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Abstract

A unified analysis imvolving the solution of muliple integral equations via a simple singolar
infegral equaton with & Cauchy 1vpe kernel is presented to handle problems of surface water
wive scattering by vertical barricrs. Somc well known results are produced in & simple and
syslematic mannet.

1. Introduction

The problems of scattering of time-harmonic, two-dimensional surface water waves
by vertical barriers (see Chakrabarti and Vijaya Bharathi [2], Evans [5], Mandal and
Kundu [8], Ursell [12], etc.} give rise to an interesting class of mixed boundary-value
problems involving the two-dimensional Laplace's equation, salisfied by the total
velocity potential of the irrotational motion of an incompressible and inviscid fluid
occupying a semi-infinite region, in which there exist some fixed obstacles in the form
of plane rigid vertical barriers.

The first three such boundary-value problems, referred here as problems I [ and 111,
are the ones involving: (T) a fully submerged vertical barricr, (IT) a partially immersed
vertical barrier and (HI) a fully submerged vertical plate. These three problems have
been analysed by vanous workers (see Chukrabarti and Vijaya Bharathi [2], Vijaya
Bharathi et al. [14], Evans [4], Porter [11] and Ursell [12], for ¢xample) and complete
solution of these problems have been determined by employing different kinds of
mathemalical analysis.

The general problem, involving un infinite vertical barmier, with a finite number
of gaps in it, extending from the surface of deep water 10 the bottom, which s at
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an infinite distance away from the surface, has been analysed by Mei [9], in certain
specific circumslances.

In the present paper, we have made an attempt to present an unified approach to solve
the first three problems I, T1, and III, mentioned above, completely by first reducing
them to multiple integral equations, invelving a lincar combination of the cosine and
sine functions as their kemnels, with the aid of the theory of Havelock's expansion
{see Ursell [12]), and then converting each of these multiple integral equations to a
single Cauchy-type singular integral cquation of the first kind whose solutions are
well known.

First we obtain the solutions of these three problems in their known forms. The
gencral problem involving an infinite vertical barrier with a finite number of gaps in
it is then (reated.

Because of the fact that the final forms of the solution of the problems L IT and ITI
are already known in the literature, we have tried to present these results in as brief
o manner as possible, avoiding repetitions, highlighting mainly our unificd approach
which is applicable even to the general problem as mentioned above.

In Section 2, we have presented the mathematical formulation of all the problems
handled in the present paper. In Section 3, we have reduced cach of the boundary
vitlue problems considered here to a problem of solving Cauchy-type singular integral
equations. In Section 4, we have presented solutions of problems I, 1T and III com-
pletely. In Section 5, the general problem involving a finite number of gaps in an
infinite vertical barner is treated,

2, Mathematical formulation

The problems (see Evans [4], Porter [11], Ursell [12], Mandal and Kundu [8], etc.)
of the scattering of surface water waves by vertical barriers, in the linearised theory,
are those of solving mixed two-dimensional boundary-value problems for Laplace™s
equation.

e b,
7 “1:1:{}, —00 < x <00, y=0, (2.1)
dxt dy?
with
3¢, !
a;i'! +id; =0, ony=0, (A= — =0, aconstant) (2:2)
E
d
ji:(}, onx =0, yel; (2.3)
dx

for j = 1,2.3 and 4, where L; represents the vertical barrier occupying the interval
a; = ¥ = b;. We notc that for j = 1,2 and 3 we obtain the three problems |,
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11, 11 respectively discussed in the introduction. We use j = 1 for problem I,
with &, = g, b = oo, j = 2 for problem 11 with 4 = 0,8, = band j = 3
with a3 = ¢, by = d for problem lll, where a, b, c, d represent known positive
constants. For the general problem under consideration we use j = 4, with L, =
{0, &)Y Jby, @) b, @z) - -Uh,, 00), suchthat 0 = gy, = by <@ = -+ = b, = 0o,

Along with the above equation and conditions, we shall also have to allow the
following requirements for the functions ¢; (f = 1, 2, 3, 4):

¢y ~ T, as x — 00,

G ~ e 4 Rie™ TR asx — —o0,
where 7}, R; are unknown complex constants with j = 1,2,3,4,i* = —1 and
gradgy =O((r —a)™'?), asr=(E"+)y)"P —a x =0, (2.500)

for problem 1. For problem II we have

Ofr =Y, asr— b, x — 0,
giagy = 1S - @.5(ii))
bounded, asr — 0,
and for problem IL
Olr — ™', & L x—=0
ag, = O =T, asr—e x (2.5(iii)
O(r =)y '), asr—=d, x = 0.
For the general problem, for which j = 4, we require that
bounded, as 0, :
grad gy =1 T (2.5(iv))
O((r —e,)"'), asr— e, x—0,
with e, representing the edges ¢y = ay,e: = b, e5 = @, -+, €21 = & and

ey = b,. Also, in all these problems the conditions W be met with as y — o0 are
that

gradgy — 0 asy — oo. (2.6)

The constants T; and R;, oceuring in (2.4) are unknown along with the functions ¢y,
for each j and this aspect of the boundary-value problems under consideration has
created considerable interest in the study of scattering of water waves (see Chakrabarti
and Vijaya Bharathi [2], Evans [5], Porter [11], etc.).

The functions ¢; (j = 1,2, 3, 4) appearing here represent the total velocity po-
tentials in respect of the irrotational fluid motion corresponding (0 the varnous scat-
tering problems. The function ¢™*~** (dropping the time dependent factor ™'
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throughout, where o represents the circular frequency) stands for the incident plane
wave propagating from negative infinity in the x-dirccetion and hitting the vertical
barriers L; (j = 1,2,3,4), (A = ‘;—2 represents the wave number, g being the ac-
celeration due to gravity) occupying the y-axis, where the usual two-dimengional
Cartesian co-ordinate system has been employed. The complex constants R; and
T, (j = 1,2, 3,4) represent the “reflection” and “transmission” coefficients associ-
ated with (he problems.

Without going into any more details of the physical problems leading 1o the above
three boundary-value problems, for which the reader is referred to the original work
of Ursell [12], as well as the article by Evans [5], we shall present in the next section
a unificd approach involving solutions of multiple-inlegral equations to solve these
problems,

3. Reduction to multiple-integral equations and singular-integral equations

We slurt by representing the solutions of the p.d.e. (2.1) satisfying the conditions
(2.2), (2.4) and (2.6) m the (orms

b = | BT T ALK, e dk, x >0, E
T fet M 4 Remtat 4 [ B.R)L(K, )T dk, x <0, j=1,2,3,
with
Lk, ¥) = kcosky — Asinky, (3.2}

where A; and B; are certain unknown functions to be determined as described below.

s dey : , :
Continuity of H;T across x = () provides, by using Havelock's expansion theorem
(see Ursell [12]), that

A;(k) = —B;(k) and T, +R,=1 forj=1234. (3.3)

Now if we assume that the functions ¢; are continuous across the gaps &; =: (0, oo} —
I;. on the line x = 0, we find, by using the solutions (3.1) along with (3.3) that we
must have
[= =
f A;(k)L(k, yYdk = Ree™, ye Gy j=1,2,3.4 (3.4)
0

Also using the boundary conditions (2.3) once again, we obtain the relations

f kAL, yydk =ir(l -~ R)e ™, yel, j=1234 (3.5
0
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d
Equations (3.4) and (3.5) can be simplified by applying the operator E + 2 formally

to both sides {sec Ursell [12]), to the following mulliple-integral equations for the
determination of the functions A;:

f Aj (YA 4+ AN sinkydk =0, y € G;

oo (j=1234. 36

and f Ajk(® + 3N sinkydk =0, yel,
n

If we next set
Fi(k) = (k* + A1) A;(k), (3.7}

we can express the relations (3.6) in the equivalent form
o
f Filk)sinkydk =0, yeG,
. i=1,2,3,4, (38
and : mﬂ{kjsink dk=C ve L . 52
dyJy Tk NPETR TR
where the C;s are arbitrary constants of integration. We find for problems |, [ and 1T,
corresponding to the values 7 = 1, 2 and 3, we must have that

Cy = 0 with C; and C, arbitrary. (3.9}

In the case of the general problem, for which j = 4, we will have (o interpret the
number C, as representing different constants for different positions of the barrier L.,
that is, we must use the fact that

Ca=CH, foryell® k=1,2,---,n+1,
with the understanding that

LV=0<v=a, LP=b=y<am LYV=bh<y<ay, -

L =by<y<a_, LP=b_<y=<a, and L{""=b, 2y <.

We must also bear in mind that C["'"* = 0.
Then (3.8) constitute the desired multiple-integral equations for the boundary value
problems under consideration. Setting

B (y) =f Fik)ysinkydk, ye(0,00), j=12,3 (3.10
o
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and wsing the Fourer sine inversion formula on (3.10) and the first of the relations
{3.8), we obtain that

2
P}(k}:;f hi(y)sinkydy. {3.11}
Ly

Then, substituting (3.11) into the second of the relations (3.8) and vsing the well-
known result

f"“ sinkt sin ky
1]

¥+t
% :

dk =]nl—

(3.12)
y=1i

we derive the following singular-integral equations for the determination of the func-
tions h; (¥} :

2k (tydt 2w :
ﬁ = EC}. ¥ f.j {JT =1,2,3, 4} (3,13_}
L; =

In order to solve the singular-integral cquations (3.13) by using standard results
available in Muskhelishvili [10] and Gakhov [6], we must have definite ideas about
the behaviour of the functions A;(¢) at the cnd points of the scgments L; under
consideration and, for that purpose, we observe the following fact.

Dencting by £ () the function defined by

Fim =¢,(+0,y) - (—0,¥), (j=12234), (3.14)

we [ind, on using (3.1), in conjunction with {3.3), that

b 1
f ALK )ik =2 [0+ Re ™, forye L, .15
i

whilst f;(y) = 0 for y € G;, because of the continuity of ¢; across G .
d
Applying the operator a + A to both sides of {3.15), we then find that

e 1 [df;
fA,-(k}(k2+ﬂjsinkydk=§[?{f+m], foryel,  (3.16)
1]

and this, along with (3.7} and (3.10), suggest that

df;

3y T (3.17)

() =
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Thus, if the conditions {2.5(1), (ii}, (iii), (iv)} and (2.6) are wtilized, we observe that
we must have ’

Ot —al™¥?, ast— a,

(1) =
— [, asi — o0,
Ot — b=, ast— b,
ha(t) =
bounded, ast — (0,

O(lt —e|™"%), ast —c,
hall) = L (3.18)
Ot —d|™"), ast — d, :
(Of]t — &%), ast — a,,
bounded, ast — 0,
() =100 —a|™'), ast s> o k=1,2,--- n,
Ol — b|™), ast = b, k=1,2,---.n,

|0, asf —» oo,

These conditions (3.18) then settle the end conditions to be met with by the solutions
of the singular-integral equations (3.13), which can be determined by using the results
available in Muoskhelishvili [10].

In the next two sections, we shall present the solutions of (3.13) and determine
serially the complete solutions of all the boundary-value problems of concemn here.

4. The full solutions of problems 1, I1, and III

The full solutions of problems I, 11, Il can be determined once the solations of the
singular-integral equations (3.13) are obtained, for j = 1,2 and 3 respectively (see
Muskhelishvili [10]).

We find that
D .

h(0) = s, fort € Ly (Dy an arbitrary constan) (D
st

ha(t) = e RpEIYTiL fort e L,y (4.2)

and
B 1 4 w((v? — AWd® — UZ}]IIE
hi(t) = T E D@ A" |:D:; = C3[ v 12 —dv

fort e L. {4.3)
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Here 5, Dy are arbitrary constants, with C; being the same as before and D, is a new
constant.
En order to derive the complete solution for problem LI, for j = 3, we fimst recast
the function As{r) given by (4.3) into the equivalent form
1 'Cj. C:J,J'I
hi(e) = 1* — - ——(c*+d 4.4
10 {(f“—c’*lidz—r“}]”z[ S (Ds @+a))| @
by the standard evaluation of singular integrals. That is,
Cy (dy — 17)

Inte) = F B (4.5)
with
&= H%S [Cﬂ{d’i it ] (4.6)
where
X(0) = [(F — A —H" (4.7

When the expressions (4.1), (4.2) for the functions f; (fj = 1,2) and (4.5) for
hs{t) are utilised in (3.11) and (3.7) along with the results of certain standard integrals
available in Gradshteyn and Rhyzik [7], we derive that

D, hyika)
Ak = —-7%
I( ) k-]__l_l! ?
CobJi (bk)
O e
. Cg 3 d& T },z o
and  A;(k) _Jr{k?+1.1}_/: X0) sinky dy.
Substituting for A; for j = 1,2, 3 from (4.8) into (3.4) and (3.5), we derive that
1
_ B ) 4.9
Ry = D\ Ko(ha), with D, Ko(da) + imly(ha) G2
czb : -
_Cab h _ 4.10
R, mfi(rb),  with b aL(Ab) + P K (AB) W
and
Rg = ""CE]"h!
L PR
with y= [ —o——e™du,
M f X (u)
X(u] f X(u)'
and O3 =

ﬁn—ﬁn—f}’a'
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where
g {dé — wDe™™ du

e EE — D dE = uY) !

A =f°“ (d2 — u)e™ du
T V- =y

This completes the description of the unified methed @ solve problems 1, 11 and 111

ey =

(4.12}

5. The general problem

In the case of the general problem the singular-integral equation o be solved is
given by (3.13), 1o be satisfied by the function k.(1), along with the edge requirements
{3.18).

Borrowing results available in Banerjea [1] we may write down the solution ha(#)
in the form

PO il it = 2O Ftan b0

4 00 < k=1 7 o Delde e, 5.1)
forte B, =(b_y.a) r=012,.,n+1 (b =0),
where
Fula, by, 1} = [—1}"“4] %ﬂ%{ (5.2}
AR

with pg, pr. -, po 1 CL1L CE L -+, €2 20 unknown constants and

o0 =[]/ @ -ahe - o). (5.3)
j=1
From {3.7) and (3.11) we derive that
2 1 z :

Aqlk) = ;m ; ];I holtysin{kthyde, fork = Q. {5.4)

Substituting for As(k) in (3.4) for j = 4 and assuming ¥ € (g, b}, r =
1,2, ---,n, we derive that

n=1

i b 5
R4=2+:—n*“-f ﬁ y(r)e ™ dt
I= =t

—z(—f}"*"ffj y(neMdr, r=12--.n,
i=l b

lj=

(5.5)
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where

pir) = Z[m_lr‘“ - E—C”‘}ﬂ(ak,bk t,r}} l (5.6)
= o)

Further substituting for Ay (k) in (3.5), assuming that ¥ € (b,_,, a.} we derive that

, = C{Jﬁ
il — Ry = Z[ l]"'H_*’ f tj.r{t]-g"’" + Z My z: P
[ | 1j+1) r=1 ci_r'} ;

j=1
+ z{ 1yi-i f Writ)e™ dr — Z Cs e g Z Te ay

Je=1 i=1

Ci} +1}

(5.7)

Again, substituting for A,(k) in (3.5) and assuming y € (b,, 4,,,), we obtain that

n : ll,:_\'i_r"'lj o H t:i-l} -
H _ £ 2 Lo —_.' —hE - L AT
i1 R‘4}_§{ 1) f Witde +Z d ; e
- _ r '.:u+|; rCW (5.8)
+ 3y f e di =Y o Y g
=1 L J=1 i=1
From (5.7} and (5.8) we obtain that
Cir+l] i ct
1)”“"[ winet dr — = ~*’r+T‘e“r={J, r=12,n (59
Thus, from (5.8), we obtain another expression for By, namely
H ) by )
Rq, — l +il Z{_l}né-l—_lf 1}?&}6_“ df
i=l &
. . {5.10)
. 1 C‘l[L.r] —_— A=l CF-” i
=) e
jml F=I
We have in total (2n-+1) unknown constants namely py, pr, - -« , Po—r, Ci, C, - -

C™ and R,. (5.9) gives a system of n equations. Further {5 5} and (5.10) thf:ther
give rise to (# + 1} equations. Thus we have a system of 20 4+ 1 equations for the
determination of the 2n + 1 constants which can be solved by standard methods to
obtain the full solution.

6. Conclusion

The theme of the present paper has been to utilize a unified approach involving the
solution of dual-, triple- and multiple-integral equations to solve the four problems
considered.
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