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Fast Parallel Algorithm for Ternary
Multipdication Using Mullivalued 1°L Technology

Mullika e and Hhahani P, Siahg

Abatraci—Aan algorithm for parallel moltiplication of fwe a-bit termary
wmbers is presented in this briel contribodion, This wlporitho uscs
the technigue of coluwnn cumpressien sl computes the preduct
12|lagy 1| + 25 wnils of sdditien lime of 4 siople-bit ternary fubll adder,
This algerithm reguires rgmibr infereonnection. between any (wn (ypes
of cedls nd heme is very suituble for YLE1 Implesientation. The same
slporithm is wkse gpplicable to the multipHeation of negatiee niambers.

Index Tersts—Balaneal dermary logic, colwmn compression, precarry
agtdition, systolic architecture, ternary muliiplication,

Lo Ivrranue rs

Miring recent yaws, desipn ol Tast inoltiplicrs s heanme 30 area
of grwwing rescarch infarest o the systern designers. Lo improve
the speed of cumpuistions mvolving many multiplications, parallel
algrithms for nuattplication hive Decwme incesasingly popular, The
execuien tme for parallel muliplicatiom has been decreased subsian.
tally by nsing the techiicque of partial prodoct marcix reduction or
cttlurnm compression | 1]-[4], Tan dlgorithts Toe ilertive arcay mol-
tiplicarian have been reported [3]. hoth of which reguine only o onits
of e For multiplication of two bl aombers and involve almeost
regular infercomnection structures of the multiphcr array cell ¢lenents
which are idesl for VLS] implementaion. Auathors e B2 bhave also
repirted an O3l 5 molipiication scheme nzing cedendam binary
frees. Authors in [T] have proposed twee pavallel algorichims for
multiplication wsing the techoigue of columm compression which
reyuire [a 4 [lyg, w0 and approsimately 3[log, o] wnits of Hme.
respectively, and imvolve alimwel remalar micreconnestion hersesn cniy
two types of colls,

Muliple valoed Lgc, in which the number af discrete Tazic levels
are nod confined e wo, has Beer the sulyect ol muoch research wver
miny vears. [0 has been shown mathematically thar i1 the cost or
complexity O of the system handwane 3= proportionsl to the digie
cemplexly, the radiz three wonld be more aconacnical than redix two
(R 9], Frieder and Lok [10] wssd binury cnded fomm for balanced
anc erdinary femary eperalion, The tecnacy design 15 easily proadiuced
if ome selecls oy suppuorting technalogy & ternay version of the [*L
circwits deseribed dn [1H-015]. Also chere cxist in che literatore an
BCL version [ 1G] and MOS version [17] ol wemary logic,

Becently, mew. reliable, and low-cost multistae memory devices
heee Docn implemened [18: [1%] ik g single physical element, called
the eesunant lunncling rangistar (RTTY, peoviding the pessibility of
low st eopternentativn of multivalocd logic circrs. Ir appedrs thal
in he near ferg 1 owill be possible we implement ditferen: rehable
lave-cost circue such as coumters, addars, multiplize., dividers, el
in temary logic usiog these BTT s

In thes brict ennrributicn, we propose o parailel slgorithm for g
mnltiplicr based on the balanced ormary sysrem and impl2mentad by
meeuns of L coment made thresheld legic pawes. 1 Irtgic family

4l

Tuciltates the desirn ol LS chip becawse il wlfers a high packimg
denzily 1o Twlor of L over e populor TTL), o lew spesd-poseer
prowduet (& factar of 1A over TTLL and 3 wide range of opelating
pivwer supply and curent levels. This perfmmance 1 nhieincd ab a
delay per gote un the wder of 00 ns [20). The speed of T°L is me,
in geocral, as gecal as that of TTL, Bud a delay of the order of 3 ns
has heen achieved using diclectric solstion [21)-[23).

Tiz the balaonced termy sysiea each digit of representation has three
possible values (=1, 01 =13 The parallel algorithm tor multiplica-
Livm uses Lthe techuigue of celumn compression Ly merease Lhe speed
af executien. For sltiplication of tao o-Rit teenaey apmbers the
algorithm reguires (3] lee, w0 4 2) unets of ame with O Aot
AT? value, A systalic wwchileciuee vsing a pyamdal nlensononeciion
of elementary processors (ol sddet=) L modaply owo 64-hit temary
mumbers vsing the aleentbin las bean shown gy w impleaeniaion
crample, It rogquirgs regular inferegnneetion berween anly bwa [vpes
of cells: four-mput single-bit Gelf adder and precamy gonerarors,
aped hence, iU s very suilable for single-chip YLS1 implementation.
Since in the Dalaoeod wenary systom, any fegalive muober can be
represented vonly by changing the sign of evere hit ino iy positive
representation, the same algoaihog, withoul any clianee. also appliss
tor the mulbiplication ot negative numbors.

The Driel contcibotion is orsunieed as Goflows, 1n Seclivn [ we
deseribe: the prelirminaries of temary moltiplicaticn and e method
wl implementing balarcsd temary full adder by means ot threshald
FIL Iogic. In Section 1M1, we deseribe the design ol o new lemiuy
precarty adider (o addd two termary numbers) which will be used by
aur alposithrm, Tn Section IV, we Jescribe the parsllel aleorithi Gor
multiplicution, and in Section ¥ zn implementation ceample is given,

I PreLisMaRLs
Let I amd 17 b the 1w numbers 1 be mulciplicd whose balanecd
ATy reprcsciiations are a: follows:
=,

| QRS S R SRR

TWe @i Wa

where a and oy are the Teast significant Bils and o s o5 (0 =

0L 20w 10 van Lake the values —i, 0 or 1. (ln avrid

any continsion, we nore el is ownber cepresentation 1= Jilferemn

[T Lhe hase 2 representation of [&] wsing —1. 10, 1 digit sen) ler

M= LV where W capn be expressed as W o= wun - won
Hance, we can wiile
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where a., = a0 Aav o, ean he algained by compating the

appropriale soccsiton and aduing cary bits that sre propagatesd from
the less significant bit pesitinns.

W heve nnplemsented o modilied Walluce type maultiplier that
nses full adders o carey sove conligaration Cor the paradlel sieps of
colmmn compression leaving finally only owo rernary numbers which
shumild be wdded by a came propaguate adder. Since the tao hits in
the Balanced ey systerm can hold g ooanber i e rappe (-4 4o
40, we will use here fonr-inpot widers for the calumn comprassinn
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instead of three-input ones ax in the binary case. This will eventuaily
decrease the puember of parallel steps in columa compression, Fa
Section I, we describe a techiique frr adding the two nombers left
after the column compression process by means of a 3-inpul adder
in (log, ] ¢ 2 steps.

I 1 Empleweniation of Termory Fall Adder

We Bave uwsed duee basic theeshiold L logic modules for ouwr
difterent citcuit implementations | 13], These are 1) input replication:
create replicas wf an inpul through corent-mimmor imugeing (Fig. Lk 23
waighted suon: Forms the arithinetic st of several weighted replicas
{Fig. 23; and 33 threshold detection: determines if the suim excesds w
predetermined thicshold (Fig. 33 For implementation of nwr proposed
multiplication algnrithm with the help of ghove medules, we will
assoiate eich lowic value with some delnmite valwe of inpul suresnr.
Fat phvsical realizancn, the logic valwes {—1, 1. 11 arc mapped onto
the valugs of comrents acconding to

-1—=L; 0=M: 1= H. 3]

where ., Af, and H stand for low, mediom, and high cuments,
eepectively, As a vesult, bit by-bic muldplication (such as «,—; )
will he mapped onto the cument vahies as shown in the mulbplication
Table 1. An implementation of this whle using threshold EL logic has
hoeen given in [24]. A cirenit diagram of four-inpot remary adder using
the wbove three threshold legic modoles 13 given in Fig, 4 [24]

I, PRECARRY ATDER
The concepl of using precarty adders [26], [27] for genecaliog the
camy vector in D leg vk thine in oA cary propagate binary adder was
as frllowws: I 2, = hi_y = (hinary valuc) shen e = Ak (2, 15 the
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Fig 4 Mapped balanced teenary toor-sum and adder.
TABLE 1
BaLakctlh TERNARY PRODUCT .y MAFPFD
v CurRERT WariEs L, A, amn B

¥ -1 1} 1

-1 H A r

0 M M M
| L M Fr

carry-inpul (o the A Bit positony e =6 = 1 then o, = L
But if 4,—; = hi_, then o; depends on bils previous 1o 3 — 1ith
Pesitivn. Tor resolve this situation, 3 3-state precarry bit g at the ilh
bit pozition was inrmduced, {p, = G fora, =8 1 =0 =1
for waoy = by = | oand p. = 2 otherwise.} Using this concept of
precamy. two numbers can he sdded in [log, n| 4 1 wnits of toe
Wi estend the above idea o the case of ternary logic. Consider
(hat two fernacy nombers 4 = . ce-ap and B By
are 10 he added o produce the susn 5 = #ya. o000 w00 We need
here a T-stale precarry bil p. for the Jth Bit poasiton o reselve the
cary-input «,, There ang three casgs for which we can tell sureby
what the camies o s will be. These e a) sere “—17 carev: when

digit-sum);— 1 = —2 and (digit sum):_s is other than 2 or 1, where
fligie-semy; = ne 4+ 0 for & OQand o = h—p = 0 h) sueg "I
ceorry: when (digit-sumd,—y = 0 for any vaiue of {digit-sum), 5 and

) aeere P17 caivys when (digit-sump o = 2 oaod dipi-sum): o s
ather than —2 ar — L, Ciher combinations do not produce any sure
carry hut depends on tive digit-sum of the previous posiions, We
resaive the ambipuity of these cases by defining & procumy vector
F = papa—1---31 and an sssnciated fundamental carry operation
(ten). We define pe's (£ > 113, depending oo the digit-sum of the
[ ~ Lith and i - 2%k position as shown in Table 11

Drefing a binary operatr foa on o, i according 1o the truth Table
I where &, 3, and © foo p sach can assume values O, 1,2, 3, 4, 5,
and &, Effect of eany propagation from the lower order bils vn the
valug of precarmy bt p; is sctvally reflecied through foo. The operator
fod 1y associative bur not commotanye.

Mow the camy vector  can be generated from the precarey vecmars
in twe siapes. The fies sage is the repetinve application of fo
ppeCation on procamy veelors o pet IY = poph oo phol, whese

o= fooi g, foo (s foo (- Upa foopy 1o 11, l<i<n

and 1he second stage s 4 mapping of pi's e, according
b—=11 T-s-1: 2= 3—Iy
4 — 0 G— 1. (4

3—1;
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TARLE T
TrutH TaklE FrR TiEMERATMG PRECARRY [IGIT oy

gl Sum Vilue a gt Surn Value al

I 12 1nh Posation [i+= Emh Pocilicn
kil -2 =2, —-lorld
1 -z 1
1 i 1
2 -1 -2, -l 1o
3 H =2 =1, Tgr?
4 L -2, -1.0 lor2
4 ) 2
k] 2 -1
fa ¥ Lol
TARLE 1N
TrRUTH TABLC FOR PRECARRY QPCRATION Lo
[ [ | 2 k] 4 A f
0 1 f 1] n 0 0 il
1 0 i 1 0 1 2 k.
2 5 1 2 3 3 3 3
i K i 5 3 i 1 3
4 3 3 3 3 4 b f
A k| | 5 f 5 f fi
L+ 2 i o3 fi L L] fi
Ligally £ - 1 4
] !
Afrer firw: perallel seep: B - M l i
Ascod pralleleme #7 « 2 05 5§ l
Afrer thisd paralle! siep: Pt = L’Wl l I l
Fig 5§

Uhis mapping follows immediately from the digit-sum values ar
[t Lith and (7 = 2ith bit pasitions corresponding to 4 definite value
of the precany bit p,.

W pive =n illustrative example as follows,

Lrample: We lake two 7-bit ernary numbers A and 3, where

1=—1 11 -1 0 -1 4

£—-—-1 01 400 =1 1.
Ilence.,

F=1 4 3 2 3 0 2

Sinee feo is an associative operalion, the valuss of precury bits aher
successive foo operations can be computed in three parallel steps
in Fig. 5 iwhera the thicker lines cepresent the dutz flow for foo
operations and the thinner lines stand for unchanged values of p, at
every parallel step),

Finally., the mapping from 77w O s done acconting o (4] 10 get

=0 1 1 00 -1 0

Mow, if we Inive o sulficienl number of hardware modules (precarry
penerators] that execute the foo aperation on twa given operands, taen
the vector P van be penerated from the precammy vector in [logg n
mmits af rime, where in each step the foo opetalor: are eaeculad in
parullel. The number 3 {n] of such modules required W compute
the veetor ' far o = 2% is given by Xind = E2*7' [T] An
exampie of mterconnecting &Il these modides o generare the veotor
P owas also shown in [7], A circoil cun be designed vsing threshuld

Al

I*L. rechnology to imploment the precury logic modules, bpsed on
the successive eatracticn of step functions proposed by Ravio and
Dreschamps |F3]. We require owo mare paralle] sieps. ooe or geiting
¢ from 7 (Tip. 6) and the other for adding o 4 and £, resulting
in [leg, 2] + 2 time onics tor adding two numbers.

IV, ParaLlrl. MURTEFLICATION ATGORITIN

After penereting Lhe pattial prodect bits o}, ;= w_ ) '5 we
age 10 add t n-bit ernary partial products (with appropeiae shiflsy
tor ged the fingl pruduce WY = IV To accomplish this, we would
wse here the column compression fechnique to reduce the number of
bits at each bit position successively by wsing temary (4, 2] counters
|2]. Ultimately, by repeated spphoation of i column compression,
we will be Jell with (wo veciorE--one sum wectar 5 and o camy
veclon £ 0 be added to generate the required prodest. To describe the
algnrithm furmally we need the following notitiens and cxplanations.
Let » be a positive integer, # = 1 and 2 he another intemer defined
as, & = 4[x/4].

Let T be i lunction defined oo 8 set of @ bits /7 == {b, by, oo he)
in the following way where we assume beo) = b0 =5 5 =

Todbgo b ool b — J800, by be B d, 000y, e B1L Ben ]
Tim—fh,, by, by B4 i

Sk lmer ik m
heing all different, |

where S70, by By, B ) and CTha. B, br, b are, respectively, the
sumk and carry hits ina single bil wemary (four-ipuly full adder with
inpuls f,, B, Bk, The function ¥ operates on @ number of bils
w generate 234, i T2/2] bits us culpul Let i be oo integer

delined us
m — :
T et

ard w; be another integer defined as

[i—1 it n
T 2m—-i-1 i w
It follows feom (2) that w, can be obtaiced by adding »: hirs
Dy s e fmme L1 " "2 e e EOREERET With the final carmy bit
propagated from the (0 — 1ith it position. This addition ol each ba
persition ¢ w0 genecate the fing swm bit has o be donc by repeated
application of the T operation; after cach T operution. the genecated
surmn bt ars o be retained o this bil position, (he genceated camy
bits are Lo be transmitted 1o (e next Righer hit posivon and the camy
hite generated at the preceding bit pesition are © be collecied at his
position o be ready Tor fhe next T operation. The main idea of our
prposcd algorithm is as follows.

Fur each 1, the T operation is done an all bits 0 he added o geo
sy and the generated carry bits 08, B, by, B are propagated o
the next higher order bit position (7 — 1), However, il iy = by =
Bog = 0, O, 0, 0007 = 0 and this carry bit is not propagated. At
the subsequent step, the T operation is performed, at ezch bil position
nn the sum hits 5005, B, by B penerated al this bil posiion and
the propasated camy bits O0h;. . B, ey 3 From the Iower ooder bt
(sition. Thiz process combinues until we el only Lwo bils, oog sum
it and one cumy bil at each bir position, All these operatinns ure
dong in parallgl for all i At this pont, the resulling sum veclor
SnmoeSen 300 505 and the carry voctor g o Ui 010
are added together by using & 2n—hit precary adder as before. The
algorithm 1z given in Fie. 7. The function fis wsed in the algorithm
is detined as (e = [nf2]. If # is the minimom inteper sach tha
Frin) = 2, then after execuling T operalion £ WNEs W ger onc
surr bil aond one cacry bit, This explains ¢ times cxocutian of loop 2.

ifi <
Lz

T
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Tag. T Masallzl algomathin
Flence. iy integer ¢ — [legy »' — 1, for any mven & will detesmine
the complesity of the algavithm

Theorerr I: Time complesity TOod of vur propasad alporithm is

Tiny = & log, nl+ %

Freaf, Loop 2 of the algoithm requires ¢ = [log, n] —1 steps,
Lowp 3 reguires [logy {2001 steps. Mapping of ™ e € nequires one
step and the final addition w produce s reguines wne more step.

U

W.oAN IMPLOMENTATION EXAMPLE

Wi noww discuss the peaccssar architeciere and Lhe associated dara
Marw arnomg e processors implementing a multiplicr for fd =64 radis
3 ibalanced recoary) digits osing our peoposed alzoetthn, T genecale
the prosfuct bit o, the partial penduct bts e, _;  tor g — 0,1,
are added up alang Wil cacey s Troas o0 — 10k bib position §7 > 1}
by nesams of Tour-inpat Jemary full adders. These fioll adders for
any particolar Bt positoen ace conoecied oo way which we call as
extended pyramidal sectues (EPS) as explained below,

The atmcture of 3 pyeamidal itezconncetion J28] with 21 peoces
s s shovan in Fig ¥ where the dots cepresem the processors and
the arcs represent the interenmpections, In this stmcters there will
noet he uny mntereonmection botwecn the processors dlong the dashed
linegs. Ooly upwerd connection from the processors at leval O o the
provessors ab leved 1 and feom processors at ievel T the processors
an level 2 af the structuce 1w oresquited, so that four bits from the
preceding level are added in each processer an the seccerding level
of the peramidal structore. Swece we have i propagate the camics
seneppls] al level |oamd omwards, from eoe pyramidal soructure s
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Fig. 9. Procezsor interconnection and dala Mo sdiagran.

the nexl one (for the next bil positon), some extznsion o the above
pyramidal intercunnection is necessacy. Interconoections between the
promessoms of one level of an exended pyrormdal stucture (RPS) 10
the processors of next higher level of te nest EPS (cormasponding to
next nigher bit pusitiom s necessery. The sum bits dsource bils in case
af level O are added in higher level of the seme EPS, bul the cary Bils
are wlded im hrgher level of Lthe wast EPS. Sa. as soon as e carry bits
ure genereled, they are peopagated 10 the next higher level of the next
EPS, ready 1 be wilded 1o the pest 2 operagon, The EPS tor adding
£id bits in w bil position is shown i Fig, 9, where we see that at level 2,
w222 planes are requited instzad of ong; one planc for adding the
swin bits genecated at leval 1 of the samwe pvramid and onc piane for
adding carry bits generated at level 1 of the preceding pyramid. 1By the
same argument, the number of processors required for levels 3 408
will be, respectively, 4. 2, 1. Note that, ar the hase of the pyremidil
siruetare e, at leve] (), the bits which arg to be sdded are stored
nitiadly. So, o adder is reguirgd for thar plane, The wolal number of
piccessors fequired fur tre 63nd bil position=18+8 414247 — 4L
Loty = 2% b gl Loy phed

Then the tetal numbser of processors cequired e add g bits in the
[ — Flih Bit positier is given by

lafd] +1gi8] 4 7 L= Lg/2) = vigh+ ik — b o),

where v = 0 far y = 37(p > (1) andd | othorwise, rig) = ¢ = the
number of 1's in the binary representaion of g,
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Assuming that v = 2% the tatal numher af processacs N, reguired
e @dd the bis o oall 2n bil pusilions is given by

A O8] gl e O ey = [ 4 1
w1

which can be simplified 1o M, — 072 +n log o — 90,0 + 3

The AT¥ value of such a cealication comes oul W be {°72 4
wlog. no— Gni? 4+ Itlog, w — 117, where n — 1|:ma'-,J N whereas
for binary cese [7] s %72 4 020171 log, 0] — 137, whare
o= log, Y.

Since the implementation of the algarithin involves repular imler-
conneclions between only twn eypes of eelly, the algonidin is soitable
for single-chip YLSI implementalicn.

VI COMCLL S0

Wi have proposed a pacallel algorithm Gor muoluplicaten of owo
a-bil Lernacy numbers, which requines [log, o] + 2 uairs of time and
is implemensable on an STMD archilecturs, The AT measere of the
implementation i 00" log w17 ) where A is measueed nferms of the
numbers of single-bil [ull adder units and precamy moduoles. Sinee the
algnrithm involves regnlar intarconnaclions balwsen only Lwo Lypes
of vells, this 5 very soitahle for single chip VLST imoplementtivn,
Ao wdvantage of using balunced temary system is thar the aegative
numihers ean he abtained only by changinge the sim of each dipis in
il positive aumber representution and hence the same algorithm will
b applicable 1o the nulliplication of two negslive nombers.
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