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A NOTE ON THREE-DECISION ASR PLAN PROVIDING
AVERAGE QUALITY PROTECTION IN TERMS OF
INFLECTION AVERAGE OUTCOING QUALITY

By R.J. PANDEY
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SUMMARY, In this paper three-dovisi pt joct (ASR) plan praviding
sverage quality protection in terms of inflection average outgoeing quality (IAOQ) is introduced.
Determination of optimal ASR plan providing IAOQ protoction is illustrated by numerical
examplo. It is found that JAOQ plans arc easior to obtain as compared ta AOQL plans and
provide Ll ion to

1. INTRODUCTION
Averago ontgoing quality limit (AOQL) is used to express average quality
protection since Dodge and Romig (1058) proposed the sampling plans by
attributes. Pandey (1077, 1084) includes, among other three-decision plans,
accept-screen-reject (ASR) plans (n, a, r) providing average quality protec-
tion in terms of average outgoing quality limit (AOQL) which is operated
as follows :

From a lot of N items a random samplo of n items is sclected and the
number of defectives z in the sample is found and tho lot is

accepted if 0z e
sereened ifa <z <r 3. . (L)
rojocted if r 2 K n

In view of the criticism of AOQL as & measure of outgoing quality as pointed
out in Soction 4, any other indox for averago quality, in particular, IA0Q
Introduced in tho present paper, may serva tho purpose of providing averago
quality pratection.

Wo have chosen only ASR plan for introducing, in this paper, inflection
averago outgoing quality (IAQQ) to provido averago quality protection. It

AMS (1980) eubject claseification : 62N 10.
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has beon shown that TAOQ, as expected, is smaller than AOQL for & given
threo-decision ASR plan. Turther, assuming that incoming lot quality
p £ 0.10 (io, Doisson condition, reo I1ald, 1981), it has been shown that
TAOQ has an expression similar to that of AOQL. Morcover, the former iy
much casier to obtain. Numerical examplo is provided to illusirate the
proceduro to obtain optimal three-decision ASR plan providing average quality
protection in terms of TAOQ and o sct of such plans is also given.

2. INFLEOTION AVERAGE OUTOOING QUALITY (1A0Q)

Let o lot of N items of quality p be submitted under a three-decision
plan (n, a,r) where 2 denotes the sizo of the random sample from the lot,
a and r are the two decision numbers.  Following the notations of Hald (1081y
and Pandoy (1984) defino

Pa(p) = P(z € a|n, a,7,p) = Bla ; n, p) e {20)
Pip)=Pla<z<r|n,a,rp)=Br—1;np)—B@a;np) .. (29)
Pdp) = P(x > r|n,a,r,p) = 1—B{r—1;n,p) . (23)

where r—a > 1 and the subscripts a, ¢ and r indicate acceptance, total inspec-
tion (screening) and outright rejection of the lot respeetively.

The point of inflection of Pa(p) is obtained by solving P (p) = 0 for I
Writing Pa(p) = é‘.ﬁ [(np)#/x ] exp (—np) under Poisson condition and differ-
entiating twico with respeet to p gives

Pfp) = —n* ((np)*-1/at) (a—np)] exp (—np). 24

Equating (2.4) to zero wo get p = a/n = p®(say) as the point of infloction of
Pa(p). Wo shall define inflection average outgoing quality (IAOQ) denoted
by P2 as follows :

Definition : Inflection average outgoing quality (TAOQ) of a three
decision ASR plan (n, a,r) is definedd as ita averago outgoing quality at the
point of inflection po 6f Py{p).

Tor incoming lot quality p and lot size N tho oxpression for average out-
going quality (AOQ) of three-decision ASR plan (n, q, r), following Pandoy
(1977) is given by

Pp) = (N=n)N) [pPulp) +o PADIPLPIHPAPY) e (28)
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Asuming Poisson condition to approximato binomial probabilities in
[2.1)=(2.3) and writing gamma cumulative probability for Poisson cumulative
probability and substituting p° = a/n for pin (2.5) we write inflection average
outgoing quality, pJ following the definition as follows :

Pdp®) = p2 = [(N—r)/N)aT(r) fe"'u‘dw}[nl‘(n+l)frwwr-ldw] - (20)
fora > 0. ¢

3. RELATIONSHIP BETWEEN AOQL AKD 140Q
Differcntiating (2.5) with respeet to p and equating the derivative to
sero, wo obtain

dpa N-1, »p dl

= SN =0 . (30)
[n Pa(p)+N Py(p))
where I = —[m. o (32)

Let the solution of (3.1) be p=pm. Substituting for I, in (3.1), assuming
Poisson condition and writing the probabilities in terms of cumulative Poisson,
and denoting 7pm 88 2 and substituting it for np in (3.1) we obtain

gla,z)

glr—1,z)
Gla,z) ]

Cr—1,2)

1
—+ (3.3)
where g(a, 7) = ¢~* z*fal 8nd G(a, z) = ;:o g(z, z) (sce Pandey, 1077). Average

Py

outzoing quality limit (AOQL) denoted by py, is the maximum value of py
snd can be obtained by substituting x for np in (2.5). Writing probabilities
in terms of cumulative gamma and substitutting z for np we get from (2.5)

(N—=n)[N}T(r) | e-¥uctdio
Ppm—— e (34)
[nT(a+1) § e~owrdw)

19 AOQL value for o threo-decision ASR plan (r, a,r) whero z is the solution
of (3.3).

Lot I denote a set of positive integers and

glr—1,2) }

o) 1
8= {x =zt G(r—1,7)

‘' Oa, z)
3311
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Theorem 1: For zeS,0<acl,relandr—a 5\ \here a and s are
the values corresponding to x € 8

(i) a fz"'w‘dw/ T e Ydw < :i[-!“'w‘llw[ j.rl'wr-\')w . (35
and
(i) fl)==x f e~vuddw] T evw—dw e (89)

is a monolonically increasing or decreasing function of x according w
Hx) =3 [u,{r—1)—u,(a)] is strictly greater or less than r—a—2 respectively where

ula) = fe""w'”dwl '{’ Eueds,

Proof : (i) Tho proof of the first part is trivinl. Since pr=max pa(p)>p.
(2.0) and (3.4) imply the result. ’

(ii) Subatituting wz foc w in (3.6) we get

flz) = aavtr Tc-"’w‘dw/ :fe-'nw'-l dio
J(e) = vla) fak2=r—al | e-vriostt du] [ oo

- l}'e-mr..;nzw/ f evrior1 duo)) -
1
Rewrite (3.7) as

f(2) = v(x) [a+2—r—2z[u,la)—ufr—1)]] o (38)
whore

0 < ofz) = a+tr {“e--zurl dw re""‘w‘dw/(Tl' vn i),
For real g{w) and (1) and to € A Schwarz's inequality states
[ ] olwihlaM] < [ { o)) § W¥odio). - 08
Lot o) = e ylatint ; h(i) = e gota-ta,

A= {w:l woo)



THREE-DECISION ASR FPLAN 239

then from (3.0) we obtain uz(a) > us(a—1). Since 0 < aelis an arbitrary
nuraber and r—a > 1 tho result u(a) € ug(r—1) follows in goneral. Since
) >0, z¢ S and u,(a) < udr—1) we got from (3.8)

1) > 0if (2) > r—a—2 ... (3.0)
f(2) < 0if g () <r—a—2 e (301)

proving tho result.

The first part of Theorem 1 shows that for a given z thore cixsts an “a
such that f(a) < f(z) is always truo. Tho sccond part of the thecorem shows
that f(x) is & monotonically increasing function of z if ¢ (z) > r—a—2 for
aand r corresponding to x € . Suppose ¢ (x) > r—a—2 holds, as for examplo
is the caso for the tabulated valucs in the Table 1. For the first part of the
theorem to be true we must have @ <z in the Table 1 for each z and the corres-
ponding value of a. Since 0 < a ¢ I and z ¢ § the inequality a < z is violated
mainly due to the fact that “a” takes only integer values whereas z may take
any fractional values under (3.3). TFor examplo we have a > x for a = 15(1)20
in the Tablo 1 but it does not imply that f(a) > f(z) otherwise the thcorom
will bo self contradictory under its two parts.

For a = 1(1)20 Tablo 1 provides tho solution z of tho cquation (3.3) and
the value of tho function ¢ (z).

TABLE 1. THE VALUES OF z AND ¢(z) FOR a = 1{1)20

" r z $lz) a r = #(2)

1 3 2.238375 0.43480 11 13 11.215362 0.48082
2 4 3.002727 0.43007 12 H 12.140244 0.47004
3 5 3.005123 0.43984 13 15 13.008499 0.47106
[} [) 4.849030 0.453852 14 16 14.000797 0.48793
5 1 8.742012 0.45110 13 17 14.930030 0.40451
) 8 0.641530 0.44510 10 18 15.804714 0.40128
7 9 7.547888 0.46182 17 19 18.800401 0.45797
L} 10 8.450200 0.43637 18 20 17.737896 0.48594
[] 1 0.374142 0.47155 10 21 18.877001 0.58284
10 12 10.202835 0.44702 20 22 10.617800 0.47007

To obtain tho aolution z, in the Tablo 1, we have chosen systomatically
the values of “a’ and tho corresponding smallest foasible values of r in equa-
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tion (3.3). Tho solutions wero obtainod by a computer programme using
Nowton-Raphson method. The valucs of ¢ (x) are obtained by computing,

[r G(r, 2)/C(r—1, 2)}—[(a-+1) Gla+-1, z)/G(a, 7))

As it can bo scen from tho Tablo 1 ¢ (x) > r—a—2 = 0 for all a = 1(1)20
and honce f(z) is increasing function of z, Figuro 1 gives the curve of f(x)
against z for the chosen values of “e” in the Table 1.

2 0) L% 6 7 Y RN
" —_—

Fig. t

For & given ASR plan (n, a,r) computation of pJ does not require the
value of z as it is clear from (2.6).

4. JUBTIFICATIONS FOR USE OF 1A0Q IN PLACE OF AOQL

The concept of AOQL acquired an accepted physical meaning and gained
usage for specifying consumer’s protection over the years. But tho physical
meaning of AOQL conveying the idea of a limit to average outgoing quality
came under heavy criticism by several authors. It was mainly becauss
AOQL docs not provide a sharp upper bound for averago outgoing quality
and henco its rolo as a measure of average outgoing quality is substantiaily
reduced. Anscombe (1958) characterised AOQL as being only o statistician’s
guarantee and remarked that in practico it is not tho consumer's requiremont.

On the other hand, for a given plan (n,a,r) the point of inflection of
Pa(p) is given by the ratio a/n and IAQOQ is the value cf average outgoing
quality for incoming quality equal to the ratio a/n. This connection of 140Q
with the ratio a/n provides a clear physical meaning to it in terms of average
outgoing quality.
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JAOQ is the waluo of AOQ at incoming quality a/n whereas AOQL is
the value of AOQ at pm which is the solution of a complicated cquation (3.3).
Thus, the concept of TAOQ is easicr to grasp for a given plan,

For specified values of IAOQ or AOQL ono can oltain a large number of
plans satisfying the stated values. The unique plan from amongst theso
plans is obtained by picking up a plan minimixing tho average amount of
inspection at specified process averago quality. In this context of determining
the optimal plan, AOQL is no way superior to 1A0Q.

5. OPTIMAL THREE-DECISION ASR PLAN WITH IA0Q PROTECTION
Given lot sizo N, process average  and TAOQ = p{ the problem is to
determino (1, @, r) minimising average amount of inspection I given by
I = nt-(N—n) Pip) . (50)
and satisfying the specified valuo of p§.

Tho procedure to obtain ASR plan providing IAOQ protection and mini-
mizing average amount of inspection at process averago quality is as follows :

Obtain tho boundary condition using the optimality condition
Al(@-1)g0<Al(a) . (52)
where Ilg) = n+(N—n) Plat+1 K z < r—1 |2 = 7). o (83)

Let JI=N75 and k=5/p. Sinco “a” takes only discrete values minimum
valuo of ] will be found for many pairs (37, k) on the (i, L)-plane for tho same
value of “a”. From this it is evident that on (JI, k)-plane thero exist zones
in which tho values of docision number “a” remains tho same. To find the
boundary lines it can bo noted that for certain pairs (7, k) two pairs (a, b)
exist giving the samo minimum valuo of 7. Theso values of “a” difer by 1
in all such cases. Wo use tho notation b = np and b, as tho valuo of "d”
wsociated with “a”. Thus, from (5.1) setting I{a) = J(a+1) the boundary
condition can bo written as

(’_”(A) "_”(d*“
_ (bap—ba)tba I glz,ba)~bay, Z  glx, bayy)
I= ) 1 @t = e (54)
(r-1 r-y

L gz, ba)— I gz, bayy)
a4l a“®?

The chart on the (7, k)-plano gives tho values of “‘a” minimizing I for speci-
fied value of 5/pJ and lot sizo (N).
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A systomatic itorative proceduro to obtain the boundary point on the

(31, k)-plane can bo stated on the lines of Pandoy (1077) with the above modi.
fied notations. To avoid repetition the steps aro not roproduced hore.  When
lot sizo N, @ and r aro known thio samplo sizo n cun bo obtaincd from

n=NU[N p3+U) o (55)

where U = o[T()ITa+1)] ‘f et duf T w1 duo,

Numerical example : Lot 5= 0.005, p§ = 0.05. For k = PP =010
and a = 1,2,3 and 4 and using tho corresponding values of e tho boundary

points 1 for adajcont zones were obtained as given in Table 2

TADLE 2. THE BOUNDARY POINTS A7
FOR ASR PLANS

a atl ]

1 2 16.399329
2 3 136.3810060
3 4 $78.760790
4 ] 6430, 144500

The value of Al corresponding to k = 0.100 from Table 2 is 16.389320
for a=1 and a41 = 2. Tho valuo of lot sizo at tho boundory of the zono

for a = 1 is obtained by dividing the value of 3 by tho value o: p 10,

16.389329
N= 0005 = 3277.8658.

Using (5.5) wo got tho valuo of sample aizo as 14.95. Tho averags lot
sizo for @ = 1 is takon aa 229 and the lot range is as 163277 Yora=2
and a+1 = 3 the valuo of lot siz0 at boundary of tho zone for @ = 2 is com-
puted in & similar manner and is equal to 27276.212, To comPUte the value
of sample size (n) wo roquira tho valuca of U dofined by (5.5). FcT computation
of AOQL for the difforont plans we shall uso tho formula

o= (a—g)y e (58)
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xhero y denotes the coefficient of (N'—n)/nN in the expression for py, given by
{3.4). The values of U, y and also n aro provided in Tablo 3 for a = 1(1)4.

TABLE 3. THE VALUES OF U AND y FOR a = I(1}4

a r z v v n ajn
1 3 2.230378 0.800000 0.052182 14.00 .0008
2 4 3.002727 1448274 1.658021 28.91 000t
b} 1] 3.005t21 2.381670 2.564303 41.01 0030
' ) 4.849030 3.203008 3.351010 64.07 L0024

A sot of illustrative ASR plans with everage quality protection in terms

of inflection average outgoing quality is given in tho Table ¢ where N is geo-
metrie mean of lot rango limits,

TABLE 4. SOME ILLUSTRATIVE OPTIMAL ASR SINGLE SAMPLING
PLANS FOR § = 0.005 AND pJ = 0.05.

lot size N a r n AOQL 110Q

16-3277 229 1 3 15 0.0503 0.0498

3278-27216 15217 2 ‘ 29 0.0536 0.0498
21377195750 11514 3 5 48 0.0534 0.0495
1957511286028 740890 4 [ 6 0.0523 0.0500

As wo know from the oxpression (2.6) inflection averago outgoing quality
(40Q) is defined only for a > 0. Wo do not hare ASR plan providing
average quality protection in terms of JAOQ for a =0. Wo noto from
Table 3 that, for the numerical example, tho samplo sizo (n) and decision (a)
vary in such a way that the ratio a/n remains constant around 1/15 for tho
chosen values of a = J(1)4.

For the plan (15, 1, 3), n = 15, ¥ = 220 and y = 0.952182. Substituting
these values in (5.0) we obtain py, = 0.0593. Similarly, the valucs of p, for
other illustrativo plans aro computed. Theso values along with actual valucs
of IA0Q for different illustratise plans aro given in Tablo 4. It can bo noted
that the values of TAOQ are close to tho specified value of 0.05 and tho corres-
ponding values of AOQL, as oxpocted, aro not exceeded by the values of

1oQ.
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6. CONCLUDING REMARRS

Threo-decision ASR plan providing average quality protection in terms
of IAOQ docs not require solving the cumbersomo AOQL ecquations using
Nowton-Raphson mothod. Under TPoisson condition inflection point i
uniquely detrmined as o ratio of acceptanco decision number and tho sample
sizo which is found quite convenient in practice. It may bo interesting to
develop procedure to obtain optimal three-decision plan from a family of
plans having a fixed valuo of tho ratio a/n instead of a fixed value of IAOQ.
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