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1 Introduction

Let M&b(ID) be the group of biholomorphic automorphisms of the unit disk, and
T be a contraction on a Hilbert space H. Each ¢, in M6b(D) has the form

(1020,11(2) = eQiH(Z - a)(l - C_ZZ)_l, ’a| < 1 and 6 € [077‘-)‘

Define @99, (T"), by the usual functional calculus. We call an operator T homoge-
neous, if T' is unitarily equivalent to @ (T") for all ¢ag, in M6b(D). In this paper,
we obtain a family of homogeneous operators using the Sz.-Nagy-Foias model for
contractions, and we study a corresponding class of projective representations of
Mob(D).

In a recent paper [8], D.R. Wilkins has studied operators in B;(D), which are
homogeneous under the action of certain Fuchsian groups. Homogeneous tuples of
bounded operators on a Hilbert space are discussed in [5].

Let us fix some notation. Let

| ta =152 =1},

QI ™

su.) = {|

R R



The group SU(1,1) acts on the unit disk by

$q(2) = (az+ B)(Bz +a)7!, for g = [ % g ] inSU(1,1).

Note that as a topological group SU(1,1) is homeomorphic (in fact, diffeomorphic)
to the product space T x D; where T is the unit circle. For g in SU(1,1), if we set
0 = arg a (mod 27) and a = —g, then the map g — (¢, a) is a diffeomorphism,
and the inverse of this map is obtained by setting o = €?(1 — |a|?)~/2? and 3 =
—ae®(1 —|al*)"%2. The map @, can now be rewritten as (we will drop the tilde)

0a(2) = (2 —a)(1 —az)~".

Thus, if g in SU(1,1) is identified with (e?,a), where 0 < § < 27, and |a| < 1,
then the map ¢ : SU(1,1) — Mob(D), defined by

q(g) = q(e”,a) = ¢, = 29,4, 0 € [0,27) (1.1)

exhibits SU(1,1) as a two fold cover of Méb(ID). The covering map is just g.
We define a function on SU(1,1) x D as follows

- (1 — lal2)1/2
i0.2) = (22 = (B + a)t = LD (12)

Note that j satisfies the relations
3(9192, 2) = j(91, ¢4, (2))7 (92, 2),
jle,z) = 1.

Recall that a projective representation is a mapping U : g — U, of the group G
into the unitary group U(H) on some Hilbert space such that

1. U, =1, where e is the identity of G,
2. U,Up, = (g, h)Ugon, where ¢(g,h) is in T,
3. g — (Uy(,m), is a Borel function for each ¢, € H.

The function c is the multiplier associated with U and is uniquely determined by
U. It has the following properties



c(g,e) =1 =c(e,g), where e is the identity of the group G, g € G.
c(k, gh)c(g, h) = c(k, g)c(kg, h), g,h, and k in G.

The set of all multipliers M on the group G is itself a group, called the multiplier
group. If there is a continuous function f : G — T such that

c(g.h) = f(9)f(h)f(gh)~",

then the multiplier ¢ is said to be trivial. Note that in this case, if we set

Vg - f(g)_lUg;

then g — V, is a linear representation of the group G, that is a strongly continuous
homomorphism ([7], Lemma 8.28, p.34).

It was pointed out in [4], that if a homogeneous operator is irreducible then
it gives rise to a projective representation of Mob(ID). Since the map g — ¢, is
a continuous homomorphism of groups, we may lift any projective representation
to the group SU(1,1). However, it turns out that the projective representations
of M6b(ID) we obtain from our examples of homogeneous operators are in fact
linear representations when lifted to SU(1, 1). In the following section, we discuss
the characteristic function for a contraction, and obtain some simple properties
of a homogeneous contraction. In particular, we show that a contraction with
constant characteristic function must be homogeneous. Next, we point out that
the study of homogeneous operators is related to that of systems of imprimitivity,
introduced by Mackey (cf. [7], p.58). We then obtain explicitly the projective
representation associated with the class of homogeneous contractions which have
constant characteristic function and show that the projective representations of
Mé&b(D), obtained in this manner, lift to linear representations of SU(1,1).

2 The Characteristic Operator Function for a Con-
traction

Sz.-Nagy-Foias model theory for contractions associates to each contraction an
operator valued holomorphic function ©7(z) on the unit disk.
Let us fix the following notation.

Dy = I1I-T*T



DT* - V I - TT*

Dr = ran Dy
Dr« = ran Dp-
@T(Z) = T+ ZDT* ([ — ZT*)ilDT € E(DT, DT*)

= I —070p-

Ar
H = H%T* b ATL%T
M = {(©rf,Arf): f€ H%T}
Mt = HoM.
By Sz.-Nagy-Foias theory, T' is unitarily equivalent to the operator

T :(f,9) — (2f,e"g)

on H, compressed to M*. The compression of 7 will again be denoted T'. It is
the basic theorem of Sz.-Nagy and Foias that two completely non unitary contrac-
tions operators Ty and Ty are unitarily equivalent if and only if their characteristic
functions coincide, that is, there exist (constant) unitary operators U and V such
that UOr, (2)V = Or,(z), for all z in the unit disk (cf. [6], Proposition 3.3, p.256).
The dimensions of Dy and Dr- are called the defect indices of T.

THEOREM 2.1 Let T be a completely nonunitary contraction with at least one of
the defect indices equal to 1. The operator T is homogeneous if and only if the
characteristic operator function for T is a constant.

Proof: 1If ©1(z) denotes the characteristic operator function for 7', then the char-
acteristic operator function O, (1) coincides with that of ©(z), that is

UgOo,ry(2)Vy = Or(py ' (2)), (2.1)
(cf. [6], p. 240). If T is unitarily equivalent to ¢4 (7") for all g in G then
UyOqy(r)(2)Vy" = Or(2).

It follows that
Uz U0 (2)ViVy = Or(, (7))

Since ¢, acts transitively on the unit disk, setting z = 0 and w = gpg_l(O), we obtain
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We note that ||©r(w)|| is in fact equal to ||©7(0)||, and if one of the defect indices
is 1, then the characteristic function O7(w) is either a Dy or a Dy« valued holo-
morphic function on the unit disk. In any case, the unit ball of the range is strictly
convex, and by the strong form of the maximum principle for vector valued analytic
functions (cf. [1], Corollary II1.1.5, p.270), it follows that ©7(z) is a constant.

The converse statement is trivial. Certainly if the characteristic function O1(z)
is constant, then using 2.1, we find that

UyOy,(1)(2)Vy = O1(0, " (2)) = Or(2),

that is, the characteristic functions ©7 and ©,, (1) coincide. In other words, T is
homogeneous and the proof is complete.

Unfortunately, there exist completely non unitary contractions with non con-
stant characteristic functions, which are homogeneous. In fact, all the homogeneous
operators in B (D) discussed in [4], except the unilateral shift, are contractions of
class C, and their characteristic functions are inner. If the characteristic function
of any of these operators were to be a constant then 7' |p, would have to be an
isometry. However, this is not the case for any of the homogeneous operators in

B,(D).

COROLLARY 2.1 The unitary dilation U of a homogeneous operator T is itself
homogeneous and is therefore a bilateral shift of uniform multiplicity.

Proof: Since T' is unitarily equivalent to ¢4(7), it follows that the unitary dilation
U is also unitarily equivalent to ¢,(U). However, ¢, acts transitively on the unit
circle, and if p is the spectral measure for U then p o ¢, must be equivalent to
the measure p for all g, that is, the measure p is a quasi invariant (cf. [7], p.14)
measure on the unit circle, the measure class of such a measure y is the same as
that of the Lebesgue measure on T. If T is homogeneous, then

1Oz (wW)[l = 16r(0)] <1,

and consequently, Ar(w) is invertible for all w. This implies that the multiplicity
is constant and the proof is complete.

Let Lin, (H) denote the set of invertible operators on H and let L : G — L, (H)
be a uniformly bounded homomorphism. The map L is said to be unitarizable, if
there exists a invertible operator £ such that £L,£~! is unitary for all g in G. There
are known examples (cf. [3], Theorem 5) of uniformly bounded homomorphisms
L:SU(1,1) — Liny(H), which are not unitarizable.
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PROPOSITION 2.1 An irreducible contraction S is similar to a homogeneous oper-
ator T if and only if Lg_lng = ¢4(S) for all g in G, and the map L : g — L, is
an uniformly bounded map into Ly, (H), which is also unitarizable.

Proof: Suppose LTL™' = 5. Let U : g — U, be the projective representation
associated with the homogeneous operator T'= L 'SL. Themap L: g — LU, L
is a uniformly bounded representation of GG, which is evidently unitarizable, and
L;'SLy = p4(S).

On the other hand, if S is any operator such that L;'SL; = ¢4(S) and the
map L : g — L, is uniformly bounded, then to say g — L, is unitarizable means
that for some invertible operator £, the operator £LL,£ "' is unitary and we have

LLLTNLSLMLLT L™ = Lpg(S)L™" = g (LSLT.

Thus, the operator T'= £LSL£~! is homogeneous and is similar to S. The proof is
now complete.

If T and ¢,(T") are similar for all g, we say that the operator T is weakly
homogeneous. How are the homogeneous operators related to weakly homogeneous
operators? If, for example, we can find an operator T, which is weakly homogeneous
but not similar to any homogeneous operator, with the added property that the
map L : g — L, implementing the similarity is both uniformly bounded and
is a homomorphism, then in view of the proposition, we would have obtained a
representation of SU(1,1), which is not unitarizable.

3 Systems of Imprimitivity

Let G be a locally compact, second countable, continuous group and X be a locally
compact metrizable space. If G acts continuously and transitively on X, then X
is a transitive, G-space. Let ¢ be a x-homomorphism of C'(X) into £(H) and
U : g — U, be a projective unitary representation of G on H. Then (U, ¢, X) is a
system of imprimitivity based on X, for the group G if we also have

Ugd(f)U; = ¢(fog™") for all g in G. (3.1)

If X is compact then classification of such systems of imprimitivity is obtained
through classification of *-homomorphisms of the C*-algebra C'(X). Mackey shows
that, if X = G/H for some closed subgroup H of G, then there is a one-one



correspondence between systems of imprimitivity based on X and representations
of G induced from the subgroup H. A good reference for all this material is ([2],[7]).

Let U : G — U(H) be a projective representation of a locally compact group G,
and X be a transitive G-space. Let A be a function algebra, that is, a subalgebra
(not necessarily closed with respect to %) of the C*-algebra of continuous functions
C(X), and ¢ : A — L(H) be a contractive homomorphism. Define a system of
imprimitivity for the group G over a function algebra A, to be a triple (U, ¢, X)
satisfying 3.1. Typically, if G = Mob(D), then there is a subgroup H such that
G/H = D, and the algebra A is the disk algebra A(D); in this case we identify
A(D) as a subalgebra of the C*-algebra C(T).

Note that if T" is homogeneous, then we obtain a projective unitary represen-
tation U : ¢ — Uy, of G such that

U,TU; =g-T,

here we have set g - T = ¢, (7). If ¢ is the contractive homomorphism of the disk
algebra A(D) defined via p — p(T')then we see that

Ugd(p)Uyg = Ugp(T)U; = p(UgTU) = p o py(T), (3.2)

where we are thinking of g = h™!, so that the map h — U, is a projective repre-
sentation. The relation 3.2 is the imprimitivity relation on the disk algebra. On
the other hand, given a system of imprimitivity for G over the disk algebra, we
obtain a homogeneous operator 17" by simply setting 7' = ¢(z). Thus, there is a
natural one to one correspondence between homogeneous contractions and systems
of imprimitivity over the disk algebra.

THEOREM 3.1 Let (U, ¢, T) be a system of imprimitivity over C(T). If H is a
semi invariant subspace for ¢(id |T) and each U, leaves H invariant, then the op-
erator T = Py¢(id|T) is homogeneous with U,TU; = ¢,(T). Conversely, given
an irreducible homogeneous operator T' (or, equivalently, a system of imprimitiv-
ity over A(D)), let g — V, be the associated projective representation of G on 'H
satisfying VyTVy = g(T). Let Wr be the minimal unitary dilation for T on K
containing H as a semi invariant subspace. Then there exists a projective repre-
sentation U : g — Uy of G on K, which leaves H invariant U,WrU; = ¢, (Wr)
and Uy |y =V,

Proof: One half of this theorem is easy to prove. We need only observe that if H
is invariant for U, then the projection Py commutes with U, and U;. Thus,

Pro(f o pg)Pr = PrulUgd(f)Uy Pr = UgPrd(f) PrUy.
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For the converse, we take W to be the matrix

Dy —T7

Dr- ’

I

where the box as usual denotes the (0,0) entry. If we restrict Wy to the subspace

Dy forn < —1,
Kr=<(h,) e®y  H:h,€ H for n = 0 and
Dr«  forn >1

)

then Wy is a minimal unitary dilation of 7. However since T' is an irreducible
homogeneous operator on H, there is a projective representation g — V; of G such
that V, TV, = ¢,(T). Let U, be the diagonal operator acting on &>, 'H, with each
diagonal entry equal to V,. Note that ¢ (Wr) (cf. [6], Proposition 4.3, p.14) is
a minimal unitary dilation for the operator ¢,(7"). Since the unitary operator V;
intertwines 7" and ¢4(T'), it is clear that U, will map K onto K, ). However,
Kr is equal to Ky (). Therefore, U, is a unitary operator on Kr which leaves the
subspace H invariant. It is also clear that U, intertwines Wy and ¢, (Wr). Since
V, is a projective representation of the group G and U, is defined to be a block
diagonal matrix with each diagonal block equal to Vj, it follows that U, is itself a
projective representation of the group G. This completes the proof of the theorem.

The second half of the theorem says that every system of imprimitivity over
the disk algebra A(D) lifts to a system of imprimitivity over the C *-algebra of
continuous functions C(T).

4 Contractions with Constant Characteristic Func-
tion and Unitary Representations of SU(1,1)

THEOREM 4.1 Let T be a completely nonunitary contraction with constant char-
acteristic function

Or(z) = C € L(Dr, Dr+),
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where C' is independent of z, and ||C|| < 1. Then for any linear fractional trans-
formation ¢ mapping Donto D, ¢o(T) is unitarily equivalent to T':

o(T) = U,TU, (4.1)

Furthermore, the unitary operators U, can be chosen so that ¢ — U, is continuous
in the strong operator topology and so that

UyU, = c(w, SO)U¢O¢
where c(V, @) is a complex constant of modulus 1.

Proof: By Sz.-Nagy-Foias theory, T' is unitarily equivalent to the operator

T :(f,9) — (2f,e"g)

on H, compressed to M+, in the notation of section 2. The compression of 7 will
again be denoted T

T: (fag) - PMJ-(Zﬂ eitg)ﬂ

since M is invariant under 7, the operator T is a (power) compression. Thus,

o(T)(f,9) = Prma(@(2)f, 0(e")g) (4.2)

holds for ¢ analytic in |z] < 1. In particular, 4.2 holds for a linear fractional
transformation ¢ as in the statement of the theorem.
The following is a characterization of the space M= :

ME={(f,—-C*(I—CC*)V2f+e"h): f e Hp  he™)€Hp}  (4.3)

Indeed, since C*(I — CC*)7Y/2 = A7'C*, we have, for g € Hp
< (f,—C"(I - CC*)7Y2f),(Cg, Ag) >
=< f,Cg>—<C"f,g>=0

and < (0,e7"h), (Cg,Ag) >=< e "h,Ag >= 0, since Ag € H, and e "h L H3 .
This proves D in 4.3.

To prove C in 4.3, suppose (g1,92) € H is orthogonal to the right side of 4.3.
Since (g1,92) L (0,e7"h), we have g, € Hz, .. Now for f € H}

(91,92) L (f, =C*(I = CC*)12f).

T 7
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So
< g f >=< g2, C*(I — CCHV2f >,
or
g —(I—CC")V2Cqy L HE .
It follows that
g =(I—-CC")V2Cg,=CA gy

and therefore
(91,92) = (Ch, Ah) € M ( where h = A™'g, € Hp, ).
Now we prove that
Pris (0, ho) = (—CAhg, C*Chy) (4.4)
for hg € Dy (i.e. hg a constant function in L3, ). First,

(=CAhgy, C*Chy)
= (—=(I —=CCHYV2Chy,C*(I — CC*)"Y2(I — CC*)Y2Chy)
= —((I —=CC*HYV2Chy, —C*(I — CC*)"Y2(I — CCHY2Chy) € M*.
Secondly,

(0, hg) — (—CAhg,C*Chy) = (0, hg) + (CAhy, —C*Chy)
= (CAhgy, A%hg) € M.

This proves 4.4.
Now, we can characterize the action of T on M* by

T(f,—C*(I — CC*)~V2f 4 eh)
= Pyu(zf,—C*(I — CC*) Y2 f + 1)
= (2f,=C*(I = CC*)7 2" f 4 7 (e (h — (0)))) + Pryx (0, h(0))
= (2f, —=C*(I — CC*)™V2e f + e (e (h — h(0)))) + (=CAR(0), C*Ch(0))
= (zf — CAL(0), —C*(I — CC*)~ V2t f 4+ h — A%h(0)).
Now, we will write ¢ for ¢a9 4, which has the form

©(2) = e*(z —a)(1 —az)~' € Msb(D).
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We define elements of M* by

o(fin) = ()1 —ae")"N(f, ~C*(I = CC*) 2 f), f € Dr
O(f,—n) = @(e")"(1-ae")7(0,f), f € Dr.
for n = 1,2,..., it is clear that, for a given ¢ and for n = £1,+2,... {®(f,n)}
form a basis for M*. Furthermore,
< ®(f,n),®(g,m) >=0if n # m.
Also, if n >0

= <(1—ae™'f,(1—ae") g >
+ < (1 = zt) 10*(1 CC*) 1/2f,(1 = zt) IC*(I CO*) 1/2 >
(1—la>)7 V< fog>+ < (I —CC)M2oCH (I —oC)™ V2 fg >]
= (1—|aP < [I+CC*I-CCHVf,g>
= (I—|a) ' <{I—-CC'f,g>.

and if n < 0,
< ®(f,n),®(g,n) > = < (0,(1—ae)"'f),(0,(1 —ae")""g) >
- (]‘ - ’CL|2)_1 < f?g >

For p(e) = €, we denote ®(f,n) by I(f,n) (I for identity function),
Define the operator U, : M+ — M* by

UnI(f,n) = (I — |a]*)"*®(f,n)

forn # 0 and f € Dy if n <0, f € Dy« if n > 0. Note that U, is unitary and
satisfies

Up(f(2),9(e")) = (1 = [a|)2(1 —ae®) " (f o p, g 0 ),
for (f,9) € M.
We compute, for n > 0 and f € Dp-,

UTI(f,n) = UapT(Znilf, —C* (I — CC*)*1/2ei(nfl)tf)
 UL(", (I — CCT) )

UyI(f,n+1)

= (1- \CLIQ)l/QCI)(f,n +1).
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If n>1and f € Dy,
UTI(f,—n) = U,T(0,ef) = U,(0,e "=Vt )
= U d(f,—n+1)=(1—|af)"?®(f, —n +1)
and, if f € Dy,
U,TI(f,—1) = U,T(0,e7"f) = U,(~CAFf,C*Cf)

= UI(—(I —CCHY2Cf,1)
= (1—[aP)20(=(1 — CC)'2CF,1).

To complete the proof of 4.1, we apply the relation 4.2, to get, for n > 0,

p(T)2(f,n) = @(f,n+1),

forn > 1,
p(T)®(f, —n) = (f, —n +1)

and, forn = —1,

e(T)®(f,—1) = Ppu(l—ae™)" (0, f)
= (1 —ae™)"Y(=CAf,C*Cf)
= O(—(I —CCHV2Of1).
e next to last equality is verified by checking that the right side lies in an
Th 1 | fied by check hat th ht side | M+ and

the difference of the left and right sides lies in M.)
Thus, for all n > 0,

U,TI(f,n) = (1= |a*)*o(T)®(f,n) = o(T)U,I(f,n)

so that 4.2 holds.
To prove ¢ — U, is continuous from the uniform topology to the strong topol-
ogy, suppose ¢ (2) converges uniformly to ¢(z) (in |z| < 1). We need to show

Uy f — U,f for f € M*. (4.5)
Write
f=>1(fan),
n#0

12



where

—1 00
ST =CCY PRI+ 3 fall® < oo
—00 1

Given € > 0, choose N so that

o ()| < €/8.

N<|n|
For each n, it is clear that
(1= ax) 2@k (f,n) — (1= |a]*)'/?®(f,, )

in M, where a; is the zero of ¢, and a is the zero of . Therefore, there is a
positive integer K such that

(1= Jar*) @i ( fay n) — (1 = |al*) /2@ (fa, n)]| < €/(2N)

for 0 < |n| < N and k > K. Therefore, if k > K,

1Ugi f = Up £l
= |1 —Jar)'"2 37 @ furn) = (L= [al)2 3 @(fu 1)
n#0 n#0
< 3 @ Ja) P farn) = (1= [a)2@(fr, )|
0<|n|<N
+2[ >0 H(fan)IP]? <e,

N<|n|

which proves 4.5.
To prove the last assertion of the theorem, let

p(2) = (2 —a)(1 —az) ! 9(2) = (2 = b)(1 — b2) 7,
where, |al,[b] <1, 0,n7 € [0,7). Then
@ o(z) = XD (1 4 bae™2M)(1 + bae*") (2 — d)(1 — dz) 7!,
where, d = (e*"b + a)(e?" + ba)~!. We have
1—|d* = (1 — |a*)(1 — [b]*)|e*™" + ba] ~*

13



and so

UpUy(f(2), g(e™))

= (1—a)"2(1 = b]*)*(1 — ap) (1 — be") " (fopor,gopod)
(1~ lal)2(1 = BI*)2(1 + abe®) 7 (1 — de™) ' .(fop o v, g0 p o))
€% + bal (1 + abe®) " U, oy

This completes the proof of the theorem.
For the Mobius transformation ¢ = g9, of the theorem, let

fly) =e".
Then we have
UgUpUsgop = f(0) f()/ f(p 0 9)).
Indeed, if we write ¥(z) = 19, 4(2) = €*"(z — b)(1 — bz) ! and ¢ is as above, then
@ o(z) = 2T (1 4 bae 2 (1 4 bae*") (2 — d)(1 — dz) 7!,
and so f(p o)) = eHD[(1 4 bae~2")(1 + bae*")~]'/2, and
F@)fW)/flpow) = e ™ D[(1 4 bae®)(1 + bae™>")~1]'/2

= [(1 + bae®)?|1 + bae?™n| =24/

= (14 bae*)|1 + bae*| ™!

= U UUgoy
by the last step in the proof of the theorem. The function f is not continuous
on the group Mob(D) and we cannot infer that that the map ¢ — f(¢)"'U, is a

linear representation.

However, the map V : SU(1,1) — U(M™*) defined by
V(g) =V (e a)=e"Uoq(e”,a) = e’U,,,,

where ¢ is the quotient map (see 1.1); is a linear (anti)representation of SU(1,1).
Note that

V(g) = j(g,-)Ry, where Ryf = f o g,

see 1.2.
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How does the representation V' decompose in terms of the known irreducible
representations of SU(1,1)?7 When both the defect indices of the operator T are
one, we can show that the associated representation V' is unitarily equivalent to
the direct sum of two copies of the discrete series representation of SU(1, 1) corre-
sponding to the Hardy space.

Acknowledgement: The second author would like to thank the Mittag-Leffler
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