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Detection of 3-1) Simple Points for Topology Preserving
Transformations with Application o Thinning

P. K. Saha and B. B. Chandhuri

Abstract— The problemz of 3.Tr digital topology preservation un-
der Finary (runsformatbons and 3.00 object thinning are consddered in
this correspondence. Al lrst, we establish the conditions under which
transformation of ao object voxel to a non-object voxel, or ts inverse
does not affect the image topology. An cfficient algorithm to delect 8
simple point has heen proposed on the hasis of those conditons, Lo this
cunnection, some other hterestlng propevdes of 3-I digltal peometry
are alse discussed, Uslog these propeciiex and the simple polil detection
algrilhm, we have propased an algocithm be generate surface-skeleton
s thut the topoboes of the original imagee 15 preserved, the shape of the
imape s miimimined 25 mwch s possibile, and the results are less affected
by noise,

Iadex Terms—3-0 digital bepukagy, lunnel, stoople pdnt, binary frans-
furmation, 21 thinning, surfuce-skebdon,

L IS TRODECTION

Thiz correspondence is concerned with the wpelogy presecving
transfarmations of three-dimensional {3-0] teo-tone images and their
application o 3-D image thinning. The study of digieal topology
[21, 131, 19] provides a sound mathematical basis for varioms image
pracessing operations such as thinning [11, 14]. [5]. 11O, 117]. surfuos
repognition, and genus evaluation, etc. In this correspondence. we
consider Bnany vouet representagon of o 3-Dr imape and comeenteata
on the cffecrs of trensforming an ohjecl voxel W0 g oonabjecl vasel
(deletion} or its inverse (addition), Moene specifically, we wani
investigabe the conditions under which such trunsformations do oot
distorh the topalogy of un image. A voxel satisfying such conditions
iz called & simple voxel or simple pofar. One mapr aim of our
corrgapondence i to establish a simple point chamacterization Gl
i casy to compuete. The stody can ke aseful in most of the operations
stated above.

The general definitions are wiven in Section IT wherefrom voxels
are almost always reformed tooss paims. The problems relaed 10
simplz point are addressed in Section LI Also. an efficienl olgarithm
tn detect 8 simple point s developed in this sectien. Using the
development of Section L schemaie desceipton of a 3.1 image
thinning algncicthm is proposed m Secton IV, We consider surface-
thinoing for 3-13 images. The alporitbim presarves fhe fopology and
tries to proserve the shape of te oripinal image as moch as possitle.
Alsn, the algenthm s less susceptible 10 wbises in the mage,

1. GENCRAL DICEINITIONS ARD NOTATIONS

A 3D digital image iz delined in a 3-10 array of laffice s
¥V mepresented by integer valved miples of Cartesian Co-ondinates
i f k] We Tollow the conventional definition of c-nelphhorfood
ur n-adiocency [2] of poims where o £ {615 26}, Let 5 he a
nunemply subsel of ¥, A o-gork of lengtk o= 0 from g otoogom
5 means o sequence of distinet points p o= po.po.oos e = g of
& such thol g, is or-adjacent o jhga. S 7 < o A single poim
is an rr-path of fengrh 0. An a-path po,py, oo e I an o-cloded
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path 1Tt g s o-udljacent w0, Teo points pog € 5 ane ce-conrected
in 5 iff thore exists an oe-path from p ot g in 5. The cguivalenee
classes ol & umder o -conpectivity ars callsd a-components of 5. A
sot of pomnts 5 is culled o-connected Y every two points pog £ 5
are a-commecled in S

In the foblowing discussions, 47 s i wsed o denote the sel of
I points in 3 € 3 2 3 neighborhowd uf g Wath respect e A7 p).
we chassily the points socomding W their adjacency rebalions with g
a5 Folboows,

s-poiinis An s-pint 15 G-wdjacent o g

c-paiats AN c-point s LS-adjacent bul not S-adjacent W .

vepeind: A vepoisd 15 26-adjacent bul oo §B-pdjacent to p.

Let p = [f 0 byd be o point and ler - = [ mewey ) Be an
s-prunil uf_-"n"‘l:_!.l:l F-. |m.. —.r_l =1 for smme J, Aa - siefiee ﬂf_-‘;-'-lfl.l:l
ie e st of poios (g, e, vt & NP where = = oo, Thus, an
r-surface canlding exactly vne s-point Sicilacly, 60 g — (o3, 0z,09)
e an c-point of Apl den [ — 0| =1 and le, -] = 1 for some
P Ay edpe of ATp) is the st of podnts (B T fat £ AT
whete B, = o and &y = oy, Thus, a y-edge conins exactly one ~
paint. The poins of A7) excluding p is donoted as 10p0, Thas, Fipl
is the border of A7), Two s points 2. & € A pd are called aperosite
il they are swel 1B-adjacent. Oehcrwise, they are called nonepposive
s-poiniy, et o, b denole thiee aenopposie s-points in A7, Then
we defing the following futktions,

Frim hopl =qlg £ Yiprand a-adiacent o, b,
Frlahoepr =xlg € ¥ipiand G-adiacent o f a0l

fobeepl fiie a pl.

We follow the convenlivnal representation [2] of a 3-D dipitad
image T by a quadeaple (Wow, 7, 80 The image space V' is the
set of all 3-D coubie xod poants 0 @ Doie reclanealar parallelpiped.
We consider 20-adjacency for Dlack points and d-adjacency for whire
points A Z6-component of B s a Wack compancnt and a h-componsng
of V — 1B s a white compareny, Border J of an image space V
is defieed as the ser of poiots p {called Bvardfer pawnis) such that
."l.-'-':p] 7Y, Iwtevior T oaof an image space ¥ is defined as the zer
of points p (called Sererior podntsy such that Y Ep) O WL Chwionsly,
rI=1v-Y

IIL. {26, &) BIMPLE POIWT: THREORY ani ALGORITEM

In this seclion, we derive wo algorithm for efficient detection of
126, 6} simple points. As discussed mo {3] o point goix a simple
print iff its deletion (or addition) preserves 3-D0 wpology in the
curment black and white confipuration of A7(p). The object pointy
noan image may bz prouped as 4 set of conneclad compotnie, o
peneral, a component ooy contdin caviues and wonels, A caviy is
a 3-D analog of a hole in 2-IF whereby nonobject poing generale
a componenl surmunded by an object component, A reanel. on the
other hand. does nol zencrate a ey nonabiect coanponent, However,
an abject component conteins 4 tuoeel i i renerates 3 30lid handle
ar i coniaing 2 lollow wres [3], Ao example is the hollow cylinder,
e 2-D there s no comespt analogous o 3T wenel. The nombers
af abject components, funngls snd cavitics inoan mmage denote it
arh, 1sr, and 2nd Betti nombers, respectively. Thus, o peinl p is a
simplc point 16 its binary transfommagon does not change these three
numbers in AT

Let T = 014,26, 6. 5) be the image under consideration. To detect
pas asimplke point in Towe defiee (v subimipes i1 At as follows:
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Nip) = (AL 266, (A TN B [ph)
Aip) = IV 2600 (AT N B - [p]

In other words, p is always white in A[p) (e, p s deleted) while
P is always black in AT(p) {ic, pois added). A any other positiom
af A7 p1. the valor in AT st or N0 is the same as that of T, Thus,
the definition of simple point can be stated ag o point o &V ois a
simple poing it A Tp) and AT (p) are topologically equivalent, Befons
discussing topolngical cquivalence we develop a formal conditeon
for the existence of tunncls.

A Existence of Tunnel em (26, 0y Covenectiviey

As defined i {3], an image contaies wnnel i e exists & solid
hundle or o hellow s, MNow, if the set of black points pensrate a
solid handle or a hellow torus then at least one interior poiac muse
be white. Thus, an image T = (V. 26065y where T 8 aever
comtains a fuancl LA holongs to this class), We now define the
existence of tunnel in the class of images & = [V, 26 6. B where
E Y (A belnmps to this class). Lee ™ = (%, 26,6, 8 ) he a
shrunk version [2] of 7. Then T containg a wnnel iff ™' containg no
cavily e, Jp £ ¥ — B and p is f-adjacent to 70 and there exises
a nontrivial 26-closed puth (femark = 0 in 8

Althwough formal deliniton for the existence of tunnel in o resmcied
class of images is proposed above, we shadl denve 4 simpler comlition
for fhe existence of wnnel i %0 p0 AL iiest, we introdece the comoept
of vrossing, Consider an aage T — (V. 20,6, 8) whees 5 C 1.
Then, a 6-path @ & ¥ — 5 crosses 2 26-path in B a4 poine p £ 79T
Ny = is 26-connecied and two S-components uf ANy - =
infemsect with & {thus Y00 Y — 7 is oo & connected). An example
af crossing is demanstated in Fig. | where 3 6-path of while bordar
peints [shown by dofted cubes) crosses & 26-path of black poeints
|sheam by shaded cubes with hold ouflines) at p, 1F crossing is
ullowed them an anomalows situation may oocue where the image
containg 3 mnnel op the border and the sof of while border posets is
B-connected a5 shown in Fig. 1 (s0, we cannol bave a parallel resalt
to the Jordan curve theorem). Congider the following wowazions:

Yriph=pl 0 B Vaipidenowes the set of Black
paints inA

Ko fpdh =Fipl = Yalph

W01 =the set of white &-pointy inAT e

T 1) — the set of white « -pounts mAT

T ey = L ph L HE (),

Llsimg the definition for the existence of tunnel and the definiton of
crsaing we arrive at the tollowing observations which sre summa-
rizedd in (¥hservanion 1.

v Consider Fig, 2. Ilere, the ser of black points belongs o the
boerder and constitules a mwnnel. Mot that the sel of bluck points
generates & 26-closed path, Consider rwo S-connected subsers
S, amd &y of white barder points as shown in the figure, They
are f-eonnected to cach other by interinr points. Bor i is not
possible fo connect them hy a B-path of white border points
without crissing the 2fi-path of hiack points.

+ More specitically. we may observe in AT that ¢ is Lhe only
interiar point and J»_'r-_r[p:- helangs 1o the horder of AT ek, Now,
A tunmal exists in AT UT there exist tan Aconnected ssbsets
S S Mac(pd soch ihal 5 and S are §-adjacent o g but
they are not connected by a G-path in Yo (p) withom crossing
any 26-path in Y yip). Finally, a -connected subset of Y ipl
is f-adisrent o p it it confaing one or more s-points,

Mvervativa 1o A p) conlging ae wonel i cvery two points of

Woip) are connecied by a Gepath in Vici gl nowhers crossing a
20-path in Felpl
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Fig. 1. Demonstotion of croseing. (Heroo the shadod cubes wtla ol ow)-
lines are black points. All othor cubes are whiee poins, A Aapath of while
pexipts shivan by doteed cubes crogses the 26-path of black poms an po)

Theoren | ,."l:"l_p:- onotaing o tunnel i1 WL O s B-connected in

W..iph

Fraaf: According m Observation 1, we have o establish the
foltowing fact. Two points of H. i) we connected by a f-path in
K U nowhere crossing 4 X6-puth i Yo pl itf they are G-connected
in W, () Here, we use {o.d0 (5 00 (e, F1 ot denote theee disfing
unordesed pairs of opposile s-points in AT )

Cunsider 4 f-puth = in Yw-(p) berween two poinis s, s: ©
W.ip) which does not cross a 26-path in Vel and o
(¥eipd — Woiplh £ o (ie, T containg seme c-points), We
find u f-path w oin T.ip) from 4 te 3., Ler £ be the f-paih
Poace e e falec e phopay, g, I0 follows fom A0 that
Frlahoe p) is Gadjacent o fioabopt, fdbo e and fiicoe )
oy, Lat p. = il b gy aml g0 — Fiib, e, ). Since 7 does not
cross A 26-path in Faipd, eher b € Y ipbor e fiieoe pl] ©
Yweipl In cither case fio.b ) is G-comnected to £k e p)oin
oo ipl Replacimg all such o-peinis in 7 we can get 3 G-path o’
in Fo, (0 foom s w0 sz, Hence, overy twa points of 147, (p] ane
conneceed by @ G-path in Marip nowhere ceossing o Xe-path in
Vgt implics that ¥, ;g0 15 G-conaected i 1,100

Mow we show that a G-path = in W, (p) belween two pomnts
Ay e £ W0 never crosses & 20-patl i Yoipd Let fi{o, bop)
he an r-point belonging w oo, Then « coodaing the sequence
teee, Fila o f T Here, V(s b M FiE - 7 ods oot
2a<connected, Thus, = fever crosses a 26-puth of ¥aip) ar an v
pomil. Now, consider an ~-point o € = Then, = confaing ong of ¢he
Tellowing [our sequences:

Class 1) o = 1 confains anly a;

Class 2y a, froae b pl b, --- = 0 iz an end poind of 7

Class 31 ol fleabea, fie sopioeoo = b e nonop-
PusiLe;

Class 43 o0 b fiin boploo, frla e pioe, o+ =% bov ane oppo-
?.-iTc.

In lbe dirst two cases A(al 0 ¥ipl - 7 ods B-comnected while
Hiwl M Y — wois oo 26-condiected in st two cascs. Thos, T
never crosses a 26-path of Vip) al an s-point. [l

Carollary 1 Exisrence of mnngl in A7(p0 s indopendent of the

colar af r-points,

I Characrerizetion of (26, 6) Smple Paine

Our characierization of (26, 6 simple poiat 5 based on the
eyuivalence between A 0pt and A0} with respect to aumbens of
black components. twanels and cavities. Be have the following
chservalions on A7 0.

Class 11 AT(p) com@ing no cavity (since, 1 is Lhe only imerior

point which is black),

Clasz 21 A7 ) containg exacily one Black compoingnl [Since, every

poing cf At is 26-adjacent Lo p which s black],

Clasz 31 A'[p containg no wnnel (ses the previous sebsection).
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Thus, a point ¢ £ 1 2 a simple paint itf AV and Ap] e
wpalogically equivalent e, of all the fellowing conditions are
satigficd am K.

Cendittor la: X p) contains no cavily.

Comiditicn e X0y containg o least ong hlack point.

Cendition fo; The black paints of .‘l.;’[p] arne 26-connected.

Crageditfeny Tl A7 p) congaing no wannel.

Ay conbaing oo cavity 16 ut leust one s-point i white. Conditions
1t need no mere explanation while the cxistence of lunnel in R
& defined in Theoramn |, This chacacterization Tos (26, ) simple poing
was earlier proposed w [V, 6]

O huplementation Approack

Haszd on the charsclenization of {20, &) simple poinl established
in the previous subscction, we develop an algorthm W detect (26,
) sieple oin,

Obseevaticn 2: Lty be a peint belonging o »-surface and g be
anather point i A7(p), Then o is 26-adjacent o y implics that 4 is
26-adjavenl Lu . y

Promoxition T2 Let o be a black s-point in A pi. Then coruect-
edness of black poeints of Aipyis independent of the color of other
points of r-surfacs,

Prog Consider 4 point i & r-gartace and ) =2 0. Let & he the
st nf black peints im A p. Bvery twoe puints of 5 — {y} which wre
i-connested in 5 — )| are alse 26-connected in 31Uy} and g is 26-
adjacent tn = & — {i}. Thus, 3 — {o} 15 26-comnected implies tha
S fy} is Mi-oonnegied. Let us consider two poings g,oc £
such thae ehey are 26-connected in 3 L [“r] hut not 26-connected
im 3~ {xl Then a 2o-path ¢ = .- PN Pl T
exists from g wrn U {y} By ('Jhaenauun 2,0 andd gy are 2{:1-
adigcent W 4. Henews the 20-path g = prac oo b U phpres o e — 0
exists from g tn ¢ in ¥ — [y —Contradiction! ! Henee, 5 U {4y } m
-conneczed implics thut 5 — {al is 25-connected.

Froposiion 22 I0 an s-point o §s black in A7(p) then cmsmnﬁ:
of wnnel in ;";'-'[,u] i mdependent of the color of nther pouts of
resurfass.

Proef: Let 5 be the ser of white s-points and 5 he the set af
white a-points and c-points in A g By Theerem 1, %7000 contadns
no tunnel iff 5 is d-connected in 57, Lel g £ a-surface B an e -podnt.
Clearly, 5 is G-comnected in 57 — | g} implies thal 5 i3 6 connected
in &Ly} I AR ne Lo s-prints are G-admcent. Also, na e
e-points are f-adjacent. Thos, a Gepath of s-points aml ¢-peints is
wy allernaring sequencs of <-points and ~-points. Henee, o f-path nf
S0 {rr} Between bwo poins of 5 contains i iomplies thar 5700 {x}
comtaing Lwir s-points f-adjucenl w0y, Now. AT p) contains exactly
tan wopoints S-adjacent o g, Since g € r-surface, & s S-adjacent
o 4 and by assumpoion o & 57U (v} Thus, oo two points of 5
are feconnected in 570 {3} thmegh y. Hence, 5 is S-connected in
8L {ur} imnplics that 5 i G-conneeted in 57— [y} a

A discussed in Proposition 1 and Propositon 2, i an ~-point »
is hiack in .‘:'njyj then conitectedness of black points and existence
of tunnel in _.‘L"jj-| aie independent of the color of other puints of »-
surface, Moreover, the question whether Conditinns 1a—b are satisted
in AL el is also independent of the calor of ather points of «-surface.
Thus, we define an v-surface as 8 dead-wrface of e il is bk
in A7l pr A repoint or an e-point is called an affective poist 10 Ry
iff it does nol belong 19 any dead-surface of A7 p). .

Coretlary 2; With & known s-pinl confizuration in %700, the
effective point configuilican of .":'-f;gll determimes whather ;ois 5
simple point.

Cerptlary 30 With a known s [oimt configurarion n A {pr). the
eifective c-poit combiguration of Nipl determines whether AT
Cintains & el

My, wie deseribe the possible geometric classes of s-point con-
figuration. "Two configerations belong o the same geometric chass iff

E—{rl
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e cin be transtormeed 6o the other by three-dimenyional rofation
in multiples of 907 about differont axcs (with & as origin). Possible
geomaiie classes of =-paint configueation and corresponding tusmber
of atfective points 1o, b are as follows,

Class
Clasz 10
Class 2
Class 3)

Sin x poinls vre black (2. — D

Five s-poims ate black (0 =11}

Twa paits of oppesite «-points are black (6, = 11,
Two onposite -poinly and 190 MmepRosite « -points are
biack (o, — 10

Twa opposite s-paoinls and ameber s-poim oare hlack
e, = 20

Class 43

Claxs 51 Thiee nonopposile s-points are Mack 0, — 45
Clazs 8 Two opposite ~-pints are black [, = B
Class 71 Two nonopposie A-poants ars back (2, =37

Class #)
Clazs 9

=:121:

Cng: s point is black {5,
Mo s point is black (0. = 20},

As discussed earhier. the cocfigueation of «. effective paoints deler-
mines whether 0 is a sunple point, Thus, if &, = 0 a5 in Clazses
02, we A anee know whethere o ois a simple point or nol, For Class
M und Class 2 jp is nover a simple point while 5 iy always o simple
pint for Class 1. Inoncher cases a5 m Classes =4 where 0, > 1,
wir Ukt @ lok_ouptable 1o detennine whether g s o simple poinl. For
u griven s-prvint configuration there are 27 possibie offective poing
configuratinns. An effective pomnl comfiguration s a o, -hit binary
nomber. For exumpte, let v, — 4 a5 0 Class 5 with o0 o
dencting the four effeciive poiins, Then o 3-bit binary oumber 1
weneraled such thal s ith Bl denotes the color of < diel 17 when o,
15 Black and “07 oiherwise ). For each such configuration of effective
pomtts there is an entrey in the ook _up_table which contams 2 0-1 1ane
bitd flag tes desmote of pois o stmple poiel. Actual codering of ellective
puanls depends oo the specilic s-poinl conlipueation of e class, We
denote e ordeting of effeciive points Tor an s-point conlipuialicn -
ag FUFCH L Tt us consider than see Baee o Took_ up_table for the =
poim mnr’igu*arinn o with the affective peint ordering as B P~ )
Let =" denote another =-point configuramion i the same gcnmcrrlc
chr;, Let Ko denotz ehe 3-13 motation fhat moestooms = w0 o
Then the r,amr' Ir'nk up table can be wsed if we make the rﬁrrnw
pint ordering as 70N such that it ith pont s obtained by
applying the ratation . .+ to the dth print ol £540 <10 Hence, only
one Dok up table is necessary for ewch class, Let LT denote the
louk_up.table fur Class 1. Thus, e wtal storage requirement lor the
look_up_tables of Class 3 €0 = B a2 4 2420 420 2 27— 2™
hits = 0.5 Khvien (consnlering one bil for esch entee ). Unlorimis] y,
the memory space requited for the look uplable of Class 9 i s
high a5 27" hits ie. 128 Khyles. Henve, o struight-forward use of
lowsk _up_table just deseribed is ool ellcient for Class 2. We use (he
feellopwing development e generate o different look _up_table for Class
9 hal needs less space.

MMeservation 20 Let the point i < e-edge and ¢ he anather poine
in Nipr, Under this asswnption ¢ s 26-adjacent 10 » implics that
0 15 26-adjacent o o ;

Franasigian ;I un e-pednt 05 black in 27000 then whether jiois
a simiple point or nol. 1s independemt of e coler of the ofler poinis
of r-edpe

Pracf of Proposition 3 is similar o that of Proposition 1 We define
un r-edpe as 4 dsaed-edye in AT AT e is Mack, A r-point is an
fsedated poist in AP I i neither belongs to any dead swface nor
belongs o amy dead-cdge.

Corallary 4: Let w be u black isolated point in
is & black componcnt of A7(p) .

Wlen all s-paines wre whitc, thore may be twi cases as follows,

e 10 All p-points are white.

Here, all #-poinls in A7 are sakaled pabins sl A7)0 never
contains o turck, Hence, s a simple point i exactly gne o-point
s hlack,

":"-jy I Then {w}
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Fig. 2. Cxamples of lueel when all blsck points le on te bocder. (Black
prinibs afe showd as in Fig. L Sce text for other explumalions. )

Caee 20 AL least vne c-poine is black,

Here, 15 not o simple peint i any of e fallowing situation:
ncours— I the set of Mack c-points i5 oot 26-connected, 20 there is
& wanel in %l o 33 there is # hlack isolated point.

AT first we try to find o black ¢ -puint in A7(p). IDan e-pomd « i3
black then thers can he at most ' possible conipurations of other
¢-points and henee the look_up_table IT- contains 2 solies. An
ardercd sor E TN 00 of these eleven c-pomnls s used o calculate theie
contiguration vulue. The address of an entry of Ly cmresponds tooa
distinet contiguration of ZECN 01 AL each eniry of Ly we store the
following informuatine—1) whether the sel of black c-poinls contaiog
coee Lhaa e 26-component o it there exists a tunnel in A7 p). aml
2 4he ger of isotarcd points. Since o s black ab most s v-pois can
b isolated points. We call the ondered set of these sis v-points as
FH(N w0, For gach entey ot DTa we wse o one byte word § i which
i 31 bit positions denote the set of wolaed points in J5020et The
Gith kit position of £ iz "17 if the sct of hlack ©-peints contans rmoce
than one 26-compenent or if there is 4 tunael. The Tth bit position
elvemve containg a . To defermine whethor p i a simple pant we
generate g ong bete word w whose ((5) bit positions denute the
configuration of £5¢4H ) while Ath und Tth bits ars 1" amd 07
raspeciively, Thus, b is & simpic point off rthe Bitsiee AND operation
betwaen 7 oand o Teads o zor. The ook _upashie LT now needs
anly 2 bytes L., 2 Kbvics, instead of 123 Khyles in s earlier form.

IV, AreLicstos 10 THINS G

Here, we prosent an application of simple poiol chicacienzaion 1w
303 objoer thinning. A 3-0 ohject con be thioned down o a seeface
representation of onc point thickness, Oor surface-thinmng is an
iterative procedure with mn steps naemely primo-sogfoce-thianiag
and fimal-saeefiee thimiing. In primany-surface-thinoing. ieralieng e
conitued il the results of curvent iteraricn anid previous iberation e
the same, The output of this step iz called primary-surfice-eleon.
Final surface-thinning is 4 single iteration procedure producing fivod
swrface aheleron. Here, we present a schematic descripuion of the
thinning algorithm, For different deboitions ool esplanations see [4],

During each iteration nf primary-surface-thinning the sel of opee
poiniy [R] s considened tor processing. Throughust ao lecadion. we
implicitly memaorize two images. One image denotes the Dlackiwhin
canfigiration at the heginning of coment ikeration whils the oter
dewores the cutrent stite of the processed mage. The et of cpon
points is defined on the hlackfwhite conliguration before cuvren
itcration while simple points are always detected on the cuore
confignratinn. e consider three types of open points, namely =
e AOiNIs. c-oper poines, and ©-open peing [B]. AL the baginning of
surface-thinming, all black points are imliated as “uomarked” poins.
Ay Lhe ilrations contines, sume of the black points are “marked.”
Each iecation is completed in Uiwse scans of the image space. During
the first scan an “unmarked” -open poing iy “marked” (soch a poiol
iw never debered in subsequent iterations] iF it is a cerfece poied [R].
Otherwise. it is deleted i it 32 8 simple point. Daring the second scan
an Cummarked” ¢ open paind s deleted i i s o simple point wnd
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Fig. 3 Resulls of ssquential thinmng. Frem lell o righl onginal shage;
surface-skelelon; urgingd shape with eoise; soiface-skebeson,

satisfies some addidonal constrained described in [8], During the third
soan an “wienuked™ coopen point s deleted if it is 4 simple paint,
Fimal-surface iicunng consists af single scan, During this scan any
black point (imespective of whether il is "maked” or “woacked ™)
ts deleted a6 w05 a serfiee-eroditie pece [8].

T test the effectiveness of the proposed algorthm several 3.1
ubjeuts were syothesized and subjected o (hinning, Cae of the resols
i shown in Fig. 30 I is poted thae the thinned version prescrves
thee Lepodogy and represents the shape of the origiasl imapge quite
faithtulky, The skeletal version of the noisy imago swgpesis that the
mage is quite immone (o neise, The thinaing algonthm iz cxplained
e e detail in [#] whore a parallel version of the algantmn is alse
prapsed,

o UNRCLAEID

We have studied the 3-I digmad topokoey in connection with binary
transformation and estublished a charwclenization for {26, 6 simpls
print. Application of the development w 3-0 thinning 1= bnedy
demonstrated. This study can als be usedd in ather apphications such
as: recignition of simple surface-point, wpelogy based class fcition
of points in a skeleton | ete. In wddiion, the developroent presented
here @5 an advancernent w0 e deory of dixial dmage alpebra, Our
future research inlerest involves wpology based seementalioon of o
-1 object from ity shelston aml decormposiion of a 3-T obgect ima
foature slements from o fealure st
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A Minimom Description Length Model for Recognizing
Objects with Variable Appearances
(The ¥APOR Model)

John Canning

Absiract— Must object recopnition systems cone only model objects
vompased of rigid picces whose wppearance depends only on lighting and
viewpoint. Muany real wordd objocts, however, have varinbly apprarances
breause they are Hexibbe andior have w vuriable number of parts, These
objects cannor be easily misdeled msing current technigues, We propasc
the wse of a koowledge vepresentatbon called the VAPGR 1 Variahle
APpearince Object Represenbstion) model to fepresenl objects with these
kimds of yarialle pppearances. The YAPOR iockel iy an isbeslication of
the M:‘jtﬂ; At imsbandces of The mealel inoan image ame sariaodions from the
idvat appenrance, The variations are evalpated by the deseripiion teagth
of the duata givem the model, ic., the number of infprmatien-4beeretic ity
needed to represent 1he mode] and the deviations of the data From the ideal
appearanee. The shorlest length model is chosen s the best deseription.
We demnosirate how the ¥APOR model performs in a simple dmnain
of ehreles amd polvgens and in the coanplea domaln of Anding choverleaf
imterchanges i aerial linages of eoads.

Index Terms— Yariubhe sppearance ohjects, object moddels, minimum
deseription lengrth, object reconition, shape recvgnilion, knowlodee rep-
resentation,

1 INTRODECTION

Currenl object mecognition svelems van only recognize o limitel
cluss of objects, Most systems expleil the viewpoint consisieney
consteaun [9] using knowledge of the oumber, propemics and re-
futionelips of (he Tesrures in the models, For many obiccts, himagver,
the number, peeperties and relationships of the Feaowres are not Gxed.

Thicughoot this cormespendence. we will nse the model fie a
polypen as an exiple of an object with variable appedrance. W hile
the appearance of a particular polveon dogsn't vary, the appeanance
of members of the class of poivoons docs. An ideal polygon appears
48 a = of 3 or mare non-ineersecong, stratghl sdge sermentis whene
cach endpeint of cach seoment s coineukon with exoctly oae o
cndpaint in the sof gnid the chain of edge serments forms a simgle
cyele, Common or cxpoctod vanations occur in the number, position
and orienration of the scaments, Lnespoated variations ocoar it o
i ditferent numbcr of cycles nthe graph of sdge segments or if
the endpoints are pnt exactly coincident, such s inthe vise of the
subpective polyeun in Fig, 1.

Kamizsa shwowed that humans perceive 8 suliccrive costoie of a
triangle that coclude:s parts of the circles (the wedpes) oo saoilar
figure |G
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The defimtion of an ubject us o varation from an ideal profotype
i5 the busiy for vur object representation. Instead of modzling an
object as a group ™l T leval teatures with fixed (ur purameterizeds
spatial relationships. we will model &n object a8 o 2 of pants with
am wssaciated sel of constrsints, The constraioes embody e cless
of varable appearances that are allowed for the object. Al mudels
can he “marched” moa given set of A2, Dol s move constiaimts ore
vieluled, the cost of the match will increase, Since we ace concecned
only with tha appezrance of these abaects in images, we call onr made|
the VAPUR model | Vaniable APpetrance Object Representationd e
stamily thit it Uoes ned Tepresenr other aspects of the chjeer such fe
it"s function or composition.

Several methods have been propased  fre recognizing abjects
compues] of twe or mene ngid meces with paramerenzed rela
lions berween the pleces. Grimson describes s method for objoors
with a koown polygonal silhowstts e |50 Kriegman and Ponee
devedoped o system for recognizng paramelerized 3-1F obects with
curved surfaces [B]. Sepen models murigid vhjects with probuhlistic
hvpergrapis [13]. Sexen's system leams a class model from g
eroup of trining images, @nd can offectively adjust the ypeegeapl
probahilitics (o allow object recogeinon that is invariant & seme
nonrigid shape variarinns, Mone of these syatems. however, would
ho etfective for ohjects with a variable number of parts, and only
Segen’s can deal with nonrigid shapes. Benoks™ ACRONY M systam
|2] deals explicitly wih abpects having variable number of parts bt
docs med have 4 way of comparing competing, intemrerations.

I THE WAPOR WobDEL - VakiaHLE
APpraRandr DmEDT REPERESENISIIUN

Even thoogh she ohjects of interest have variabie appearance, we
expect Lo be able to decomprose the object il parts. Uhe pars, inlom,
cam be represented by the surne kined of Tnode], Teading teoa recursive,
hicrarchical model. e YAPOR model for a palygon i s ger of other
VATHOR instanees, straight cdge scgments. To find a good instance of
i pelvgan, we must zearch for a ser of scaments that satisty the mode]
consraintzs, Instcad of satistying haed constraines in the picsence of
noise, occlusion. cle., i is herter (o search foe g ser thag js minimally
distant from an ideal polvenn. We perform 1his aptissizaiion by
perurhing the sct of companent instances (edge scgments) in onder
e fimd a mimmuem of anoenergy Dinction, The YAFRDR instance
perturbatio peaceeds by adding eleanents or delating elements [nam
the &1, The VATOR model is a variation an the ideq of the wadinonal
aetive corlour o surface [7] [ 14] where instead of o fxed size set ol
saco e pails, w3 have w variable size set ol viher VAPOR models,

Since a VAPOR madel does nof always correspond Lo g phiysical
bBoundary i the way active swefoces do, U s ool appropriale (o use
the analopy of a sheel defemning m oo viscews Muid o molivale e
opticniculivn, Inalead, we minimize snenerey funke len that estimeaees
the vamution hetween the weal appeaases and the appearance of e
panticular instance.

A YAPOR fspaecs Optieization

The opimézation of 2 et s really 7 soarch aming the '!\]'IDH:IblE
subscts ol the sel of & possible elements, The oxpanental size of
this search space rsans that exlaustive search will be prohibitively
expensive when 3 is lupe because obr couputarionil esonmes e
limmited, Hence, s peed 0ouse knowledge of the pooblem domain
e reduee he size af the scarch space andfor focus the search on the
shortest path to the poal, 1T 8 selarion thar is slightly suh-aptimal is
still acooplable. we can develop an algorithra that always retoms s
soduticn within a riene limit, and 35 the fime imil gocs o infiniry,
thee solution approaches the optimad snlecion, Bodily and Dean call
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