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Sunimany
Proper cficieney-balaneed designs are considered. Upper bounds are given for the ctheiency
factor of proper efliciency-balanced desipns. A class of E-optimal efliciency-balanced designs is
observed as desipns which attain such an upper bound.
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1. TuTRONUCTION

W consider a block design with e lreatmens and b blocks of size A each, which iz also called
proper. Foril, let B —diag (v, ..o nd r=ir, ., on) and N —(n, ) the v 2 b incidence matris
of the design, where 1y is the number of times the ith treaiment gcewrs n the jth black and », is
the replication number of the ith teeavment, for i— 1, ..., v and f—L,..., & Under the usual
fixed effects, additive, homescedastic linear model, the cosficient matris, C-matrix, of the redoced
normal equations for estimacing linear functions ol treatment eftects s € — B —k ' NN which s
symmetric, nonnegative definite, with zero row and column sums. A design is said to be connected
if and only if rank {71 = 1.

James & Wilkinson (1971) ineoduced canonical efliciency factors of a hlock design as the
nonzero cigenvalues of B 'CoLet ¢ (i—1,...,o— 1} be the canonical efliciency factors of a
cannected design. Tiisclearthat b= e, == 1{i =1, ..., ¢ 1} forany connccicd design. The statistical
rale of &5 rerms of basic contrasts s discussed by Pearce, Calidski & Marshall {1974} and
Califski (1977). The harmonic mean of the es is here denoted by ¢ and called the efficicney
factor of the design,

¢— (& l]/ll\: el (1-1)

A design Is said to be efliciency-balanced if the £'s are all equal, that is ¢ = e for all §, in which
cuse {1-1} artains its relacive maximuom. For such a design, every treaunent contrast is estimated
with the same efficiency Fuctor ¢ {Jonegs, 1959; Culidski, 1971; Purl & Migam, 1975). Williams
(1973) showed that a necessary and suflicient condition For a proper connecred design ta he
efficiency-halanced is that the incidenee matriz & salishes

AN =kl —elR+{e/ b (12

It is known (Kageyumu, 1980) that a binary proper effcieney-bulunced design is a bulanced
incomplete block design. Thus, in this paper we deal with nonhinary block designs wnly.
Ablermatively Lo {1-1), the efliciency Tactor of a block design has been defined traditionally by
e'=H/F, with H denoting the harmonic mean ol the nonzero cigenvalues of the C-matrix and
with F— bk v (Raghavarao, 1971 § 4.5), Maximizing the efficiency factor &’ is equivalent to finding
an A-optimal design iShah & Sinha, 1989, p. 43} Evidently, il is nol possible o muasimize ¢ and
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e" simultaneousty, unless the design is equireplicate. Tnstead, however, one ¢an search for designs
which maximize cthe efliciency Tactar e and, at the same time, are L-optimal, i.e, maximize the
minimum pasitive cigenvaloue of the C-matrix (Shah & Sinha, 1989, p. 310

T'he objecl of the present paper is to provide efliciency-balanced designs ol unequal replications
that st1ll have some desirable oplimulily propertics, und so o extend the optimality resolts given
for cguireplicate designs by Shah & Sinha (1989}, Ficst, some bouwnds on the efliciency factor of
connected Block, including ctficiency-huluneed, designs have heen ohtained, particularly appli-
cable for designs with unegual replications. Then a class of E-optimal efficiency-balanced designs
which artain an upper bound for the efficiency factor {1-1) is given.

2, BounDs ON EFFICIENCY FACTOR

Lpper bounds are derived in terms of the design parameters anly. The efficiency fuctor of 2
connected block design with © trealments and A hlocks ol <izc & cach hus, as in {1-17,
=1
e—flu—11/ % el 117" ¥ ¢
. =1

={u—1) "l 'Ol ek -1 ke - 13,
since
tr(R'Cr=w—k'Y Y onr=0{k—1)ik
Thus, ane has the following,
ITHEOREM 2-1. In o connected design with ¢ freatmenis and b Docks of size k each,
ex{n-1)"tr iRl nlk—11/{i{p-1}},
the firse equality Aedding o and only i the design i efffcioney-belaneed, the seeond if and only i it
is, in addidion, bingry and s @ balanced incomplete Mock design.

IT Bk/ v is nat an integer, there does not exist a connected design which attains the second
ound as in Theorem 2+1. Tn an efficiency-habuneed design with ¢ treatments and b blocks of size
k each, by [1-2}, the efficiency factor has the farm

e=ih—kT Y Yo bk =Rk Y
which cannot be expressed in terms of the design parameters only, unless the design is hinary.
Thus the fellowing resull is of interest, especially from an application point of view.

TueEoREM 2-2. For an efficiency-balanced design with © ireatments and b Mocks of size I each,

mowhichr =rm=_..%r,
exbik—Li/(bk—ri=e,

SV

Froof. Ry (1-2). feihirl Vi l—e)r = thatis ez bik— 10 Ak —r) forall i=1... ., ¢, which
completes lhe prool. i

Muote thar a less sharp bound on ¢ can be obtained by replacing v in ¢, by [Bh7 0], the largest
inteper not cxeceding b/ o Henee one has the tollowing.

CoroLLary 201, In an efffcisncr-balunced desion with v treatiments and b blocks each of size I,
the fmedqualities

e hik 1)/ihk [bESu])=e7,

sy amd

ewme met=molk -1 k(e—11]

herled, ey = &7 if p)— [ Ble/ v], the last freguality becortiing an equality of B/ o iy an integer,
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Mate that unlike for €, in Theorem 22, the bound ¥ in Corallary 2:1 is expressed in terms of
the given parameters ¢, & and k only,

3, L-OFTIMALTLY

A class of designs. each with ¢ treatments and f blacks of size L, is now considered. A praper
eiliciency-balanced design atlaining the bound eF, as in Corallary 201, can be found in a class
of L-optimal designs [or given o & and &

Das & Trey (1991} showed that for any integer p such that (< p < 4p there exists 4 proper
elliciency-balanced design d with parameters v—p b, vy =r, r.=2r, k and e=Av/{rk) in a class
of ack designs with ¢ — p treatmentz and f blocks of size &k each, That design is also F-optimal,
prowided

() v—piltrp=2,

(il n—p—iv—plir—p-—prl '=pa
Here v, b, r, &, A are the parameters of an existing balanced incomplere block design. In Tact, the
two conditions (1) and (i) are required only Tor S-optimalily in the olass ol all connected block
designs with given ¢ —p, b and & Their method of constructing the above F-optimal proper
efficiency-balanced design is o merge p pairs of treatments i a balanced incomplete block design
with parameters &, b » k and A, while the remaining ©—2p treatments are unaltered. This yields
vur proper elliciency-balanced designs which may be mosily nonbinary.

Since

.-]|1,:_ _ h'”(—]]_ .
rk Blk—| bkt —p)]

holds if and only if 0= p =2 o/ {r+ 1], the following can be abtained,

Tk 31, A proper effiviencv-balanced design o attaining the buand e on the efficieney fuactor
catt be constructed from a balanced incomplete block design with paramielers o, b, r, K, A, i there
exists a positive itegor p such thar poi{r+10

If the upper hound as in Theorem 2-2 is taken, similarly, applying the result of Das & Dey
{1991) one can show that a proper elliciency-balanced design  with minimum replication number
¢ = ¢ attaining the bound o; on the etheieney fuctor can be constructed from o halaneed ineomplete
block design with parameters ¢, b, . k. A for all inlegers p satisTying U= p = ju. Note that all the
exizting halanced incomplete block designs with o2 2 satisfy this stutemnent.

Meal the inweger posalislving (i} and {ii) Tor efliciency-balanced designs in Theorem 3-1 is
investigated. We have that {i} implies p={v—2}/(rr 1}, On the ather hand, (ii} yields

(A+ 1071 1ip —{nlr+A+2)—1p o w{n—1) =0,

that is p=p orpz=p, . where

po=12(a+ e 1 [oelr+A+2)— 1L [uir—A+2 =17 —dvio— 1004 « Lpir+ L}
Mote that (a=2)/(r+1)=p il and only i o(r—241%= —2{244+1) which is always valid when
=240 Thus, ane has the following.

THEDREM 3:2. An B-optimal efficiency-balanced design & attaining the bouad &7 on ihe efficiency
Jacter can he constructed from a balanced incumplete Mock desigr with parameters v b v, kA
sutisfimg vl =24 1= =2020 + 1) if there existy a positive infeger p for p={v—=21{r+1).

CoroLLaRy 3-1. An E-pprimal efficiency-balanced desion d anaining the bound ef on the efficiency
Juetow van be constructed from o balaneed Incomplete Block desion with paramelers o, b, v 24, k&
A i there exisiy o positive integer p sueh that p={e =21 r+ 1],
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When s is a prime or 4 prime power, there exists 4 balanced incomplete block desizn with
PATLIMELES

=h=5+5+1, r=k—s+1. A=1

iRaghavarao, 1971, p. 7T, which satislics Corollary 3-1 for p =y — 1, Thus there always exdsws lor
pEs— 1 oan E-optimal efficiency-halanced design with paramserers
2 E S
=57 s i l—p, B=gritl, r=stl, mB=2511), k=stl, e—1-—73
r=5 4 o, g ortl, r=st1, r=2sl1], st1, e 1)
allaining the bound e, provided s is a prime or a prime power. For example. in a halanced
incomplete block design with purumeters v = b =7, r=k =3, 4 =1 whose blocks arc

(1, 2, 4M2, 3. 5003, 4, 6304, 5, Ti(5, 0,016, 7, 2070, ),
merging twa treatments 6 and 7 yields a proper clficieney-balanced design with parameters v —é,
h=T.rn=23 rn==6 k=3 and ¢ —4. whosc blocks are given hy

(1, 2,442, 3,5)(3,4,6)(4, 5, 6)(5, 6, 1}(6, 6. 2){6, L, 3],

which is D-optimal in the class of all connected proper block designs with given ¢ =6, =7 and
k=3, Furthermaore, our bound e is attained here.
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