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NOTES

ON CHARACTERIZING DISTRIBUTIONS FOR WHICH
THE SECOND RECORD VALUE HAS A LINEAR
REGRESSION ON THE FIRST
By R. M. EORWAR
Univeraity of Massachusctts

and
Indian Statistical Imatitula

SUMMARY. Lot (X4} bo & aog of indopondont and idonti distrib
random variables taking non-negstive integer valuos and having finite expectation, and lat R,
and R, be the firet two record values. TIn this note we show that if R, has a linear regression
on R,, then the distribution of X, must be ono of thres kinds, including tho geometric (and con.
vorsely) : thia oxtonds the work of Srivastava (1978) whoro E(R,~R,|R,) = constant, slmast
surcly, is shown to characterize the two-paramster geometric.

Lot (X,} bo a sequonce of indepondont and identicslly distributed random
variables taking non-negative integer values and having finite expactation, with
PIX, =j] =pyfor j=0,1,...,m. Tn order that R, below be defined we assume
that m is a positive integer or possibly co. Let N(1) = 1and N(2) = min{j: X; > X}
R, = Xyy = X, 6nd B, = Xy, R, and R, sre called the firat two record values
of (X,). Srivastava (1979) computed that

m-{ m
E(Ry—R(|Ry=9= Z jpy] L py o ()
= ey

for $ =0,...,m—1; in case m = oo, tho preceding and similar statements below
are to be interpreted in an obvious manner. He also showed that if R,—R, hsa
oconstant regression on R,, then X, has & geometric distribution (and conversely).
If now we assume that

E(Ry—R\|B,=i)=a+fias,i<m . @
where @ and # are constants, then we esaily obtain, on first equating the right hand
sides of (1) and (2) for the value 141, olearing fractions and subtraoting the relation
thus obtained from the same relation for the value ¢, that

A+p) E p= @Hi+ Do $=0 mt . @
Bubtraating (3) for the value §+1 from (3), we obtain
Prafpin = (e +if—Dffa+(+2)8} .
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for § =0, ...,m—2. Betting ¢ =0 in (3), we get
21 = (1—po)(1 +A)a-+B) . (b8)
and (4) impliea that
71 =(pla—1) .. @+(G—-2—))fla+h) ... (+iB)} «. (5b)
for j=2,...,m. Now, since R,—R, » 1, (2) implios that a+if > I for i <m,
and in partioular @ > 1. Relation (Ba), inoquality a+£ > 1 and the fact m > 1
show that # > —1. So wo need only considor tho three cases —1 < £ <0, 8 =0
and #> 0. If —1 < B <0, thon m is necosssrily finite and, in such a caso, (3)
implies (take s = m—1) that +(m—1)8 =1 and we can rewrito (5b) as

= l—p)m=1)0-Vfle+m =1, j=1,..,m (8

where ¢ = —1—1/8, and 2 = z{z—1) ... (z—j+1), 2 == 1. Convorsely, if m is
finite, thon 24-(m—1)f = 1: in such a case, A = 0 lexls to a distribution conoon-
trated on {0, 1), as (5a) indicates in view of @ = ) thon. Thecase f=0andm =
corresponds to the two-f g tric distribution for X,, as indicated by
(68) and (5b): procisely,

pr=U—pa—1V-Yas, j=1,2,..,adinf
Finally, if # > 0, thon m is necessarily o ond the p; are given by (5a) aid (5b) for
j=12 ..adinf. Wo may consider (6)ns a Polya-Eggenborgor type of distribution
and (5) a8 a goneralized hypergeomotric (cf. Komp and Kemp (1966)).

We can oasily verify that for each distribution of the above three types, (2)
holds.
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