of Theoren 5. As ohserved in th'lt pmnf AR 1dc—=mpmv.=nt aned
thus ¢ is clearly a map fram .4, into . £,

{ik Suppuose A, § .4, and d:-lf A) = $(E) As in the proof of Theorem
3. we conclude that

X ALY [ Y Yr} [
i} (} LU I} } {4 0

= E = i
CX CXp 0 of CY C¥D 0 0 (6)
I} 1} {1 o} fl 0 | B
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Lt X= [X ]l ¥= [}“] be block paditicnings of XY in conformity with
tlhut of I ‘:-1uu-' o A) = Bl B, we have, in view of Lhe delintion of o, that

0 X, = 4 Vx Vi e
T,
¥,y X, o1 ¢ !':’.J"Ysa:"'.J i lsijgr,

and, hence f X0 = thufr’ 1 4. 7= I follows brom £33 and & similar
equation for ¥, that X, =i Thus X = F and henee A B
Theretore ¢ is one-to-one.

il To shiow that o is outo, let L= [.f,;] be u nonoepative iemgutent
v matein ot X, =1oxy) s =120, ro Sel X = 1A, a hlack
purbtioned s, and let

A 4 L | T
0 0 a i
X CXDoon
(b U noon

A=

Then il can e verified that X% = X undd JX = X = XJ. Thus A =47 Also,
LAY - . and Hiovefore o iz onlo.

Giik Suppose A, B €.#; and Afi =~ 4 = 0. Then clearly 4 + B ix
iewpotent md [E —{A+ B)lA+B) =14+ 8k —-(a~+B)=
thus A + B = M. We assumee, without loss of generdity. that E, A, B T
the form given in (4} and {§). Then A8 HA = 0 leads to XY = ¥Y¥ = (0
Furthenmnore, X + ¥ s idempotent. Let X =[X,]. ¥ = [¥,] be the block
partitioning af XY, compatible with that of | and Tl '

= y,TX,_I,IJ,, =1, lf x,
tar all i, . Then
iAo BY = [ 25+ :uU] = [zh,] + [w;] = & A} + S(B).

Sine X¥ L it iz easy 1o verify thal ol A)e( #) = 0. completing the proof.
|
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We express our singere thanks to the veferce, whase helpful remerks have
led to « better presentation.
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