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CHARACTERIZATION OF PROBABILITY MEASURES
BY LINEAR FUNCTIONS DEFINED ON A
HOMOGENEOUS MARKOV CHAIN

By B. L. S. PRAKASA RAO
Indian Statistical Institute

SUMMARY. Lot {1, {a, fs bo three indopondont random variables and 2, = §,—{, and
Zy = §3=s Itis known that if the characteristio function of (Z,, Z,) doos not vanish, then
the distribution of (Z,, Z,) d i thoss of {y, {5, {y up to a possible change in location.
Generalizations of this result, to random varinbloa {j, ..., {a defined on a homogonoous Markov
chain is the sonso of Gyires, aro obtainod

1. INTRODUCTION
Let &, £y, & be thrco independont real-valued random variables and let

Zy =8~y Zy=E—E,. o (L)
If the characteristic function of (Z,, Z,) doos not vanish, then it was shown
by Kotlarski (1967) that the distribution of (Z,, Z,) determines those of
%1 E» &y upto a change in location. This result was genoralized to random
elements taking values in a locally compact abelian group in Prakasa Rao
(1968).

Wo now consider tho same problem but in the case when the random
variables E, £,, £, are defined on a homogencous Markov chain as introduced
in Gyircs (1981a). Related results, gencralizing some characterizations of
probability laws by lincar function of independent random variables, as
given in Rao (1971), are presented.

2. PRELIMINARIES
Supposo that
0, 1<hi<n1<k<n v (20)
are independent real-valued random variables. Let {7, 5 > 0} be a homo-
gencous Markov chain with state space {1, ...,p} and with a non-singular
transition matrix A = ((aas)).

We denoto this homogeneous Markov chain by {4}.
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Definition 2.1: Tho random varinbles (Ex, 1 < k € n} are snid to bo
defined on the homogencons Markoo chain {A) if

B0 1<tgn . (22)
ie., = 0;;) ifmy=hp=34 1k n
Let
af(z) = PEr < =, m=jlma="
Axz) = ((af}2))),
and i) = T evsddelz), 1< k< m teR. . (23)

Observo that ¢x(0) = A and @) is continuous in t e R.

Ax(z) is called the matriz-valued distribution function of Ex and $i(t) is
called the matriz-valued characteristic function of Ex defined on the homogeneous
Markov chain {4}, Tt is ensy to sce that

al¥)(z) = apFif(2)
where Fij)(z) is the distribution function of 0;). Further the matrix-valied
characteristic function of the linear form
a8 +ak,+afy e (24)
is Srlay)yfant)pslast) we (26)
{cf. Gyires, 1981a, b).
Given a nonsingular matrix M, thero always exists a matrix L such that
n=%lp
vao ¥ |
(Hille, 1948, p. 125). The matrix L is called the logarithm of the malriz 3
and is denoted by L = log M. Since 4 is non-singular matrix, it can be
scen that the matrix-valued characteristic function gy of Ex given by (2.3)
is non-singular in a neighbourhood of the origin and there exists Ox(t) = log gil!)
in this neighbourhood of origin.  Wo choose that version of log gx(t) for which

@(0) ='log A. Note that, if two non-singular matrices M and N commaute,
then log 3IN = log M +log N.

It is cnsy to check that the matrix-valued characteristio function of

Z=af, +..tag, . (20

AT 0 G () .. A"'"-l“¢,l(a,z),1"'/ 27



CIARAOTERIZATION OF PRODABILITY MEASURES 201
whenever 1€ 6, <. <ty n (cf. Gyires, 1981a,b). In particular if
¢"(l), 1 rgj commute with A, then thoe matrix-valued characteristic

function of Z cnn be written in the form

An-;¢‘l(a,t) ¢,,(a,:). . (2.8)

3. CHARACTERIZATIONS
Theorem 3.1 :  Let &, E;, §; be random variables defined on a homogencous
Markov chain {A}. Define
2y =& —En 2, =E;—E, . (30)
If the malriz-valued characteristic function of (Z,, Z,) is non-singular, then the
malriz-valued distribulion function of (2, Z,) delermines the matriz-valued
distribution funclions of E,, &, £y uplo change in location.
Proof: Let ¢, u bo real. Noto that

B[ T Iy = |7y = 1)

= B Jy, = )i = 1) - 3D
where /(4) denotes the indicator function of event A. Henee the matrix-
valued characteristic function of (Z,, Z,) is

Pultipalu—)gy(—2) . (3.9)

from (2.5). Supposo that {y,, ¥,, ¥,} i3 another sct of random variables dcfined
on the homogeneous Markov chain {4} such that the matrix-valued charac-
teristic function of (y,—¥,, y2~7,) i8 tho samo as that of (§,—E,, E,—F,).
Let 3, 1 <33 be the matrix-valued characteristic functions of ¥,
1 € i & 3 respectively. It is clear that

Si0)B(u—)go(—n) = Y1 (0 (u— s —2) e (33)
for all ¢, u in R. Note that ¢'s and ¢'s aro non-singular matrices for all ¢
and u since tho joint matrix-valued characteristic function of (§,—E,, Ey—Ey)
is non-singular by hypothesis.

Substituting ¢ = 0 in (3.3), wo have

Ag(u)dy(—u) = Afy(u)fs(—u), uwel
ie., Vil(w)da(u) = Ys(—u)ds'(—u), uwelR . (34)
since A is non-singular by hypothesis. Similarly substituting « = 0 in (3.3)
wo have

$(0Bs(—04 = Y\ (Wn(—0)4, teR

Le., YT (=08t = Y=g (—1), teR. e (3.5)
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But
YO 3(— s (—u) = Yalu—1), LueR .. (36)
from (3.3). Applying (3.4) and (3.5), wo have
5”:(")‘#;'(_’)‘fa("_lw:_'(")W:(") =Yy(u—1), LueR .. (3.7)
Thorefore
Va(—0)37 (= 08a(u—1) = Yalu—' (u)gy(u), HueR. ... (38)
Let & = vo@7'. It is cosy to obtain from (3.8) that

L0, (u—t) = Ya(u—tWp'(0)P:n), LuelR, . (39)
Substituting ¢ = u in (3.9), wo havo
Gi—1)d = AP (u)Pofn), uel. e (310

Hence, from (3.9) agnin, it follows that
La(—08a(u—t) = Yalu— AT (—u)4, tiue R

or A —u)AL(—1) = Lfu—1), tLueR
or AL(—t) = L(—w)ALu—1), tueR
Henco Abz+y) = LDALY), zyeR . (301)
In particular, let y = 0 in (3.11). Then £{0) =7 and
A=) = L(2)4, zeR. . (312)

Henco A commutes with {y(z) for all z ¢ R and wo have
Alle+y) = ALEGW),  zyeR.
Sinco A is non-singular, it follows that
Lr+y) = L{n(), zyel . (313
Since & i3 continuous at 0 with £,(0) = I, it follows from Thecorem 0.6.1,
p- 287 of Hillo and Phillips (1957) that there exists a matrix D, such that

Ly =¢" zel.

In particular, it follows that
Valwe ™%t = g,u), uc R,

Tt can bo checked that similar relations hold for § = 1 and § = 3. DBy the
uniquencss theorem for tho characteristic functions, the above relation proves
that the matrix-valued distribution functions of E,, E,, E, aro determined
upto changes in location, From (3.4) and (3.5), it is easy to check that
D, = D§ = D‘A This completes the proof of the theorem,
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Theorem 3.2: Let (&, 1< k& u} be random variables defined on a
homogeneons Markov chain {A}. Suppose 1 € iy <1, <13 & n. Define

Zy = aAE:l+“2E|,+“:5(;:
and Zy = blE"+b,E,2+b,E,s~.
Further suppose that the malriz-valued characleristic functions ¢"(l), 153

of E,', 1 £ < 3 commute with each other and with A, Let (&, 1 < k n} be

another set of random variables defined on the homogeneous Markov chain {4}
such that the malriz-valued characteristic funclions y’f,,(l), 1€i<3 of g,‘,

1< j < 3 commule with each other and with A. Define
W, = “1§1l+01§,g+‘7:§1,
and Wy = bt +bd, +b,
Assume that the joini malriz-valued characteristic function of (2, Z,) is the
same as that of (W, W,) and is non-singular. Suppose that ay: by # a5 :b;
Jori#5,1€4,7<38.
Then E" = g,'+D, where Dy is a conslant depending on the slate (’h,_l-
17,’) only of the Markoo chain {A). In other words, the malriz valued distri-
bution functions of &, 1 € § & 3 are delermined uplo change of location.
Bofore we give a proof of this theorem we first state few lemmas,
Lemma 3.1: Let ¢, 1 €1 n be condinuous matriz-valued functions
such that

£ o) = Al +Blult), fuek . (@314)
=1

where ¢t # 0, 1 < i € n, A(z|y) and B(z|y) are, for any fixed y € R, malriz-
valued polynomials in z of degree  a and b respectively. Then Y1), 1 <1 € n.
are matriz-valued polynomials of degree < a+b+n.

Lemma 3.2: If in Lemma 3.1
At|u) = Alu) and Blu|t) = B() . (3.15)

where A(t) and B(w) are malriz-valued continuous funclions, then (1),
1 < i & n and AQ), BY) are all matriz-valued polynomials of deqree & n.

Lomma 3.3: If the R.U.S. of (3.14) is of the form
A()+Blu)+Pilt, u) . (310)
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where A(l) and B(u) are matriz-valued continuous funclions and Py(t,u) is a
nmalriz-valued polynomial of degree k, then yy(t), 1 3 < n, A(t) and B(t) are
all malriz-valued polynomials of degree < max(n, k).

Lemma 3.4: If the RIS of (3.14) conasisls of only Py(t, u) as defined,
then Y(t), 1 & 3 < n are polynomials of degree  max(n—2, k).

All of the 1 follow as qQ of the corresponding results for

pl lued functi by idering the equations component wise
(cf. Ruo, 1071). Note that tho results in Lemmas 3.1 to 3.4 hold if tho equa-
tions are satisfied for ¢ and u in a neighbourhood of the origin (cf. Rao, 1971),

Wo now come back to tho proof of Theorem 3.2,

Proof of Theorem 3.2 : Noto that the matrix-valued joint characteristic
function of (Z,, Z,) is

¢ b
((E[ema'e"“'c""’ (gD Hogty ,c,.)l(”- =)= M)

- ((E[cﬂn,ub,u)(,lmagléb,ul{,’ﬁ(n,ub‘u){;”(vn =3 |"Io =)
= 474, (@b, (ot +bu)g, (a+biv)
in view of the hypothesis that ¢‘j. 1< j & 3 commute with 4. Sinco the
joint characteristio function of (2Z;, Z,) and (1¥,, I¥,) agree, it follows that
A3, (@b, (ot -+byu)g, fast-+By)
= Ay (at+bu)y, (ad+bau)Y, (oot +-byu).

Noto that ¢‘j(t) and y’r,’.(t) are non-singular for all ¢ sinco tho product on

cither sido is inguler by hypothesis. Sinco ¢'s commute and Yy's
commuto by hypothesis, it follows that

Etlog gy o by —log e +hl) = 0

for all 4, u in a neighbourhood of the origin.
Let
f:(l) = lOg ¢"-(')"l°g W‘j(‘)'
Then it follows that

Z’If;(a;l+b;u) =0.
3=t

Applying Lemmas 3.3 and 3.4 depending on tho cocflicients ay, by, 1 K< 3
it can bo checked that
Jilt) = Dy+E;
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whore Dy and Ey are matrices. Sinco fj(0) = 0, it follows that E; = 0 and
hence

B = vy 0"

In other words E,J. and n; differ by the matrix Dj for 1 < j < 3 almost surely,

Remarks: Note that no conditions on commutativity of the matrices
$u(t) and A are assumed in Theorem 3.1 whereas these conditions aro part of
the hypothesis in Theorem 3.2. On the other hand, in Theorem 3.1, we have
Ey Ea By in succession but in Theorem 3.2 the linear forma involve E‘l, E“. E,
whero 1€ i, <4y <iy&€ n. Rao (1971) proved Theorom 3.2 for indepen-
dent random variables £, E;, &, and it is extended to locally compact abelian
gronps in Prakasa Rao (1975) and to gencralized random fields in Prakasa
Rao (1976).

Theorem 3.3: Let (&, ! < k € n} be random variables defined on a homo-
geneous Markov chain {A}. Suppose 1 € §; <iy < ... <fy& n. Define

Z,= 0151‘+---+”)E(’-.
and Zy= b,E‘l+...+b,E,I

where ay 1by # ay by for § 31, Suppose that the joint matriz-valued charac-
teristic function of (Z,, Z,) 18 non-singular, If ,(1) and yi{t) are two alternative
possible matriz-valued characleristic functions of g, 1< r<j and if they
salisfy the commulativity conditions as in Theorem 3.2, then

Pj_git)

i) = vulte ™
where Py(t) is a matriz-valued polynomial in ¢ of degree & k.

Proof : This result follows from Lemme 3.4 by arguments analogous to
those given in Theorem 3.2.

In perticular, it follows that, if j = 4, then

Pyit)
$elt) = Ynlt)e
where Py(f) is a matrix-valued polynomial in ¢ of degrece at most 2 with
Py(0) = 0.
12-9
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Remarks : One can derive results similar to others in Reo (1071) under
the commutativity condition. The problom of obtaining the solutions of the
functional equation of the type

) a=ta—1-

A8 @b )™ g (g rbg) AT g @t A

[} n—tn-1-) s

[ tg—-1 [} n-
= 4"y b Ty b, A Y (at+b,u)A

where ¢'s, 1’8 and A nced not satisfy commutativity condition is an interest-
ing mathcmatical problem in itself. A solution to this will lead to gencral
results on characterization of probability measures by linear functions defined
on a homogeneous Markov chain.
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