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Ahstract, [n the existing “dinwt” white zoise theory of noolinear fl-
tering, L state process is still mndelled as a Markov process salisfying
an btd stochastic diferential equation, while a. “liodtely additive™ white
noise is uzed to wncabe] the obeervation noise, W rppaove this asym-
rmetey by modelling Lhe state process a3 tho solution of a {stochastic)
differential equation with a “finitely additive™ white noise as the in-
gut. Thiz enables wh Lo intToduce correladion betwroen the state and
olsarsation nolses, and bo oktain relese wonkisear filtering eqnalions
in the corndalol noiss chse,

1 Imtroduction

Monfinoar Gitering aquations are winally derived waing the theory of
gtochazslic Bifferential equations as doveloped by (29 [1]. These oqua-
tiens bold, az iz enmmen in probatility theory, almesl surely in 1he
spece nf continuows functinus, The difficdlly in applying this oy
i practice is thal the set of all possible real dala has measire zero!
Ip techpical torma, nonlinear fliering equatiung abtained direct]y Nooem
Ités theory are not robwat. There are essantially two agpproaches to
circumvent this diffically, Tn une approach doe to Davis [2] the [
equalions of uonlinear filtering are rewritten in an equivalent pathwise
Tarm which does oot imvalve difecantial of the obsrrvadinn process that
appear in Ied%s framownrk. This ubssrvasion process is actually e in
tegrated verainn of read data. The nonfiner fllering equation §s then
shown to be comtinuons (in some topelogy b with respect to Lhe obser.
vating and, therefore, it can be extepded by contibuity to che aciual
sample patls. Tn the other approach. due originatfy to Balakrisboaw
[#]. one triea to model the ohservation prooss directly =ith a white
ooise erTor term. Although modeling white noiso irectly is ictuitively
appealing, it brings a host of matherzakical complications, Kalliappur
anid Harandikar 4] deveioped the theoey of nonlinear fltering in thia
framework, 'The advantage of this approach is Lhat, ance the mathe-
matical difficaltics wce resalvad, one always ohiaios tesulls alresuly in
Ll rebmiat forim.

e drawhack of The existing “direct™ while ooise Theary is tad
the state process in this theory is still modelled 2 a Markey procass
pastiafying an Itd stochastic differential equation, The slate and ob-
servation noised are then jointly modelled in an appropriate product
spice which makes them necessarily yocorrelatesl. Qe pargpose of Lhis
paper is to remove this asymmetty in the theory by modelling the state
procees s Elie salution of a sloehaetic diferentia equation sich a #di-
rectly modelied” white noise as (he jnput, ¥e show that the solution
of wueh a stechastic diferential equacion in, indesd, a Markoy process,
With this Tonolation, it is stralghtforward to talpeduoe corpelidion
between the state and observation coises. The other purpose of the
paper 36 to obtain robust noolinear filtering equation for atochaasic
dynamical systeing with correlated siate and olserwvatlon ucises.

Fuor lack of space, we omit the inathemalical preliminacie. Toler
eated reader may find the mecessary matecial in [4].
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2 Markov Property

We hopin will smmo oedations. Let B0, By denose the Hilbert

[T

N o= L TLH = Lf[0, o) AU It = Fafls, TR
and H. Iy, A2 denote the Banach spaces

# = Cl[0, LY, By i, 5], BT, By = Cyiie, 1], R
W define 71 ff — I hy

'.‘I:rJ:lfr]=J|:q[:rH-:r i

and defime v 140 < Fiove: Ha — Ay by

t ] i
it = mio e, lzelt) = [ i),
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Let m be e rananical Gioss newseee on B oamd my = mes Q;, iy =
wio iy are Gauss messuzes on Mr and Fz, respretively (see [4]).
fol g A® — B9 G n Lipuchite function. For ryeR? and s,
consider the following diferential eqnalion
g1} . . B
—*‘r;[.n = wmnly b e} i)

whare & defined by efsr) = 5ith ia a white noise o . We ghall ke
presently thad equation {2] sdmits 2 gnigae solution. Fitet note that
1 2) 8 equivalerd 1n

: L
win) = =0t [t tnidar o+ [ ectniar (3)
i o
Mure generally, consider for zgeHY and (e R = O[0, 7], BT,
1
X0~ 2ot J|£ w{ X Wdr +£1E) 4]

Existence and uniguenesz of solution to this equation follows from the
Lipschitz condition on u. Denoling the solution of (4} by (¢}, it can
e proved thai § — X () is continnoas from B inte A oand ¢ = X.4¢)
iz continuous feam B inla 8, Moreover,

(1) = X {ni] 1a)

with 7 defined by (1), Furcheenure, e L{ M, C,m) and L0 0, m; i)
e [4] for the definition of £, and also that of conditional exprectation
apprariog in the following Lhenrem. We are now in a pusition to es-
tablish the Murkov property,
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Thearem 1 Tetl g ke a bonpded coptinuoas funeclion on R, Then,
for b = 5,

Fulstze) | @] = mi=:) Q
where
n(z)= f oiTaiz m)Mmalm) @

with x} a wel=, 72) being the neique solution of

a4 J{L w{z] T + J':t Ecimldr, 1> 5 [®)

3 Robust Filtering with Correlated State and
Observation Noises

e now consider the filtering problem where the atate js the solulion
of the stochastic. diffecenlial mpation studicd in the preceding section
snd the observation is corrupted by another white noise | poasilly
correlated with the state noime. We stody only the scalar case of f = 1.

We sake B = Laf[0.2):R%) and for jelf expressed as 1) =
(i), (1)), we define

el £ M)

erfn) £ mit)

We consider the following fillering model, The signad process {z.(75]}
i wiven by

ule ik} + cenly) + fegn}
2ip

kR W_E
Ey[n)
where u : R — ft iz & bounded Lipschitz functlon and & > 0,4 = 0 are
real numbers, The ohservation process {wp)} is given by

wirl = &lxdn)) + epln) ()

where k iz assamed to be 3 twice continuonsly differentiable function
on R such that & and ' are bounded, As noted in the presvieus soction,
the solution process {2} of (9) iz 8 Markov process on (N .C,m), m
Teing the eanonical (Gauss measure on &, Nonlinear fillering problem
consists of eliaining a formula for

W f13) = Enlfiz.) | Qu] {11}
where @y : F = H is defincd by [(£n)iz) = playl [uI,JI:_J:}. Thin is
intuitively clear &s the right hand side of {11) is the “while noise™
analog of the expression E{fix,] | 9,00 < 2 <€ 1] calenlated in the usnel
set-up, Taking a cue from the case of dependent slgnal and nolse b
the white noise approach adopisd here, as well 28 standard resolls
on nontinear filtering in the wswal “countakly additive™ appreach, one
eypects Lhe followiog resnlt. Let

peln) 2 exp { iz, (n) i) ds

8

o fSWCaa(mds - } Wit} w
Then
ol fy) = ol fulimil. ) {14}
whess
el fu3) 2 Ealfizdoe | Gt {14)

where Ey(- | {ay) ia the conditionsl expectation under the measnre
my, deflned by

malC} = _J‘; prlem, Ol (15

Te evaluate the desired conditicnal expectation, we follow the ap-
proach of Travis to robust Altering in the “countably addltive™ setting.
We introduce a tew process {z(n]} by

Zinh — o) {16}

Then
Zi 4} = wly(n) e2ln)) {17}

where, for gy e = Eo([0.7] : Ry = rmdehy, o) i the unique
aolution of

o= T+ fyluit, + wdyls]} - whlo, 4+ adyfeiid
+8 1 $2{abdn ’ e {18)

i ey
with ¢1{4) = fida{r}er. Let ™ be the canonical Gruss measure on
H. Belew fullows cur main esult on robusl monlinear filtering for Uhe
vase of earcelated state amd observation nodses,

Theorem 2 For g &, define

ol f &) = fo Fimel dad 4 by (1))
expr {_,l'ﬂf b{oa(di, dg) + ode [a) 1y a)eds (19}
g Jolah’ + B¥im g, o) + v (2)ds } dma( 3}

Ther we have

Fulfiz | Q) = 402 (20)

4 Conclusion

Wi stated, without proel, two important results on the divect med-
ollimg of white polse In stochastic systems. We showed that if we model
the stale procma divectly with the *finikeiy additive” white ncize as
the forcing term, the solulion of the roslelng slochaatic differential
eqquation is & Markov process, This led to the modelling of a staechas-
lic dynamical syatem with coprelated state and observation noizes. We
then obtained the robest nonlionear fileering formula for this correlated
case, It may be intercsting ta study Radon-Nikedym detivatlves for
Lhe casge of correlated state and observation ooises.
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