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ON ROBUSTNESS OF DESIGNS AGAINST
INCOMPLETE DATA

By SUBIR GHOSH

Indian Slatistical Institute

SUMMARY. In this papor, we charastorize tho robustness property of designs against
incomploto data in the sonse that, whon any ¢ (a positive integor) obsorvations are miasing,
sll paramotors are still estimable in the model assumed. We also presont some oxamples of
Srivastava.Chopra Optimum bolonced resolution ¥ plans for 2% faotoriala which aro robuat
against missing of any two obsorvations.

1. INTRODUCTION

Tho robustness of designs against incomploto data in case of missing of
any singlo obsorvation was first considered in Ghosh (1978).  This paper gives
a characterization of robustness property in tho goneral caso of missing of any
¢ obsorvations. Somo oxamples of designs robust against missing of any two
obscrvations aro also prosonted.

2. ROBDST DESIGNS

Considor the ordinary linoar modol

E(y) = A% e (1)
Viy) = otly e (2)
Rank A =v . (3)

whore y(N x1) is a voctor of observationa, A(N Xv) is & known matrix, E(vx 1)
is & vector of fixed unknown parsmotors and ¢? is & constant which may or
may not be known. Lot T be tho underlying design corresponding to y.

Definition 1: A design undor tho modol (1~3) is said to bo robust against
missing of any ¢ (a positivo intogor) observations if tho (N —¢ X v) matrix obtained
from A by omitting any ¢ rows has rank v. It is cloar from dofinition 1 that
N must at loast bo v+t Supposs N =v4k, whoro k(> ) s positive
integor. Cloarly, thore exist k linearly independent voctors C; = (Ciy, -+ Cin)
i =1,..., k, with rool oloments satisfying

ca=0 - )
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Considor tho (kX N) matrix

Ch Cpn o Cyu . Ciy
c=| €y Cn v Cu v Coy e (B)
Ciy Cuq .. Cr . Cin

whoso i-th row is C; and furthermoro, Rank € = k. Wo now rccall that a
matrix B is snid to have the proporty Py if no { columns of B are linearly
dependont. Tho following theorem characterizes tho robuatnoss property.

Theorem 1 :  Let T be a design under (1-3) with N = v+k observations,
where k(> 1) a positive inleger. Then, T is vobust against missing of any t
observations if and only if (3ff) the matrix C, defined in (5), has the property Py.

Proof : Suppose C has P;. Lot

4,
a= l:}i'] c=I[C;:Cy, )

2

where A4,(¢xv), A,(N—txv), Ci(kxt) and Cytkx N—t).
Wo have, from (4),

Ci4,4CiA, =0, e (1)

¢ . [
C = L G= e (8)
12 C:
whore Cjy{txt), Cpylk—txt), C(txN—1), and CHE—txN—t). Suppose,
furthermore, Rank (C},) =¢. Thus, we got

Suppore

ChA+Cha, = 0. e (9
Honco,
A4, = —C7'CA, . (10

Thus, tho rows of A, sro lincar combinations of tho rowa in A, Therofore,
tho matrix A, obtained from A by omitting ¢ rows in 4, hasrank v. Tho
argumont ia similar for any othor sot of ¢ rows of A. Honce tho design T'is
rabuat,
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Supposo tho dosign 7' is robust ageinst missing of ¢ obsorvations. Thon,

there is o (¢ x N—f) matrix D satisfying

A, = DA, )

4,
i.e, [I: =D) [ ] =0, e (12)
4,

Considering (4), (6), and (9), it follows that thoro oxists a (£ X k) matrix U such
that

vc; =1, UC = —D. . (13)

It is now easy to chock that Rank (Cj) =t Thercforo € has P, This
completes the proof of tho thoorom.

The following resulta aro of practical importance,

Corollary 1: Suppose t = 1. The design T is robust against missing
of any one observation iff C(kx N) has the properly P, or, in other words,

(C11.Cyys ..., Chg) #10,0, ..., 0) for (j =1, ..., N)

(i.e., none of tho column vectors in € is a nuil vector).

Corollary 2: Suppose ¢t = 2. The design T i8 robust against missing
of any two observations iff C(k X N) haa the property Py, or in other words,

(i) (Cyp, Cyg, ees Cap) # (0,0, ..., 0) for (j =1, ..., N),

(i) (Cy. Cyy, ..., Cy) # 0(Cyyp, Cogt, ..., Ciyr),
where j #3',(j,§' =1, ..., N), and w 18 a real conslant.

It is to bo romarked that tho albove resulta aro also true in case A(N x 3),
E(3Ix1) and Rank (A) = v < min (3, N).

3. EXAMPLES FROM 2M PACTORIALS

Consider a 2m factorial experimont. The trontments aro denoted by
(%3, Tp, «.0y Zm), Whore ¢ =0 or 1. We donoto & design with N troatmonts
by a (Nxm) matrix T whose rows aro treatmonts. Optimal balanced
rosolution V pluns for 2m factorials, 4 € m « 8, and for practical valucs
of N, havo been presonted in tho papers of Srivastava andfor Chopra.
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By ‘weight’ of o vector, wo menan tho numbor of nonzoro elemonts in it.
Lot S¢ be tho set of all (1 xXm) vectors, with olomeonts 0 and 1, of woight 3
(§=0,1,...,m). Clearly tho numbor of members in S; is (": )

Srivastava-Chopra designa are denoted by A’ = (A, A, ..., Am) whero Aq is
m
the number of times tho sct Sg occurs in the design. Thua N = X (": ) A
(=0
These optimum designs may or may not remain optimum or even rerolution
V plans when romo obscrvations are missing.  We now present, as examplo,

designa which are robust against missing of any f observations. Theso dosigns
remain as resolution V plans whon any ¢ obrervations are missing.

Ezample 1 : Consider m =4,N =16. Hovo, v=11. Thus & =4.
The design is ropresonted 83 A’ = (1 1 1 1 0). Tho matrix C is civon bolow

2 -1 -1 -1 -l
0 1 -1 1 -1

4 -3 -3 -3 -3 2 2 2
I -1 1 -1 0 =2 0

[ 0 -2 1 |

o © o
1
-
1
-
-
S v © w
e o N w»
o
1
~—

1 1 1 =1 =2 0 [ 2 1 1 -1 -1

It is ousy to check that tho sbove matrix has the proporty Py but not P,.
Thus the present design is robust against missing of any two observations and
not robust against missing of any throo obscrvations. Clearly for N =16,
the design A’ = (1 1 1 1 1) is also robust aguinst missing of two obsorvations.

Ezxample 2: Consider m =6, N = 22a. Wo have v =16 and thus
(k=6). Tho dosignis given by A’ =(1 11 0 1 1). We prosont the matrix
C bolow

3-3-3-3-3-3 2 2 2 222 22 2 2-3-3-3-3-317
3211111000000 0O00O00O0O0O-1-1-1-1-13
0-2 2000011 1-1-1-1 00O01-100020
c= 0-2 0 200101 1-1 00-1-1010-10200
0-2 002011010~ 0-1 0-1100-100
0-2 000 211!11000-10-1-210020-10

Obsorvo that tho sbovo matrix has the proporty P, and, theroforo, this design
is robust againat missing of any two obsorvations. It ia cloar that tho
designs N =23¢, A'=(211011), N=24a, A =(211012), and
N =252, =(3 1101 2) havo tho samo property.
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