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gHAPDER I

INTRODUGTION

Intorost in the upe of sawling mothodn for obtaining
the statisgliesl deba wns ddsoornible towsmrda the ond of
the laat conbury $tacl?; but samling then had o somoewhat
dfferenty moandng from So-dayy the pringy difforence
being the abasnee of mechandsm of randordasation in the
paanle pelogdion and the probabilistie intoerpretation of
the data odllooteds The suistanding contributione of
¥ahalanobiss Neyman @nd Bukhistme during the thirtios marked
o farndns podnt in the etory of tho samnling theory and
oponed-up now avonues for veluable researches in the theory
and phdlosophy of — . sowle muveyss It was not until the
advent of Lopgo.scale muyrveys carried out undor the guldanoee
of Professoy Mahalenoble during the lale thirtion thet the
piilosonly of teffiocliomney per it cont' esme to be reaslised
and in ito Train wore oxplored nony now mothods of scleoctiom

md eatination proecdurcas

During the next deoade followed pome sisnificant
dovelopmonta in the soapling thoory of finite populations,
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nainly rolating to the upe of pupplemeniary informantion at
difforent stozes, throuch the notadble contributions of
Goelwan, lmpen, mrwits, Yates, Madow, Dalenius snd others.
hose devalopments gave rise $o a mumbor of tecolmiques of
sampling sd ostinaiim procodures appropriate %o varlous
situatlons in praotice %o cstinatc tho populetion Sotal of
o roglevalued charsstoriatio @efined for the wnits in the

popilatione

#E+h the avellability of vorious soleotion and the
sorresnonding estingtion procodures, the noed waa £folt to
pvelve o wiified thoory of sanpling end steps In thisg
drootion wore taken by Horvits and Thospeon (1952), Godenbe
(1985), #oop §1963) and Muriby (1063), and consoquently
saneralised linemr cotimators wore alsc proposods nder
s uniiied set-up, soarch for mn optirun estinator wase
upde Yy soversl authors end the following peailis ave aval -
1oble in the ldtorature for the homogencous linesnr end %he

myiire ¢lasa of unbiamcd estinafors, for sy desiyn P

{s) noneowigionos of o unifermly minimun variance {(beat)
eatinator in the clans of &1l homosonoous linear
unbianed estinstors I:: of tho population total
(codubo, 19885 Loop, 1863)
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(¥) addesi¥ility of the Yorvitzs chd Thompeon
optimator (the H.%e eatilator) of the popula-
tlon total Y 4n I (Codambe, 1960; Roy and
Oheloravarti, 1860},

{0} oxtoneiom of the romilts in {n) =nd (1) to %he
andize ¢lnos of unbissed egtinalors (Codambe
and Joshi, L865) of the population totals

() addasibility of the vaorisnco epiisator (of
the HeTe ontinmator) providod by Horvits and
Thonpaon (LG62) 4n $he entizre elass of unbiasecd

satinntefs (Sodomba @ Joshi, 1886),

(¢) nonwoxisbones of the bost cgtisabtor in %he
entire elose of unibiased catinnliors of the
varisace of the Helle ostimaior {Sodombo and
Jomtd, 1065}«

Joaht (15685a, 10648) removod the unbiassedness ocondition
6f oatinmbors ond provoed that the ssaple meon end the usunl
radio entitators ave adrdesible in the olasn of all ostimabors
for mny Qocglm with rogpoet fo vacisnee as lons Tunction and
8 conoralignsion of thias resuli in given by Mn (Joshi, 1968)
showing the admiseibllisy of thtoasv astlnators for my oonvexe
lons funotdone Marthor, Jostd {19695b) hes sdoo shown mn
egtimater, which includes the e Te entiznlior, to be
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ainipaililc for fixed porpleo size designs in the olass of
all eatinators of the popalanion botale

Apart fron the above roesulie din this dircetion, Hurthy
(1987) and BSasa (1988}, rospeciively proved that any estinoa-
tor which dopends o thoe order of seleetion and the ropeti-
tion of unite in the pawle, 1o inadmimsiblee Bamu elso
introduecd $he eoneopt of "suffigioncy' in sapwling theory,
whioh wes later devoloped by Pathek (1962, 1§64) end

oihoroe

Tho result mentioned in {(a) led to the eholoe of
ggtinators fron the oloes of adnispible estinatofs and
rarious eritoria wore thon put forward to arrive at an
optimm ehoiee, namoly (1) Bayemowss {Godambe, 19885),

§41) tavarimoeo and rogmlar oiass (Roy and Chelravertd, 1960}
(111) hypor-admissibility (Homiray, 1968, 66, 68) and

{iv) necesosry bestnops (Prabim Ajgaonkear, 1568)e Yo phall
iefly mentien below theae oxiteria and resorve a detailed
diaeugaion on them for Ohepher TIT.

Bayos approach,; Iatroduced in sampling theory by
Goohran (1048), asowncs the existonee of some knowledgn about
tho population prior %o construetlon of the doeisgn end that
with the help of this Imowledsge 1t is possille to formulate
n prior dletrimtion for the chepnoter under study. With
the holp of s specific form of mn apriorl distrivutisn
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Godembo {1986) proved that the ebrategy consieting of the

He Pe Gotinator and a doaimm with constent offoetive gsample
sime hneing the inclusion probability of o unit propoyw
thomato to the correaponding valuc of the mupplementary
eharactery known gordori, fa optimum in Ijs  Afterwards
Godmmbo snd Joshi (1588) aid away with the Linearity restric-
tion on the ostimators, and Hmmurav (1962) and Vijaysn (1968)
showed that the result is true gven for deslzns with expectoed
effeotivo sanple slgo bolng censtant for the linear and entire
elape, respontivelye 45 wegard the pocond eriterion no
further work 1o trageablo.

The eritorion of hyporeadmiseliiiity (headmissibility,
for short), videh is based on the concept of admissibility,
rogquires e setlnetof 40 be mdmissible not enly in the
whole spoce Ry but aleo in ench of ity prineipal hyper.sur-
fuses (pha’s), which sye (ﬂﬁﬁ} in pumbers 1% wns shown
by Homurav (1968) that the e Te estinator is the unique
headrl sedlilo astinator for oy non-unicluster desien in the
glass of fll polynonisl wnbiased estinators of Y,

The necessary ot eriterion for choice of an optinntor
tedeos into spoound only the firet pars of the variance of e
egdinntor 4, nancly i: Ay ‘Ig {loaving anide the socond

Pt i;%;i Am Y{i’s) md an egtinator € is sald to be the
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necessary oot In a class of unldaged catimetors 1 the
couffiotent Ag {1 = 1yZpeses V) 0f ¥; 10 Lesst asong the
eoof fieients {(of Yi) for ey other estimator in that olass.
Frobim Ajgaonkar proved that the e ?. cstimator 12 the neoos=
noxy boat in a subeslosn Ty of homogoncote lincar unbiased
eatimator I, of Y and Mege (1087) has oxtonded this vepuls
to the olase I 4teclfe

Aathor side of dovelopuent, as peinted out carliey,
wan with Yogard 0 the mec of information en supplomentery
ohractor gt the egtingtion aid seleotion stagess Coohrasn
{1942) doveloped ratlo mothod of egtimation uwsing informa~
$ion on a single suipslementary varieble which waz Jater
extendod S0 an ostinabth using 4né ov move sush voriablen
by OXietn (1986)s The preduot méshod 52 estination, domplew
sontery to the vetio mothod, war considercd Yty Mwihy (1968)
gnd conddtionn for choosing sy of the unblaped, wntio or
product eptinator was givon forr o spocifio dlase of destims.
Eoop [LD64) obteined similar oonditions for ratic estinstor
npilcable to any design. Reoently, Srivastave (1567,1588)
has proposed s gondydilsation of e ueudl ralis ogtimator,
Olkin®s mdtverinte rafieo ostinader and the ratio cun pre~
duct ostinater, given Yy the suther (1967h, discussed in
Chapter TIT) J-aBsRae (1962¢ hos howsver given mmother
gmeredisaiion f the usucl vatlo esiiagtor which o
obtzdned as & linesr sonbinatlon of tho unbiasod estinmator
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and the voife getibator end hones sgluple to compute. These
endingtorg are digeusped In Ghepiter VIIT and compared with
m ostinator suggosted there ine

sitenpte wers oloo node %6 make the ratic estinator
wnbdascd {Gr slnost unbiased), by medifying the sampling
sohones by Lahird (1981), Magzmo (1982), Sen {1082), Murthy,
Panjamin mnd Sothl {1089) snd othorsy or hy adjusting for 1ts
Was by Hariley and Ross {L984), meneullle {1986}, Durbin
(1989), Burtdy md Tondjmums {1&%}* ras {1966} and othors.

Heewpers mmd Murwity (1063) introduced prohability proe
portionate to size (pos) sopling withe-replocomont, the
grize being the value of the supplenontayy variasble, which
was later cxbondoed 4o ppe « witlput replagement :md to
inslusion provadiiition proportdonste to plae schemes by
Hopvits wnd Thompeon (1982), Durbin {1983); Des Rad (1986),
Murthy (1057}, Stovens (1988), Fajok (1982), Hartloy and Ranwm)f
Hewtloy md Coctwsan (1982), Tellegt (1063), Drewer (1963),
geth (1986}, Hanuravy (1967), Sraphord (1087) mad otherss

sutto (1096), Yoo Rnd (1964) mpd D, 8inch ond BeDs
gdngh (1965) coneddorod ppa v th roplasonent melection of the
pacond-pliase sample using the infoemeiion en the supple
nentory variable collooted in #ho first-phase saaple in two-
phase saxplings
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Opmmpwhenaive Yoviews of the Gevelopmente in somnling
theory have een given by Yates {1948), Sukhatme (1059),
Soth {4061), Dalontus (1962) end Murthy (1063); bosides the
gahor (1868, in collsboration with Murthy).

#g shedl now mive a twiof sunmary of the awthor's
gentribudions to the theory of smupling from finite
populationss

The thopls 18 dlvided into nine Chapterss After the
fivet introduntory ohapior, the vrosent one, we explain in
Cheptor I the besic ooncepts mnd definitions which will
be used in this thesise

In Chapter XII wo oxening eritisslly the concepts
and defiydtions 82 beginess and admisoidllity ae applied to
agwpling theory of finite populations and give sond dbanle
rosults in this dlveotions Definitions are givon for g best,
$ho best end the unifermly best estinatorp snd for admiseible
and egsontislly admipsilble ocatinabors, ond the poesible
{noxsotitude in the wee of these defindéiens in the curvent
literaturs have beon pointed outa It is, howover, ghown that
far tho He Te optinator (and sons othor estimatora) the twe
dofint tions of admissibllity ave identical and that this is
ot go inoemersl 1 oleo egtalishelle Thon yomoving the
mbiagedions conditiong as hap boon dmme by Joshi, it is showmn
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that any “congtant' is cmpontlolly admissible for estimating
the populatien tobad Y. Suffioient eomdition for the non-
oxlotonge of a bost vetimantor for n olass of eatinmators ia
ohtained mmd it is showm that there doos not oxist a bost
essinator @id honoe the bost and the uniformly best dsiinne
tor of tho population total in the clamss of all linoar
estingbores gnd the closs of sl ostinators of T,

Purthor, some aspeots of thoe ephluoaliby eritoris,
mmtioned ferlier have been studicd in this ohepter, giving
the earlicyr Gevelopments om tlone As Pegards Seyosnoss it
40 nofed: that for a mere realiatls dpriord digtribution then
that congidered Yy Fodambe, thore doos not oxist an optimum
piratogys Choloe among somo shrategles have been given in
the naxt chepter. In comoetion with bheadmisellbdlity of an
aestinetor, Hmwrav's result of wlque hendmiecibility of the
Hale @ptinabor has boom extonded to a widor olaas of
unbianod ostinators of Ye The conoept of headnissibility is
#hen oxbtonded to estination of the verimnoe of the Ha Te
estimator and 4t is shown that the varimoo eptimstor (vy.)
mropomed by Horvits mad Thompmon {referved in (4) of page 3)
is the uniouwo headmiscible estinator:, The necessary hogte-
noeps of the He Te eatinnior end its varimmer catinator w.,
have also boen established sad 1% 4o Shon showiive neaossary
bont eatinator of ¥ mmd the verdance of the He Ty estimator
dre vt que hendulseillc estinabors for the corresponding
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parmmotors s a wide clave of estinmatorse Impertanee of the
whekore ¥ belonging teo the principal hyper-surfucos of one
ddnmmesion in preving the shove roaults hes been eophasisged
;mé pore myguostions far the moediflicntion of the oxisting
griteria mmd use of copt Hunetlon and mtabliity of the
sytinnter snd the vardanoce estingtor for the echoloec of
vossonasbly pood esiinator{s) have boen mapesbteods

Chapter IV i devoted to extension of gomo well«<imown
uwniephgse ppa withoute-replasonent schomas to two-phane pone
pling sohondd where €aba on the sise mescure 18 not at hand
and 4s edlloeted in g lavge firsiephaso saaple and later
utilised for vps solootion of thw secoond-phase sumple which
is a pubegawlo of the Rirstephase samples Those schones ave
then eompared spong thomeolves wnder mn appropriate sipers
population nodele

In Chaptere ¥ %0 VIIT wo eonsldor the use of dotailed
information en one {or mere) suprlementary oharacter x iniv
ootinadion proeadure for estinnbing the porametrie funetion
& md pono nonvlinesr for pavametric funetion «(8).

Uhspter ¥ @eals with usual ratdo and produot estinators.
lHore genersl sonditions than Murthyf, for choosing oi ther
rotio, ndlanod or produet estimator ave obitained and their
upe in sstontie sampling is dlecuspods. Somo empirical
piudlen ore Included for illugiration purposo.
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Chigptor VI  oxbends the univariate product mothod of
estinatien to a mul tivariate nrodust mothod for egtimating
& emd conpoyep this eatimptor with 0lkin's multivariate
ratdo estinntor demawdaiing the regions for their preference.
An oxtonsion of this mothod te btwo-phase sanpling is given
and the namer in dhih mlti-mpplenentary information may be
used s savlaineds /M empiriesl gtudy is alao includads

Chapber ¥IT AdAocls with estinmation of o nonedlinenr
paranctrie fumotion #{6) 4in gomersl md in partiowlar with
the ostination of ratlo {R) md rroduct (@) éi" the pavsnetors
@, ond 8ye Two outlontors for each B and P have veon
propoged, wiieh utilise Infernction on a supplomentary
sharnotor, «nd wﬁgmﬁ with the ususl estinptors for ratles
and productasfonfigueationsl roryescentations for the reglone
of yreforonee for thope cstinasbors are slso givens Two come
binations of the proposad estingbtors, oo of which gives the
unszal denliec ratlo cstinater as o partioular oase, are then
gmeldoped Lfor oegtinating R md Py ond compared with
othoy estinatora. Soue almest wddaned estinators are o
puggested md a method of using infornation on soveral sharsow
torg 18 alpo owvsideveds

Lebory those catinators arr oxtonded o eotinate
the parsacteie funetion 8, 1tpelf end compared with other

novn gatinators of &, such as unbiasod, ratio, produetd,
..w:;-"’:‘—":"*“::‘::-x,

b\d\ e ‘Iu!!"

ARSI R R
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midtivariate ratio, produet estinators eto. Zomo empiriesnl
stdien are aleo Ineludod for dllustrabion.

In thepter YIII o gomorsilecd ratle ostiamnteor, as an
altornative %o the egtiantof smugposted by Svivastava, has
boon gréposod. This eotinator ip quite pimple to compute,
wmidaged for lorge sample plwon and hes varianoe ogual %o
thns of iho usus) regrcasion eatimators Two mtiveriato
ogtingtors epyrooponding o tho sugrested eatinator heve
beon prépoged and conpored with other knowm egtinntora,
whioh | pee mtmt of informatlone

Lastly wo conpldor the situnkion whore the detail.sd
infoermation is not availsble nbout any related charagter and
1o gostly to eolleet as woll but on the othor hand en apriord
value (8.} of the paremeter @ is Imom frem previous coneus
oy gurveys or oven frem oxpert suessess. And in Chaptor IX
wo gugnosh. | wm ostinaber of 6 whioh udilize @, md is
given by the wailghied average of 8, md the unbiasod
oobinnsor 4 of He Blas and measd of tho catinator ave
obialnade It 1o notod that tho opiimm woight is o funcition
of tho yalative dlffercnce bétween & and &, and relative
standard orroy of % whioh nay not bo imow in practice,
Honeo tho sugsested agtinator is modified $o useTappraxi-
mate optlmum weights This esbinator is thon eompered with the
usual wblancd estinabor and 4oile ghowing 1te efficlency is
zivon. Jono speolsl cases ¢f this catinator are thon pointed,
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PRELTHIWARTER

In 3ids shapter we explain some banic esnoopte and defie
nitions wiioh will Be used in thie thesise

Rel BSamslo Depian

A eglleotion of Jmomm finite mumber ¥ of Lfdentifiadle
and distines wiits E}ig Ugyeuss Vipaney Uy 42 ealled the
‘findite population? @ad it will he demoted by

i1 {Ulgﬁggiiig ggjiﬁlg%r} {2eled)

whaera Uy  eoyrosponds o the d-ih unit of the population U

end 1t will be pometinoe dencied by its submeript 1 enly, suck
$hat, ¥ nay be veoprescuted as o sot of integors L,Zseeveipre: . He
A list of wniss in U ip tovwed the fopmpling framo’ and the
sushor ¥ is ealled the 'population sise’.

A tammele' from U is an ordered finlte sequones of
uaits from ¥ and Lo donoteddy me Thus

U; U woeg £241.2)
85 m il’ i‘s" vy in{g) (

whare nfs) ¢ = and

14, 59 for 1 4% 4 n(a)s
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The it'a nead not noerasurily be disiinet smd the interchange
4 YE"‘& ol ?E%u for iy 1., resulte in 2 new sample.
That 4is in sueh & gample g revesition of wnlts iz allownd mud
diflerent gapples are obiained corvreavonding 4o dlfferont erdors
in vhich units gan be wrengeds Por a semple 8, nls) denotes
the sumple mime and p(ye the nunber of 'distinct’ wnits 4n
siziple By denobos She effeetive slaze of s

%o dofine §, the collection of gll vosmidle samples s

fron U ag the basie 'wample moace't

B { 5 }' (31}1’-5)

Bridently, & vonbains a eouniably infinite numder of sampleas

e pemple gpace £ with the probabilily measure P defi-
ned on 4%, puch that correspondisg to every 58 8 1a a probabie-
1ity Pa)} sttachod sokove “

4% ‘ £l e o 1 ole
P(s) 20 mma ﬁg : (s} " (24144)

1z aalled the ¥gemple depimm! snd is Emoted By I(U,84P) or
wriefly ¥he *Seslm Pl

The desim P is compleotely spocified by e list of all
possible smiples inclgding all pormutations and repoiitions of
the waite 4in @ wiith their resscotlive probabilities of splece

$ionse In praetioe, however, smmples sro ot dram by lleting


http://www.cvisiontech.com

15

&l possilic samples mnd correspending Ple)ts dus to the fact
that for large wnluds of ¥ and n it boconea quiteafiiffiouls
and unpanssoable tasks Instead they sre drawnm by some workabhle
praepdure toxusd e Sampll
vidoh the sotrdes are erdered ssmzilos ms in (242) gives ripe to

s vnlagus dosigne ThnkSrnte sampling schonmes to implement a given
denten  B{U,8,P) have beon muigrected by Lehiri (1051), ¥ideuno
{1082), Yorvits end Tompeon (19862), Durdin (1953) and weny
Pilros

iz mehomes ARy sampling scheme in

fmprg twbse sensiing schiones the wadt drawing machsnism,
wiloh sonalste in #oldutizg unite from U omo by one, is of
spooial interente The drewing machonism @ qlugkesy, ) denctes
tho probo¥ility of dveving uait u from U at the feth draw
which depends on u wd k und aloo ox the outeome & 5 oF
the srovious (wd) drvawsde In this comnéotion an isporteant
romult dwe %0 Heawesy {19€2) snd Subrohmanys (1965) 1s that of
gnoedne correspondence beitween a complotely speoifiod desism and
the dvawing nechenion ge Doeause ¢f this one oax always work
within the wnified frane work of the dosisns for sawh of an
optimm goiiluiors lowever, the situatlion with partially speei-
£ied doplony 1w dlfferent as in guch eases there does not oxled
n waique mochenisms xmmples of much desimns sre (1) speeifion~
$lon of seslos withoul considering the permutations and repe-
%itions of unitey (44) spocification of only the inelusion
probadilitionss
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Given a dendgn 7  the fnolusion provebdlity ny  of the
wd % Uy e T 4n the pomple o 1o

P(ﬂ} (ﬁl&.cs)

a%&

Similaxdy the Joint inclusion prebability of unita Uy end ?33
ia

%3 = % P(as) (Re1:8)
VY

where pusmation is ever »  gemiaining the pair Uy emd HJ*

Por n given doplan P Both %y and %44 a0 conpiante,
gsome inter-ralationehin botween them are montisned holown

(1) Yates mné Crundy (1983)1 For a constant effective mamplo
slwe domisn ?g, for which

el w0 42 ule) ¥ u for 1) me s,
{2e1a7)

whore p (sm eonstekb;

ﬁ have
L a {u= 1)#3‘
a#aﬁé .
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{11) Godaube (19BE): Yor any deaizn

h By woy
1@3%

and {$11) Hammurav (1968)s For muy desisn ¥

P T wlig ) + V(ula))

aﬂ(ﬂﬂ); i » 4$a» Eu,*
w‘lrl M= Z/“ﬂl/’w .

s£S
Por detaiis of internal sonaistoney of the incluplon probadlie

tiee voforeioc nay Be uade to Hanmray [1086).

2e2 Zatinailon

et g be the rosdw-valued vorlabie defincd ¢n the waite
{m%&@ﬂ) of U ‘taking value Yi 511 E:i (1 ] l*ﬁ;#t-g ?f?)*
Thon the gpace of all possille veelore

Y= (fig-: fg;ﬁtg ?ﬁ) {29261)

of the variate ';f’ is the Nedimenplonal Buelidean spase Ry smd
any Tunotion

R = oly) = “?1§¥Qgt*&i Yg? (2e242)

6? 'y is eslled .- the paramotric funotion (pf)dafned on Ru.
A porsmetyric fumetion of perticular inkercst 1s the ‘population
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totaly 8 funcifon defined en Ryy siven by
ﬁ"’) w5 Yy oeou o {2s2:43)

mlwary /€ Bye T iz sometince demoted by just Y. A generd
profien in wmﬁg ie to estimate @(y) by observing the values
of %y for just thoge wnite which Belong te tho mpocified sample
g fren U selectsd through the donign P

7 ¥e define mn egiinator ${a,y) as a realwwalued fumetion $
deined on the space 5X Ryy depending en y through only thomse
ig's for which 12 8» Obviougly ¥k estinator $(a,y) nood
not be defined over these & for which Pls) = ¢ and hence we
tanitsily ssoume that the gpample speec 8 is such that B{e) > 0O
for sll se Aleo we moto thaty ziven the deelzn, for say two
veotors ¥ end y' for which ¥; wY! for 1e @ Hagy) = t{ayy').

The value realimsed by m estimater is called an gmblmate of
the parsmetore Althoush fhere iz no nesns of asocertaining the
ervor in an individual estinato, e average error over all poesible
estinatos oy be dotormined with the holp of the probabllity
istribution; wsually termed as ite sampling distributions Hptole
fhonllys ¥ho dogroe of oonoontrasion of the smmpling distribu-
tion zbout the paremoeter to be cstinabed represcnts a probabilise
1o seaoure of the degreo of procisions The more the concentra-
thon 18, the greateristhe probability of the estimate boing nearer
to the paramoters that ia?mm proeine 15 the estimators Thusy
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wrar restliing from a partieular sstimate (e,y) will be ziven
by the diffewence (4(myy) « 0(y))e A convex funotion 1L of
thiz orrer is eslled the loss-funotion and B(L), the expeoted
vaiue of Ly is ealled ithe oxpecied loses A ocommenly usod
loga=funotion is the pespesausre error snd will be demoted by
nge  or siowly M. Thus By definitinn, we have

1(s) = W tla,y)) = B(#{a,y) » )2

= 5 ($(a,y) = 6)%(a) (2e204)
o3

for évery yeRys The M(4) ia a voslevalued non-nogative funes
tiom and g token as the gviterisn for thoe eholeo of estimators.

How wo explain below the ceneepts of gt lesst as zood as
{domoted by the oynbod > ) and bolter then (demoted by > ) as
appliod to tmo estinaters % (myy) end t,(syy) for a siven
desion Pe 1% may be semitioned that these concepts play an inpopte
ant yole in cholico of eutdnators and help in pointing out tho
possiblo ﬁ+xﬁaﬁtuae présent dn the Iitwrature on senpling frem
findte populntions regarding the fermilation mmd application of
the definitions of best mnd adminssible ostibatorg, 2 4etall ddpous-
sion about whileh o givon in the next shaptor.

For a glven design P, an estimater % is saild to be gt

leant as good g an other estimnber 4y if

1)  ¥{te)y for all ye | (24245)
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Buppone the estinator tg 48 alot ut loawt s goud an the
oriiuator t&, then

H(p) £ M%)y for s11 ye (24246

How L7 (Be2eB) and {Be%.6) hold simultoncously then thoy imply
that

H{ty) w M(te)y 2o all 7e (2e247)
Hence, wo Mavey § %y snd &, -4, 1f and enly ir (477),
ﬁ(ﬁ;} = !&(‘ﬁg) for all ¥ Eﬁﬁ Agodn, from (248.8), % iz g0t

ot loast 8 zood as () 4, 4f

H{%) > #(%y)y for ab least oue y, {2.2.8)
and similarly from (Ze2.8) ¥ /-¥ 4f

#hy) > ?zz(tl), for ok loast one ¥ (Re2,9)

Bus from(Betefi)and (202.9) %/ % and 8/ %, that is nelther
¥ By tp ir at loast ss sood as the other if
H(yy) = H(tg) (242010)

for nll ye Ry with emch inogualitics { >y <) lolding true
for at lenasl ono ¥e
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Tho esifantor ¥, &e sald to be Jetter than ( ) an other
sgiizator & 4f

. % -ty bud % 4.

other words from (ZelaB) and (242.9), & >3, if
1) g Moy for sl2 y (Be2413)

Bit) < #(t)y for at doast one e e il

By -ty Bk & o b,

and thy expeegsion sinllor to (242,11) 4o abitaincd from (2.8.8)
md (262.8)s Thus % /s net betiex than (F) 4, 4¢

either (%) = 1by)y for all y
or H(%y) > M(ty), for at lonot ene ye (242412)
The egtinator % is sald to be uniformly bebtor then an-
other estimalor %y if
w(s) < Hlty,), for all ye (242413)

The following renagle, Wiich sre outeones of the ghove oonw
sopds gfotd0 o moted 4o foullitsto the disousoion in the nexs
shapiers
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% >ty @oce mot necsssarily imply that %, ?Ltl‘

Rozk ReZefs  Prom (242.5) and (D21}, 4 > ¢ s stronger
erd wrdon than tl‘xhg Tor chooning i ostimater %, since 1n
the former same the inequalityy M{%) < M{ty), must neecssarily
hold for at loast one & Rye

Bemark 2e8.B3: From (242,8) ond (242:128) 1t 4s obvious that

&/ % 1s stronger oriterion than & X 4y for Zheastighg tho
estidmarer €, sinoc in the former ease %y 1a disasrded (1.c.
t, is bad) enly if (24248)(which the ssoond part of (242018)
holds whils in the lLattor ease tl iz digoarded 4 either of the
bwe oondltions in (2e2.12) ip satisfiods

Bguerk 22,4t The two erlteria % %, md ¥ % oo
cquivalont 3£2 N(%) = H(tg), for al) ye By dmplies & and
ty ar® idmtiesl for all ye That thic is 2ot 80y in goneoral ,
will be showm in tho noxzt chaplers

mosther eritaerion for shooaing s estimator io ite unbia-
sodness whish i nearly slways tulken for gronted in the fiold of
satple surveys, due %o ite dntuitdve agpeal and atstisiblenl
inserpratitviiitys

Yor o given desisn P, st estimator ¢ will be said W0 be
wihinged  far the pf & 1F

#8(3) = £ %asy) Plo) =6 {2e2old)
883

o 1f (2e2.14) 18

for atl ¥2 E};ﬁ The gatinanter t will Ye blonm

med watd aflad,
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Por a given doairm Py thoe uima of all estinators will be
dmoted by A and the elascqall suoh entinators shbiefying
{Seal4) #1311 bs donoted by Ay ¢+ A parometrie function € will

atinablos with rempoet to a glven deosipn P, if

there eidaty o estinator which iz mblaced.

If an estdomator € 1e wnbiased for & (Levs, t8 a)
then (%) in (Be2,4) 4o ogual to tho varimeo of ¢ {(donoted by
V() given Wy

v(t) = 2 (e «2(1)° 2(a)
85 8
a I $(sy) Plm) = o° (2.24185)
8o &

aoxd Bafal If wo mro consdidering the two estinatore %1 and
ty Bboth bolemging Yo A, thon wo ean roplacd nean gquare orror
© by verianco in the above disoussions

ok Bellefi A deslym P together with ga estinator € defined
over P 48 onlled & sumpling ghrategy for the estimation of €
and is desotod By HPetle Hanurav (1968) brought into light
the necemeidy of this dofinition widoh 4s due to Hojek (1988).
nbdascdness of a strategy doponds upeon the wnblasodnoss of he

sy mean square ervar or varlance of a strategy are

definoed ar tho expeoctation. mem pyuare ¢rror or variance of the
sstinator * over the design Pe Ad the ohoice betwoen tho


http://www.cvisiontech.com

24

two stratoglos By and Hgy in hoth of whish 54 g esatimable showld
be baped on the Joint cengideration of tho verianeo and the coat
par Wt e

New wo ghall conglider s olass of rolatively simplo esfi-
nators whot ave eallod an bomogoncous lincer sstinators devimed
ae dimeoar functions of tho semplo obsorvationa end thorefore
quite provelent in practies. The theory of linesr estimation in
olaspdeal thoory of estingtion for the gasc of infinite populas-
tieng 1o quite dtfferont from the one which we use in eomple
survornsTalossantial difforence of the popullatione enoountercd
in panple survoys fren those maﬁ&mé in slospiesl thoory ia
thnt tho survey populatlons (finite) ere composed of unitn whlok
gro tidentifiable! and in studying tho population 1% npbiors
whothor g 80t of idenbical veluvs relamte o tho some units vepod-
tod, or Lo difforent unite of s This faot was brought to light
by 4o realis of Basu (1088) and Dos Rel and Ehomis (1088).

Mg nocomnitatod s funduamental ohmnmge in the formilatien of
genernl lingnr gstinoioras. The first ettonnt in giving gentrae
lised estimators was made by owvity end Thompeon (1962) who defi-
nod threoe dlassos of linesy esmiinateora:

w £ By X
isag‘i

whore fy 48 a constmi $o be umed as wolsht for the unit mcleo-
ted at the L-th drewy

n
2 o0 X
2™ 2 %%
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whore f}i ia vonatant for o glvon design 7 and is attachod
$o the S=th wit (1 = 1,2,ses, H)} whenever 4t 1s seclectod in the
papple and

whare Y‘ in the eoscffivient to bo umed ap s woelcht whonover
st® sanple 4o a clectod.

Godambe (1085) gmorsliscd these ¢lasses and defined the
homogonoous liveay egitionbors by

Hayy) = T plagd) ¥y (242416)
its :

whore the coefficionts B'a depend bobdh on the semple snd the
unites o widaoh they are abtached, tut 40 not depond on the wvariate
velues Yy'Gs The condition for ts,y) in (242418), o bte wndiaw-
sed for Tly) 1s glvem by

% Rlogt)P(e) = %, 1 S1 LN (2s217)
8.Js

4o oholl onll bhe estinaters maiviefying {2e2,16) as the homoge-
noous linear estianatore and the olass of suoh estimators will be
dencted by I#s Tho corresponding unblased eatinators (satisfying
(2#217)) will be demotcd by Ife The varionee of an ostinator

% 5y 4s glven by
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H HH
v{s) = % Yo 3 ﬁsfagi)iﬁﬂﬁ)ﬁ.)‘r 2 eY 7.0 2 plet)sle,i)F(s)=1)
ind % gj} 143 1l 5:)1;3 ’ i

(2+2418)

I% is poriinent to montion in $his comeotion that Murthy
{1983} hao dovoleped a tooimique of generating estizators for any
deatisn for the class 0F paremobors that esn be oxpreasod as sum of
gsinglo valuod pet-Punciion dofined over a clase of sele of units
Bolonging %o the fintte population snd a number of possibly 4iffce
rent essingtors are gonerateds Further Xoop {(1963) han proposed
goveon olasson of lingar ogtinators by makling the scefficients of
garple obsporvotions dopend upon, what he oalls as tho Taxions of
poaple formation' bascd on {1) erdor of sclection of the unit,
{41} 1ts ooowrence in tho pamplo ond (141) +he aaﬁple as a whole.
Howovor, resslling that the estinator in (2a2.18) is defined for
the erdered soquence, it om bo scen that the most general
hortosenecus linear ostinater proposed by Foop is, infast, idonti.-
ezl with © 4n {8+2418)s

Purthar, in the olass A of all eatinmatorsof T(y), any

eatirnntor % oxpressille as

tloey) = ala) + £ gle,d) ¥,
ies

wiore als) @1d f{e,d) do not dopimd on ¥y 18 sald to belong tolk
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cless of Linesr esilnatorg and this olass of esbinstors will
bo donoted by L and the covregponding class of unbdiaged
egtiinater By L.e Obvioudly, if

alm) = 0y for gl 8€ S
the olass 3 snd % {or I and Inu} aro fdentieal,

Hghor ordor palynomial estisators ¢ Yo dofined
sirmilariys
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QHAPTER IIT

O EmOTNESS; ATMISSIBILITY AND OPPIMALITY OF
BEtIMATORS IH SAMPLING PINIT?E POPULATIONS >

waioers  In this chapter some¢ aspeota of the auncepie
and definitions of bestmoss wnd afnlssibility es applied
to the Sheory of sompling from findlte populations and
the prastieal usility of aome griteria put forward for
the sholoo of an opbimunm seiimator from among the clase
of atmissille onitinators, hove beon oritieally exsriined
and soro basie results have been givens In acotion Sel
a Brief historiecsl buok-ground for the origin of admis-
sikility eomocpt in siatistlesl theory and developments
in this @irection in the field of sampling theory are
poniimed.

In poction 3«2 the definitions of beat and
adntsedle ogtlnators ave uvnumersfeds Definitiong are
given for g beal, the beal and the wniformiy bhost estie
nators ma for adnisalbie mad essenticlly admissible
eutinniors uslng the conecpis of ‘at leant as good as'
and tvotter then', develsped in the previous chapler.

The posoible fnexaetitude in the use of thess definitions
4 the eurromt literature have boon pointed out in peotion
3¢3s It is mobed in this section that the two definitione
(Bsek mnd 3e3¢8) of ndsiscibility aro equivalent 1££

the squality of mom aguare errors of ¥wo estimatora %
and oy for all veetors ¥ ioplies that % and g
arc identionl for ail ys And in this conncotlen 1% ie
ghown in thoorom Je3.1 thet the two defindtloreare
equivaiont 4f either % oF t, io the cetimator propo-
ged by Horvits and Thompeon (the Heleestizaber, for shovt)
for aoiinating the population totsl ¥a Certaln other
ostinasers are slog shows 0 possops thim properiye And
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that thls ie not g0, in gonorsl hae bosn nointed eut on
the basis of o mimple flluastratiocns Purther, it is shown,
in thooron 343.2; thet 1 wo remove the unbiasedness
gondition, ae han boen dome Wy Joahl in vecent papers,
ey ‘congtant® bocomes sdmigeible for estinating Y.

In goction 3e4 the puffieient condition for
the noneexistence of g hogt estimator in a class of esil-
naters has boon obfained md 4% is shown in thooram 3e4s3
that thore dooo not oxist o beat and henca the best and
tho uniformly begt egtinater for the clase of all 1linear
eptinators end &1l esbimnbars of Y fer any design.
Somo specialieod Geetms ond the elamses of unblased
egtinasars are thon redslled where the best estinator
dogoxigh. Thy dlacussien upto thlp gection «s> based on
rosulte obtadned Ny the cutho¥ in collaboration with
murthy (30683 «

Boolions B8 3o 58 ave devotod to somo aspecis
of Hiros optinsiity eritoria namely Bayesnvss, hypore
add orddd1tty {(hendeissilility, for alord) ond neccssury
boutnops put forward in the literaturcs It is moted in
seotion 3e8 thot tho HeTs ostimator ceases o be Dayes
golution {seoptizum) 4f thoe parametar g of the apriori
adstrimition doviates even slighidy from 2, and that no
op o solution exlste in guch casise

doation 546 doslis with She headmipsibility of
an omidnator {tho eriterion introdused by Jonurav). In
seoiion S48.1, widch 1s based on the vesults phtained
by e suthor in collaboration with Famekrishna, wo have
{4n thworen BeBs2) extended the romlt {mentioned in
thoozon 3«81} obtodned by Hanurav vegarding unique
heatd spdBility of the HeTs ostimator to a widor olass
of unidased sstimntors for any non-uniclustor doalome.
we fellew an sibornative mothod foy vroof whioh phm-
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pinepoints the vital rolo playod by the veotors y belone
ging 4o the principel hyper-surfaeets (phe) of onc 4&inmon-
sions In sootlon D62 wo exteond the oriterion of
neadntesibility b9 estination of tho variance of the f.T.
eatinsbor and following the same approachy we prove that
the varianoce gstloator proposed by lorvits sand Thompson
(vye) 1o uniquely headsdsoible in wide olasoca of
wnbloond epidnntors (thoorens 3.8+3 mnd 3,844) for any
deslm in whioh the varionos in esidnable.

In secidon 37 we dlpouns the eriterisn of
necosnnry beaintgyy Introluecd By Proviu Ajgzemnkar. It
is neted that this oritorion is eguivilont to the orite-
rien of the boet astinabor vhen the paranoter 1s resirie-
ted o the phs's of one dlmeneion, the phs which played
the vital role in the proof headnipeibility of the HeTe
eatinuier end Uhe variance estinator vy« I is further
shown oo the basds of lommns 3#60 34804 that thwesc
satinators wre meoepoatry boat {(theoren Je7.1=3.7.2) for &
wldo diasn of non~homogenoous ogiingorss That a nsoes-
sary bemt estiantor is headmissible 19 nlso showns fome
vraotiosl elmificones of these opidnelity oriteris ama
then nomtioned I the laab sootion and some suggestions
have alse been nade Lo chwloe of retsonably good
eatingbors undor 4ifforont af tustions commonly met with
in paniiecs Tho dlocussion fron seollion 3.6.8 onwarde
o baged on the rosults obinined by the suthor in oollae

Yorntion with Jeileils Rao. N
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Turdns the lant two deoodes the conevpt of adnispibility
han been laereasingly applied o the probliems of vstination,
tooting of hyoothogls, ¢doe, in statistiesl thoory. Lelmany
{8947) Antrodueed the cmoopt of sdnissiMlity in the Meld of
statintiold Secting of hypothesdn. Yald (1047) bas nleo usecd
il e eoncopt for delindng an afvdesible deciplon functicn in
rolation to the doelelon theoryve Sinee then soversl contriiue-
tiona heve beon mado 4n thie Gircetion In these fiolde.

In #he feld of somdling %heory for finlte populations,
howevar, the work in this divection estaried much latiler and at
Lirat the gltops were Salten Wy soversl anthors more or leasdthe
gmie tloe 4o sharagiorise the ¢lasa of esitinniors which wore
inadnieciblies Murithy (LE87) proved thet when the desimm i one
gonaratod by the euatonary 'wrobebiliily preportlonato $o eise
{prs)' supiling without roplopomont, estlsators that take iate
der in whidoh the und és secwr in the pample are
inatmissiiieo and heweo omn be wndfermly $oproved upon. Ho dlso
Turnighod a meithod of sotving wnifornly betier catizators in

soepund the

gunh ganods

sotiher drportant contribution in itids direotion was due
to Tes Rad ond Yheedg (1968) and Baeu (L988)e They proved thot
in siepls randon sapling witheronlacenent the anmplo mean
wid eh tolon dnte ageomnd the rosetition of wnitp in the sample
o inadninsdilie belng inforior b0 the momn over digtinet unita
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6% the gommlos Dee Rad emd Khemiip  obteined tho result dy
diroet salewlation of the varignoes of the two estinators

Bam, exbonded the Yosult to ppo sanpling witheroplacement and
proved thob the sustonary estinmaber of the population total for
this degimm mlee 1is inaMiesities Yo Introdused the frultful
notion of 'sufficient siatistic’ in the 1814 of sampling theory
2 proved e results by ucing Rao-Hlachwoll thoorem.

A gtatietic {(miy funetion of sample velues of tho
variable madaer study) is called suffisient atatistie Lf 1t ylelds
all the information in the smplé concerning the parameters A
suffictont sbatistie for estinating the population total was
thug defined to e the unerdorod set of d&letinet unito in the
sasple a1 obbained from s desiin Py bogether with corresponding
rollevgiued varishies Pldenily 1t iz suflicdient becamuse any
tuwo teffeotively sguivdlent' samples, togethor with the reale
velued varichic eld: the samo Information about tho population
paranoters Por a given desisn P, two sonples ® and a8y
aro pald to b ‘effeciively ooxdvalent!, in aymbole

By ~ B » Plny) > 0y P(sy) > 0

1£7 every wnit deloncing %o oy belongs %o 8y and eonvergely.
Thus glven sy one of suoh samples one can alvays congtradt the
alass of effogtively equivalent samples by ropetition or arrane
poment of e units in 4ts Thue the value of the sufficient
gtatistie ie seme for mmy sample belonginz $o the class of
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efZeotively equivalent samples and the eonditional diert:i*ibu-
thon of wyy other gbatistle glven the sufficiond statistle,
w1l tell us nothing fHurther about the parsmeter to be esti-
nateds Paibak (1962 1984) has carricd out a serics of
investigations in thip comeotion for different sampling
sahane ge

Ray md Ohokyoverti (1080) proved that for any desizn

a2 unblagod cotinater of tho population mosn whickh is either

ordored or dopends an the repdiition of the unite in thwe

smle {e Inadniesiblos IR fpody ar polnted eut by Hemuray
m;as, 1988}, Basu geve the first elues to the gomerality of

33

pEindt while dniroducing tho notion of sufficieney in thia

thnory snd proved the fallowling.

(iven a desizn P in whioh
69} 1o estimedley 4 ¢ is = wnbdascd egtimator of 2(y)
thon the optdmekor 4% definod by

] ) |
(age7) {og) » 42 E2(s) >0
b F(%

- O ¢ otherwlise (34141

whore sumetion (&) 1e token over oll samples sg effeo-

tively oquvilens to a8, is unbiased for TMy) and for ony
emvex Yooz Sunetlon 4
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a{tr) £ ofs), for al) yemy, (342.2)

with striot dnequality holding for st loast me y 1ff

¥ (aaruuw t{;;} # %(mp)) ¥ 0e

Tims 1% 1o jyogosseyy for an eatloater % of My) to %
sfodesddlo | sny olapss o7 unbissod ostimeter, that

a4 = ¢ lagy)
for aii o md By Lo whdoh
»(s,) >0, Plag) >0 wd By 8y (34143)

In fact this in true for sny estinable parawirie function. We
shall considor this sapoet further fn soedion 348 in comeotion
with hyper-adnlissiblliity of an eotinatiors

Begiden wooding oul ¢ertain inadmissible catinators attempts
wors algo mode to provide adniessible sstimators due to nom-oxis-
fends of the best estinater  (Godanmbe, 1965, XKoop 1983). dodambe
(2000) end Boy and Chuleravartd {1960), indopendently, epplied
the adaiecibllitvy oonoept to the sempling theory by dofining wnd
aearehing for admipsdbico ostinstorg. Singe then oontritutions
in this divootion hove been made, smong othevs lyr Godanbe and
Jomu, (3068}, Hesurav (1988, 1968) end Joeht (15680,b, 1966, 1968).
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It in intureating 4o nodte that the definitions of best
end adndoailio optingbors used in the papers rolating to ssmpling
fron findite pepulations aro not clways exmotly the same gnd that
thore mppoare % he some possidility of inemactitude about their
forrulation and applications Furthor, the definitions, that
arc uped, hove been eonoiines trosted as eculvalent, and even
in tapes whore the differonce in the definitione has beon noted,
enee is not fully compreohended.
In the next section wo onumerate the definitions of best snd
adscillo cstingtors and then gamtadn bacle results are obhtained
in thoe asctions 33 and Jede

footiong 3.8 to 3.8 gro devotod te sone aspects of the
proYien of ahsdee of ophismum esiinaters

FeB2

Using the basic ommoodis, particularly at least as geod
as £ ~ 1 and vetter than (X ), given in the esrlier chapter
woe now glve the definitions of bost snd admdaclible epiinators for
& given Qouimm Pe

afinition 3s2ed1 Yor n given design P, in a olass o{r) of
ostinators of %{y)* s member 4,¢ O(F) 4s suid to bo the

gl formly hoat eatinator 1f 4t ip unifermly botter than eny oiber
monber z £ %) e 0(2), that 1a 1f for overy othor %e ¢(»)

() <M{t), Tor all ¥e {3.2.1)
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3 Por a given domlgn Py o nember 4, 8C(P)
ihe, hopt emtinatar tn O(2) if > % for everyoher
(P, t&;ﬂ ig if for eveory obhor eotimator te0{®)

) £ We), for a1 yu (34242)

with inequality belding true for at least one Ye

pfindtion Ba84%1 Tor 4 given design Py a Desbor z@em ia
uaiﬁ to be g bogt edgtinator in O{P) 4f for every other eatinator
t dn olp) % > % that 4s 1f for every other t¢ e{z)

W) £ We)y for Al ye (34843)

Befdinitione Se¢8gl 40 BaRef are prastically
the pame, ond the distinotion mado out sre nmainly of aocademias
intovest, capceially elnce shero doca not exist any eatiaator,
whilch 4s best sceording to sy of the above @iffinitions, oven
in regtriotad olase of homogeoneous linsar wnbiased estinators of Ty

Hows &6 the next atop, it is loglesl to attempt %o reduce
the elnse B} of estinators without Loes of yelevent information
gnd in thds osnfext we hove the fellowing oriterion,

sfand tion Befefl  For a given dvsign Py in a olass O(F) eof
sptinadore af Myl s estinater ﬁse{m is said 0 bo pimige
wilie 4f thore doos not oxlet auy othor estimator o tl)sﬁ(P)
mm-s&tﬁ Hhat ip 17 thore ig nmo other ¢ in o{P) Ffor whioh
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H(e) £ w4y, for all v, (34244)

with {nequelity helding for at lodat one ¥»

A mabwsdass 0,{F) (C 0(2) 4o sald v0 Do gomplete in o(2)
A£2 for ovory estimator $€0(P) = ( (P) twre oxist mm catimator
4'80,(p) witeh ie bettor than ¢, that 4s 17 for every
t £ 0y{P) thore exist a 1'¢0,(P) suoh that

(s) g ¥(6), for dll ¥,

with fnoounlity holding for at lonat eme ye Bvidently every
wmbianed egtinator in the comvlots class satisfico ths neocspary
atndttion, given in (3sle3), for boing admiseilble.

A eomplote olass is mining) comvicte 1f 1t doos not contain
a2 complote mibwelass. Thue 4f » minimel completo olass oxiets,
as 1o usually the sase, 1t exnotly couoldes with the totality of

the aimipaible ostingtors in the olase O(F)e

How, wo dofine the fellowing veriant of the complote clasa
notlon ueing the conatpt of gt laant an se0d pe inetead of
thor than uped abovos

A mbeolnen O,{P) C 6(P) is sald to be ggeentially
gemlete dn  al{p) Aff for any cetimator BEO(P) - Ge(iﬁ') there
oxist an omtinater $060,(P) whioh 45 at least ae mood as ¥,
that 1a, 4£2 for every Sff 0,(P) there extst a #'60,(F) much
that

{t) £ M{t), for all e
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Clearly o complete oless i mecossarily essentiaslly complete,
tant 1a 0 (2) 0 0,(9) since 'at least as goed as’ is less ree-
triotive eritevien then *better thuon' for ohooveing an cetinmatory
Tho sintaasl espentislly complety dlane is slae dafined similerly
and this dlase will cencife with the clase of sll estimaters what
nay boe tormed sn esoantinlly admispdlle estinators, defined as
fallowss '

Nrd ton Se8.8! Por o given degisn P and the class O(P) of
nators st estinator €,80(P) 1le Sermed sa ggsuniinlly admig-
ghlle if theve doss not exish awy other cetimater (# %) )eo(®)

whi.ch s > %,y that ia there exlat no other cstinator $60(P)

for which

u(e) £ M%)y for 1 y. (5428)

Furthary 1% nny be noted that if ¢, and %y are two
sebinators of P{y) Both belonging to the minimal ocomplete olass
then ) X ty md By S byg that ts oither (%) 7 Hlty),
fer gl y2 Ry with cach inequalities {»>,< ) horéing true for ab
least one ¥ Ry or M{%) = H(Yp), for all y€ Rye Sisilerly,
if % md % are Wwo estimstors both belanging to the minimeh
opsentially ecomplete elass then ¥ %y mnd By 4 By y that 4o
(%) % (%) bolds for all y with esch Inoqualities holding
true for ab lecst one ¥& Ree s 4t 1o seen that the difference
wobpoen the mininegd complete gnd nininal cgcentially complete
tlaseos Lo duo to the eptinatorn having equnl nesn square errvors
for all yoiye Thus L s epbimabor by belengs %o the minimal
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complete olags then all other esiinators having mesn aquare error
oqual to thel of % for all ¥y muat also belong to thias claes
it a mining) essentially complete claas admite only one member
from: among the estimabors having ¢gqual mean asguare errors and
henco tho esmentially mindmsl complede class is further reduction
of the mininsl eompleto class in the sense thht the fermer is
included in the latter. In order to mgke these conorpts clearer,
wo shall exurees the dofinltlions JeRed and 34248 In a pesitive
mnanner as the definiftions 3241 0 e,

Dofinition 34244': #n cotimator +,€0(P) is sdmimsible in C(P)
if for evoery other %£C(P)

eithor M(%) = M(%), for all ¥y

or zé!(tl) < M(t), Ffor at least one Y. 3e248)

Definition 34248'1 An estimater %,£C(P) is essentially
adriigeible in O(P) 4if for every other +eC(P)

H(ty) < ¥(t), for at least ome y. (3e2.7)

M™e point ¥ in the sbove inequalitles ngy however depoend on

%y @nd ¥ and popalbly on thoe deslgn Pe From the definitions
Belsd' and Jeled' 4t is clear that the only difference between
the defini tlons 3.2¢4 and 3240 1a that of the former allows
equality of the mean sguare errors of the estimators wherc as

+he lattor doos not allow thiss
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ZIORE Sefal If m estinator is oseentinlly admimsible, it le
nocegaarily a@a&saih},ﬁ; it the roverase is not always truce Thigls
elosr frem the following examplos Let us oonpglder a class O, (k)
coutelning Sfour opvinaiors W elpyty ond b, and lot

Hty) = ult) for a3l y mnd (%) 3 M{t,), 4 = 3,4 for anl
¥ vwith fnoqueiitios holding for at least so F'se In this
situntion oth ‘3. and $p are admissible sccovding to definie
tlon  Pg2e4 bud neme of then 1o essenticlly admiesible (definie
tion BeZel)e Howovery if fy is oxoluded from 0,(P) then
becones ossentially admissible ang 3L ty is axcluded %
tecomes essintially ednissibdies Tas only one of Hoor %
son helong to the alidngl eescniiclly complote olass whoreas both
% and %y belomz %o the minims]l cemplete olasse

If we are omeidering only tho elass of

unblased sailnabors, then we can roplaet nean square error by
varignee 10 the above dlsounsione On the olleyr hand the lose
function noed not b vamiricted %0 the mean sqiare error enly

| w2 oun replege eny Ioss funotien d 4in itm place and any pareno-
trie funetion ofy) in the above disoussions

Romerk 5efwfs e definitions given alove may b oxtended
&tmm Yo other bronchos of shatisticsl theorys Por ingtonoe
by veplacing the eatinator by fest or by decision funotion and
vaing the corcespondine lose Mewtion {or power of toet) wo got
admiasibliilyy and besmoas of toots and declelon functisrnge
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el Belabs It 4 of intercot to note that the definitions
3aled ond 3eZel have boen arrived at by (i) adepting the defini-
tion of sn eatimator ¥ Dbeing boetier then %, namoly ¢ - ¢
mt ¢ < 6 snd (1) Saking the firet pert in (1), namely

% > % to e valide Iy oonsidering the sscond part in (1)
namely /4 %4 ip valid we gol en other dofiuition, whieh 1s
ghrangor then definilions 3eRed ad JeRel and in fact refuers
%o the defindition of g hegi estlneter (definition 34243) when
axpreased In its positive fornas

3ﬁ Mﬁ;ﬁg@m&f u:\‘ ‘ .ﬁ.': 3 3 . z ek,

In g seetion v fired noint out the almdPieanse of the
41 fPorencs bobween the 0 omoopis and thon prove thak any cona-
Bemd i eoponilally afmisnible eptinator for estisabting the |
poulation totale It may be pointed osut thet Wald (1947) has
noted thn 4ifforences botuwen the Aofinitions 3«84 ond 3.2.59,
that is bobwoon addpoible mnd escontlially adnisailble coceopls
while infrodueing thonm in doclision theory in conncetion with
ehndeo of g dooision funcilons Lehmenn (1947; han sleo obmorved
thls dlsticotion whilo forpulating the eoneept of minimal complete
and minisel essontigily complobe ¢lianzses of fcstas To olte more
rogont reforence, Burkholidor (1980) and sthers have alsmo used
theae conespia reocoguiming the differences The term oouplote
claas hao boen usel by weld {1947, Hodgee ond Lehmann (1981) ond
some others in tho sonsc of essenitially completos
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Ag montioned ocarlieor the differonce botwoen definitions
3elad ond 34248 Lo howerver not gtlte apparent in the papers
_ rolating 0 ganpling thoory apulied 30 finite populationss
Godembe {3960} end Temurav (1968) have used omsentizlly admis~
gible in the senes of ainleelilble estinator while Roy and
Chekvovestik: (1960); Godande and Jopht (1966), Joshd (1065a,b,
1966, 1968; have umnd dofialtion 3eZ.4+« Tho two dofinitiona
have boen soue tdoes considered to be equivelent (Godambe snd
Joghi, 1065 ; Homurav, 1068) without pointing out the signifie

gmoe of Uhis ogquivelange,

It iy howovery oleor frem (5.248) and (34047) Shet the
dofinitions Be2ed' and 3.2.8' are oquivalent 4Ff M(%y) = u(ty),
for all ¥, implics & md % are fdentieal for sll ye Bye
In dhe fallowing we glve instonces vhere equality of mean square
arrors invlios identity of entinmatora for all Y.

Coneldor tho astinators % and ¥, both belonging %o
Ays the olase of all unhlaesed cetinators, and let

 (8,7) = t.(m5r) + elmy) (33.1)
% 2

where efs,y) ie o funetion defined on 83X %y ommdé depending
w ¥ = (Yye¥p veey Yyl omly thvough those Yy 'a for which
48 ss Then from the condition of unbiacedncss of %, md b

\ gsa(aw} a) =0, for all ¥e C {34342)
B
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How the prod¥iom ig o ememlwe whother
oln,y) = 0, for all #85 and yeRy (34343)
having given that
V(%) = V{ty), for A1 ye By (3e304)
since B{%) = B(ty) = (¥}, {34344) implies
Zy low) 2la) » 2 Glew) 7o)
#ep 6ll Yy thal day

"2 o®(a,y) 2(a) n =2 & tglaiolsy)™ (3.3

for Wil Ye

Thue having piven (343,8) 42 (343.3) holde then the tuwo
dofint tions mre oquivslents T4 sooms that in general (3.3.4)
@nd (Se5+2) together may not Dosuld in (543.3)s FHowever,
following '?mf.; proo? of the theorenm 4ed of Godumbe and Joghi
{1965) 4% is casily seon that (3e3ed) emd (34342} together
trply (343.3) 42 (8,y) (or %(eyy)) in (3431) 18 on estls
mater siven Y

Y
e %I —&? (3436)
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atere #g(> 0} de the inelusion probability for

unit
o7 4he populiation and pummation le talten over the distinet

unite in the samplo. pe we Dave the followlng

Thooron  3edel:  Por a glvon deslem Py iF 4y, is the
ocptinator gziven by (5:38) and % is sny cstinator of ¥ Ielon-
ging %o Ay then,

v{t) = Vb, for mll yeRy (3e347)

fplios kit t g ‘sw e 1dentionle

1% iz portinont %o nmote hore that the estinnior ‘ew
wna suggoatod by Horvits and Thonmpoon (L982), as the unique
unblased estlnator in kis Ty class, while formlating
siwoe olapses of lincor sstinators mantloned in the previous
ghuvtors Tile estinabor, which we shall edll (as is usually
eslled) as the HeTe eotinator for brovity,hns drawm consido-
ppble atbentlon in asmoling thoorye Fhe sannling varlance
of th*é g glven by

H fwnxn N Y.Y
?i"g}img - &(ﬁ}’é + i: ji{fijmiﬂ’j) %’i’é‘g’

(3.348)
As rogards admissibllity eritericn the Hele estimator has

boon ghow o bo admisvidle in If, the elass of homogenoous
1ingar wiascd estinmbtors, by Codambe (1960) and Xoy and
Cheravertd {1960}, and Also in tho olnes of «ll unbiagsed
ewstinaters A, by Godambe and Joshi {(1L968) for any desimn,
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and in the elses of all measurabie entimators for fixed samnle
slge deatons {Soshi, 1965b)s Some othor yosulis regsrding
Bayeanoss snd higpereadnisslbllity of the H? estinator will be
#iaoupsod in seetion S8 and 3e8.

Ancthor pdtuntion whore equelity of nmee'e 4mplics
1dontity of catinators, is given by Josht (1965,%). He has
gansiderod 21 oatlsater

’%h = 1§ﬂ hg'fi (5&3:9)

wewe 2 B'=n ad B 20, 41250 F  (3.3420)
and hos mwoved 4t o he efmissible in w clase of regular
estingtors for fiwxed somple sise desisone snd furthor 47 ia
ghown that H{t,) = 1{t) dmplics t is Ldenticel with
for all ¥e 1% may b nontioned that the ususl ratio estinetor
has slao boon proved o be adnigeible By Josht (1968) in the
glase of €1 sstinators for oy design tud no such reetld has
woon shownbinld for this eestinabur.

Phogo ozamplogy lowovery 6 mot prove that equulity of
mosn gguare orver Lmpliecs slwaje the 1dantity of eatinators.
Wwe give bolow a eimple Bllustration fo support this pseeriion.

Lot us cousidor two oabingtors ¥; and i, such that
¥ () = #{my) + ols) (343.02)

tolaey) = #(a y) = ola) (343412)
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where 4] 4» an unbiased eatitiater of the population total
Tyis The mean square evror of % md %y eare, respectively,

W) = Viny) o 2o *lo)p(a)+ 2 R (8 (ms3)-2(rYo(e)7 (o)
i M%) = Vity) o+ I ®la)¥(e)~ B = (8] (myy)=Hy)e(s)2(s),
BGH s08
How 4t 1o obgerved thud
ity ) = i{ty)s for 2 ¥ {343.13)
it ﬁgﬁ{ﬁgnmw(y))a{x)?m =0y for @) yw (Se3.14)
Supposing that {S.3.14) is eatisficd evon then % and
Ts need not necossurily bo idwmticals Obvicualy (343.14) e
patisfiad whinovor
afa) = ey B omnpbmb,. (3e3415)
Bat even then % mld %, ave not identiesl. Honce the
asgorsion 1o ¥y In ponerals However, 1% is of intorest to find

oxnetly the situations under wWhich the definitions 35.2.4 pnd Jef.8
are equivplont,

tm the