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Abstraci

Adaptive allocation designs are used in phase I <linkcal iniaks, Sometimes, from ethical considecations,
the goal may be to skew the allocalion pattern in favour of the better treatmeni. Baodyopadhyay and
Biswas (Biometrika 88 (2001) 409) studiad such allocation designs for tao Compering treatments, when the
ptients heterogeneois wilh respect 10 some progoostic factors and the response from cach pabient was
continuwous. In the present paper, we extend the work to the case of missing responses. Under missing at
random assumption, we impute for the missing data at every stage depending on the data available at that
point in time. We cbtain the conditional erd uvreonditional 2focation probabilites and Lhe slandard ermor
of the extimaled treatment dillerence ad zach stape. Throuph simulation, we show that impuiation for
mussing responses wnder this adapiive design set-up hag & clear gaim over 1he method that uses only
compiete dala, The gain is inn the sense that the power is larper and the standard ervar of the estimated
treziment difference is smatler.

Keywords, Efficiency; Limiting peoporton of allocativn; Lincur regression imputadon; Missing al randoy; Probit link

1. Inroduction

Palicnts arrive sequentially, perhaps for a twa-treatment phase III clinical trisl, and are to be
allocalzd to one of two trealments. Sometimes, fram sthical considerations, the goal may be to
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skew the allocation pattern in favour of the better treatment by using available responses to
determine the next allocation, using an adaptive allocation design. Bandvopadhyay and Biswas
(2001) studied such allocation designs for two competing treatments when the patients were
heterogeneous with respect to some progrostic factors and the response from each patient was
voplinugus. They pregented an allocution design, assuming a nommal theory madel, They also
cvaluated the expected limiting propoitions of allocation and studied associated inferences,

Often, in practice, not all the regponses may be available. In this case, 2 common methad is to
use oply complete data at each stape, assuming that the responses are missing at random,
Haowaver, this method is inefficient as it fails 1o make vze of the prognosiic factors associated with
the missing responsss. The information i the prognostic factors may be utilized through
imputation for missing responscs; in particular, using regréssion imputation.

The maim purpose of the present paper is to sludy adaptive allocation designs under imputation
for missimg responses. We assumie a normal theory near model relaiing a contineous response, ¥,
to prognostic factors, x, and trealment effect. We also assume that the probability of response
depends only on x and the treatment indicator.

Section 2 provides our adaptive allecation design under repression imputation for missing
responses. The associated conditional allocation probability is derived in Section 3, as well as the
exact and limiting propottions of allocation, Section 4 gives the stapdard error of the estimaled
treatrnent difference at cach stags. Finally, Section § reports simulation results on the power of
the test of oo treatment difference and the standard ermor of estimated treatiment difference, afler
the completion of the sequential allocation.

1. The silocation design

Suppose patichts in the clinical trial arrive sequentially and are assigped 10 one of two
competing trealmenis A and B, using an adaptive design . Also, suppos2 that a pradatermined
nomber of patients, v, are to be treated by the trial Indhialty, the first 2m patients are to be
allocated at random 10 the two wreatments, with m patients to each treatment. This ensures that al
lesst a2 palients are allocated to each treatment. We choose o 10 engure that the model parametcrs
can be estimated from the initial sample of size 2r. We also assume that none of the initial 2m
responses are mussing,

The responses of the patients are assumed to be instantaneous and follow a normal lineat
mwodel. The model for the response of the ith patient is given by

Y= &ty + (1 — Edug + X f+ &, (Z.1j

where €;'s are independent and identically distributed N(0, %) random variables, p, and up ar
the treatment effects and £; is an indicator variable taking the value 1 or 0 acearding to whether
the ith patient 13 lreated by A or B. We focus on the case where some ¥-values may be missing bul
x is completely obzerved lor all the paticnts, In the presence of missing responses, the data for the
ith patiem may be represenled as { ¥;, x;, ¢, 8], where ¥; denotes the response that may or may
not be available, x; is o p = | vector of covariates or proguostic factors, and d; is another indicator
variahle that takes the value | or 0 according to whether the response of the ith patient is available
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or missing. Nete that we assome 5, =1 for i=1,...,2m. Model (2.1) may be validated in
practice, using standard linear regression diagnostics on the initial complets sanple.

Adaptive allocation is carried omt from the (2m+ 1)st patient onwacds. The allocation of
{rn + L)st patient, 2m<n<v — |, depends on all the previously observed responses, all the previous
allocation indicators {£),...,&,}. all the previons covariate history {x|,...,xz}, and all the
previcus response indicators {4,,. .., d.}. Denote the estimator of treatment difference, p, = Mg,
at the {r + 1)st stage, after imputation For all the previcus missing responses and eliminating the
¢ffects of prognoatic factors x, as fiy, — Fg,. We use a suitable cumulative distribution function
(), which is symmetric about 0, to implement the allecation of {# + I}t patient. Allocate to
treatinent A with probability G{i,, — fiz,) and 1o treatment B with probability 1 — G(HE,, —
i) = Gy, — f..). A natural choice for G(.) is the probit link G{a) = @(a/T), where &(:) is the
standard tormal cuinulative distribution function and T is & tuning constant.

We agsume that ¥ is missing at random, that is P(d = 1|Y, &, x) = P(d = 1|&,x) or fand Yare
conditionally independent given £ and x. This assumprion is reascnable in many practical
situations; see Little and Rubin (1987, Chapter 1) for some discusston.

3. Allocation probabilities
3.1, Conditional allecation probability
Let Nap =37 & and Qn, = 3 . &8 denote the number of allocations and the number of

available responses to treatment A, respectively, based on the first » patients. Simdlarly, let
Ne. =% (1=%)and Oy, =30 (I — £)& for treatment B. Further let

Lo L G Lo 2 U-EY
}F — | ]-" - Jm)
An E.im ' Bar ﬁn.. !
) £ (-2
w & R i
x'c X
An TR, Bt = Oy 7
¥ All—dw 2 (1=&x1-8kr;
- .

=M _ =M __ &

s = Wl 0 T e Dn
Here }'iﬂ is the sample mean of the available responses to A, 5, and X}, are the sample mean
vectors of the covariates corresponding to the A-treated palients whose responses are available
and whose responses are rmissing, respectively. Similar interpretations are for B-treated patients.
Now, based on the available responses and associated covarniates from the first 4 patients, define

M

T nt o= T == T

s = Z 0% — QanfanTin — Crolbtitn »
i=1

i

- - = -C .
S0 =3 8 Y - O Vi, — Opu 36
=1
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Botfmates of §, g, and pp, are then given by
b= SIS,

By = fﬁn = (J_CE"}T-M

gy = T — (5 B
For a.n_y missing ¥, we impute it by ji,, + x] Th if the #th patient is tweated by A, and by

fin, -+ xT 8, if the ith patient is treated by B, Thus, after imputation at the nth stage, the imputed
fih obrervation is

b:} =&Y+ (1 — ) Fax+ O — iﬁn}Tﬁﬂ}i
if the fth patient is treated by A, and it is
Z = 8%+ - 50 P + (i — 25)TB,),
if treated by B. We write the imputed cstimalor of g, — pg, after eliminating the effects of the

covariates, as

Ban — %,,nﬁ}:&fzﬂ"—_ﬂu EYZED — (Fhg— T B
!'-l'l
where

st Quafin + (W — Qur)iX
An = NM

is the mean of all the x’s corresponding to the A-treated patients. Similarly, %5, is defined. The
estimator of § besed on the imputed data is given by

* —1 .
B, =50 st
with
5 = E ExaxT = Nankh Xh,) ~ Nanih 357, (3.0

and

S =3 &Y, - r,,.n}+2(1- ENXL ¥ — Ty, (3.2

=1
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Qun Fan + (Wag— Qun} Fan + {J-EE:J:] &l — iﬁ.,)T}.an
Nun
- N -
= FM + (—%){xh —IM:IT;SH.

We have a similar expression for ¥y,
It is easy to show that

£, = B (3.3)

Result (3.3) implies that the covariates associaved with the missing responses provide 1o
additional information in estimating 2. However, those covarates contributz to the imputed
estimators if, , and 3y of u, and pg, respectively.

We have

Fan — Vg =ﬁ§ LZy) - —Z(l - E)ZD — (=4, — B, R (3.4)

B it

7=

Now, canditionally given {£,..... &b oo de X1, Xy}, We wiile

Zy) ~ N(m +x p.a* [ﬁt +1— ﬁr}{a + et = RIS v = iﬁ]‘}])

under missing at random assm:nptinn Further, conditionally

eonZ), 2 = (1 — &:8)0% |+ Gy = 2T (g — £ M}]

Q
noting that
cou ]'_'E", ﬁ'ﬂ} =0,

and

An
Consequently, the conditional variance of E,._,x:,z‘” is given by

Vﬂf(z 5:2‘.-.',‘) m_ [ﬁ +(1- ;:-2{ o+ - 35S —:EE,JH

coo( ¥y, P, + (= 2SI By = o [-— O — 3578 0 - fi}]

+ ¥ azﬂ—a,é;){iﬂxr-—f‘iﬂTﬁ":'ltx;-m}

IR 5= 2

~ute 3 - o+ - S8 - 55
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A smilar cxpression for the conditional varlance of 0 (1 )2 is obtained and e
conditional variance of i, is §%¥¢*. Naw noting that the three components of i}, — i, in (3.4)
arc gonditionally independent, we obiain the conditional vadunce of i, — fig, 28

Va= Var(ii}, — -ﬁ;n}

1 1 - -1 _
== -ty _— -IC TS{'"} ;- .IE
o {th"; +o? v El-{a:-l (1 = d:5) [Q + (% = X0 ) SR (% M:'] }
1 I- - T A _I -
— P —_ 88— — 55‘5.:} - FE
-I-Nz {'Qm + HH!E ; (1 — &,8;} O + (X — &) (x; h)l }

+ (@, ~ B TS (', — Hh)
Can  Ooer
2
+(1- Gan) (o, 58,750 Y, - 5

r]
+(I - %"’L) (M — 2 )TSE Y - fn.]}-

En

=H{L+J—+(fh—fhf6*;3‘l-:fu—fna

=2, (35

iyl — B TS y — 25y =0
L A=)

3 5 — SIS - 5 =0,
gl e

Thas, conditonally we have
B, — Fpy ~ Na — fip o). (3.6

¥ the responses are not missing, then & = 1 for i = 1,...,n, and {3.5) reduces to expression {4} of
Bandyopadhyay and Biswas (2001).
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At this stage, we assume that x;'s are independent and identically distributed as M {x,, Z}. Then,
conditionally, 3* has the same distribution as

1 1 1 1 P
GJI(QM+QM)+(NM+NBn)Qu‘-P"1wL
_ Ouy z( 1 ] ) P
+(1 Nan) \ O Nan=On) =g 177
_Qa,.)“ 1 1 ) ’
+(1 N (QBn-I_NBH"_QBn Q.-;‘F‘lwa']’

where O, = 0,4, + Oy, and ¥, B; and W5 have an Fdistribution with degrzes of freedom p and
@, —p— 1. Note that (@, — p — 1)~ W; = 0 in probability as n = o0, =1,2,3.

3.2, Unconditional allocation probability

Let {nd} = P{&pp = 1) be the uncondilional probability that the (r+ l)st patient will be
allocated to treattment A. Clearly,

W#in) = ELP(E, | = 1] data based on the first a patenis))
— gl o Far—Fb
=={e(F 7))
= s|e{o(Pu Tin) s, st W W W

- Foan — Pipn
sl

where 7 follows & standard normal distribution. Thus, using (3.6), the uncorditional prebability
reduces to

Hp — Hp

11," T+ or2

It follows from (3.7) that y({n) = % when j, = py. If treatment A is better than B, that is uy > ug,
then the unconditional probability is skewed in favour of the better traatment, A.
Now, following the proof of Thecrem 1 of Bandvopadhyay and Biswas (2001), we get

W <o (FAEE),

W) = E{ 3.7
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and 1 is enongh to study the limiting behaviour of (¥{r), nz2m+ ljonly at Wy = Wa = W, =
f, i.e. to srody the limiting behavioar of

P =E{ P N . S -
F+a=(ﬁ1;+¢)

The sequence (¥"(#}] is non-decreasing and bounded, as in Bandyopadhyay and Biswas {2001
and hence the saquence converges to a number #* in the interval {0, 1). Similar 1o Bandyopadhyay
and Bigway {2001}, we can show that

== @(#—_"' ; 'uB)‘

Further,

EE—:-?:’
"

in probability, as ® — oo

4, Galn o precivion

If we ignore the missing chservations completsly and proceed with the O, = Q. + Oy,
complete observations, we get the conditional variance of the estimator of w, — py, the treatmen
difference:, as

Vot = fae) = {5+ o G~ 750765, - %} )
Note that

i — %5, = (%, — ¥,) + ( —%)(iﬁr A+ (1 -ﬁ;)&g — i)
Hence,

(%5, — 75T, - =6
1
e (e 3_’:.,) (&, — #5780 G - 35)

(1= qu _seiremmian
_F- (‘rﬂn_xﬂn} ¥ (B,,—-TB_,,}'E‘R;“

3
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Table 1

Fraci expectstions and standaed deviations, SD, of the proportion of alocaton to treatiwmyt A, and stendand
exrars of the estimatad ircatment difference based on the imputed data, SE (4.}, and onfy on the available responess,
SE (d.x T=2

4 E (Nauf¥) SO (Nau /) SE (A1) 2100 SE () =100 SE (2,
EE (4.1
Micsing type A
a 0.5000 0. 1405 0925 0908 1.69
l 06527 Q. 1409 1023 L.i24 1.10
2 0, 7674 0. 1484 1.745 1 862 107
3 0B 01482 1711 2.53% .05
Misiing iype B
0 0.5000 0.1402 0.372 1016 1.1d
1 (16552 0.14006 1043 1.2%4 .13
2 b, 7648 0.1412 1.872 2.082 1.08
k. 08258 0.1403 1902 3063 1 .06
Miseing type C
0 : D.5000 0.1412 0.910 1,106 121
{ 06472 0.1411 121 1.402 L.ia
2 0.7529 0.1436 1.924 2.12% L1¢
3 06332 Q.1450 2957 T LT
where

R
(1- Q""}: - TS Y — )

_ an _Q;h = T oin—| }
(1 NM) (I - Nm) (% — FR)SETG - - @2)

1t foilows from (3.5), (4.1) and (4.2) that we get benefit from 1he imputation in terms of
efficiency if &,=0. But it is difficult to determine R, for sach r. We, therefors, conducted a
simulation study in Secticn 5 to evaluate the gain in efficiency due to impulation for missing
responses; see Table 1.

£, Sinmlation study

We conducted a emall simulation study te #valuate the expected proportion of allocation to
treatment A and the power of a two-sided test of the null hypothesis A = u, — pg = 0 after
completion of the axperiment with v patients. The two-sided test is based on the imputed estimator
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d, = fih, — ip,> and the conditiopal distribution of 4. is given by (3.6) with n = v, We alsg
wa]uataﬂ the standard error of z“]

Wi studied three missing types denoted by A, B and C, under the missing ai random
assumption, using a single covariate generated from N(2,4). We followed Wang and Rao {2002
to specify the missing types A, B and C.

Type A: Prix) = PG = 1[x}=0.8 +0.2]x — 1]if |x — 1] £ 1, and Py(x) = max{l — 0.05)x — 1}, 0
otherwise.

Type B. Pix)=Fd = 11x} =09 —0.2[x — 1] if |x - 1|=4.5, and Py(x) = { otherwise.

Type O Pi(x} = P(b = 1jx) = 0.6 for all x.

Note that, EP(x) >~ 0.9, EPx{(x) = 0.74 and EPi(x) = 0.6. Thus, missing type A bas the lowest
misging rate and missing type C has the highest missing rate,

For zach missing type, we gencrated R = 10, 000 simulated samples, each of size v = 40 from
model (2.1) with g =0, f = 2, ¢ = 1 and specified u,, using the single covanate x ~ WN{2, 4). We
used the probit link G{g) = Pa/T) with T = 2 and initial complete sampile of size 2m = B, The
simulated samples were vsed to evaluate (i) the expected proportion of allocation to treatmer A,
E{Na.fv) =4 and the standard deviation of Na, /v (i) the standard error of the imputed
estimator A,, {iii) the power of the two-sided test: 4 =0 versus 40 based on .-:I We also
calculated the standard exvor of the estimaled treatment difference and the power of thn: two-gided
test based only on the observed responses. Tables 1 and 2 report the above valnes for y, = 9,1,2
and 3.

Tabde 2
Exact and approximate powers of the twe-sidod test based on the imputed data apd only on the avaiiable responses:
T=2

4  Imputed data Awailable responses only Ratio of powers

(1)/(3)
Exact power (1) Approximals pawer (2)  Exact power (1) Approximale power (4)

Missing bype A

0 005 0041 0.03) 0.062 1.00
1 0.282 6302 0247 0.264 114
2 0.7 0.825 0.73% 0783 L%
I Mo 0.930 &30 0.857 1.08
Mirsing type B

0 003D 0.060 $.050 0.062 1.0
1 22l 0.243 79 0.190 1.23
i 068} 0. 731 D62 0.641 1.10
3 0754 G206 0.720 0.737 .09
Misging type

0 B.DED 0053 G050 0.061 1.0
i f9e 0.212 0.130 0.157 1.48
2 0816 0633 0.551 (+568 1.15
3 07 11742 0472 0.689 1.0%
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The limiting proportion g* = &{{u, — )/ T} for T =2 is given by 7* = 0.50 for 4 = 0, 7" =
0.69 for 4 =1, #* =0.84 for A =2, and n* = 093 for A = 3. Comparing the n*-values with the
carresponding exact {simulated) values E(N .. /v) in Table 1, we seg that the exact values are
always smaller than the corresponding limiting values. We also note that as 4 increases, the
expected proportion E{Na,/v), and the limiting proporticn n*, of allocation to the better
treatment increases from 1. Table 1 shows that the standard deviation of N, /v is not dependent
on either 4 or the missing type, while the expacied proportion, E(¥ 4, /), increases with A but is
not dependent on the missing type.

Turning to the standard error of .dﬂ SE(4, ), we see from Tabie 1 that SE(4.) increases with 4
and the missing rate. Further, comparing SE{.d ) to S8E(4,), the standard error of the estimatar,
A, hase u:mly on the available responses, we see thal Lhe imputed estimatar .d {eads 1o significanl
reduction i standard ecror. cspecially for higher missing rate and smaller 4. For example,
SE(3, );’SE(.d )= 1.16 tor 4 = | and missing type C.

To calculate the exact power based on the imputed estimator .:I we first obtained the 5% level
cui-off point ¢}, from the null distribution of i.d | such that ﬂ:if: proporiion of Id I-\faluﬂs,
ebiained from the 10,000 simulation rns, tmcedln,g Cpgs ©quals 0.05. We then generated |.d |
from the alternative distributions specified by 4, and computed the exact power as the proportion
of |4, - |-values exceeding cfos. We also calculated the apprﬂxlmatc power nsing the critical value
d, ys based on the normal approximation, d 2= N(0, £}, under the null hypothesis 4 = §, using
o = 1 specified in the simulation model. In pracuce a’ is estimated by the residual mean sum of
squares based on the ), observations with ne missing respenses. The normal approsimation wilt
be valid if @, is sufficiently large. Otherwise a f-disiribution with (v — p — 2) dexrees of freedom
will work. For comparison, we also calculated the corresponding exact and approximate power
values using only the available responses. Tuble 2 reports the power values.

The use of d};; as the critical value leads to a slightly inflated size of the test. As a result, Lhe
approximate power based on dj,. is also larger than the corresponding exact power. For larger
sample sizes, v, the vse of normal approximation critical value df . should bhe satisfactory. Note
that in practice ¢f ,; is not available. It is clear from Table 2 that the exact power increases with 4
and il decreases a5 the missing rate increases. We comparad 1he power based on the :imputed data
with the corresponding power based only on the available data. The ratio of powers, Ewcn in the
last column of Table 2, indicates that the test based on the imputed estimator 4, leads to
significant increase in power for smaller 4 and larger missing rates. For example, the raua is 1.23
for A =1 and missing type B and 1.48 for 4 = | and missing type C,

All in all, our simulation study mdicates that the use of impuled data can lead to significant
reduction in standard error of the estumated treatment differsnce and significant increase in
power.

6. Conclwding remarks

The present paper has demonstraled that imputation for missing responses at each stage in
adaptive allocation designs can lead to signuficant gain in lerms of standard error of estimated
treatment difference and power of 1wo-sided test, relative o the method that uses only available
rcsponses. We used a normal linear model in this paper. We propose 10 study linear models
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withoue the notmality assamption by uging smpirical ikelihood methods, Wa are also exiending
the resdlts to the case where amxiliary information on X in the forrn Eg(Y) =0 is available.
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