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A b s t r a c t

In this p a p e r the au thor presen ts som e resu lts  for weighted majority games.
Also, a  polynom ial tim e algorithm  is presented  here, which accepts as inputs 
the m inim al winning coalitions fo r a  decisive simple game and produces as 
output e ith e r a  quota weights vector which represent the game or a proof 
th a t the  gam e is not a  weighted m ajo rity  gam e.

1. Introduction

Let N  be a  nonem pty  finite set. A  sim ple game  on N  is a function 
v : 2N -■+ {0,1} satisfying

( 0  v(</) =  0,

0a) v(ao =  i,

(///) v(S) <  v(T )  w henever S  Q  T.

Some a u th o rs  refe r to  th is as m onotone simple game also. Elements of 
the  set N  a re  called players. T h e  p layer set N  is normally represented as 
^  { 1 , 2 , El ement s  o f  2 V (subsets o f  N )  are called coalitions. A 
coalition S' is called  winning if  >(5) =  1; losing if  v(S) =  0; and blocking 
i f  v ( N \ S )  0. A  coalition  S  is called  minimal winning if v(S) =  1 
and v(T ) =  0 V  T  C  S ; m axim al losing  if  V(.S) =  0 and v(T) =  1 V T  DS', 
minimal blocking  i f  v{N  \ S )  =  0 a n d  v ( N \ T )  =  1 v  T  D S. A simple 
game is called decisive if  \ (S )  +  v ( N \ S )  =  ] for all 5  C  N.

A  weighted m ajority  gam e is a  sim ple  gam e such th a t there exists 
and q E  X  su ch  th a t  S /e sW  >  q  i f  v (S ) =  j and  z j e s w< < q  if v(S) =  0.

A  simple &am e is called a  pseudo weighted majority game if  (/) it is not a 
weighted m ajo rity  gam e and  {ii) th e re  exists w G  5?" and such that



1 tt'/ ^  q if v’(S) — 1 and  L  w, ^  q it v(.S) =  0. E lem ent w,- o f the
US i t S

vector w is the weight o f the p layer i and  q is th e  quo ta .

Hilliard [3] in his thesis p resen ted  an algorithm  w hich was designed 
to accept as input a list o f th e  m in im al winning coalitions for a (m onotone) 
simple game and to  produce as o u tp u t either a q uo ta  and  a set o f weights 
which represent the game or a p ro o f  th a t the  game is n o t a weighted 
majority came. Goel [2] p resen ted  a  modified version o f  H illiard’s 
algorithm. The algorithm s p resen ted  were non-polynom ial tim e algorithm s 
(For details refer to  G oel [2] ). In  th is  paper, the  a u th o r  presents some 
simple results for weighted m ajo rity  gam es and a polynom ial tim e algorithm  
for finding a weighted m ajo rity  rep resen ta tion  of decisive simple games 
if it exists.

2. Preliminaries: Definitions and Notations

Let N  =  {1,2,...,;!}. For an y  subset S  o f  N , ! S  [ deno tes its  cardinality; 
and ( } or 4> denotes the em pty  set (or em pty collection). T hroughout the 
paper, we shall assume th a t  all th e  sets are  ordered subsets o f  N , i.e., S g N , 
S =  then <  .v2 <  s3 <  ... <  j*. Let Clk be the collection
of all ordered subsets o f N  o f  cardinality  k , i.e ., Q* =  [S:S  c. N  and  
| S | =  k), where k  is betw een 1 and  n.

Definition 1. Consider S  a n d  T  belonging to  Da.-:

S <  T i t s ,  <  /, for i =  1 to  k  a n d  stric t inequality  ho lds for a t least one /, 

S < T  if Si <  ti for all / =  1 to  k ,

S =  T  if Si =  ti for all / =  1 to  k,

S is comparable t o  T  if  S  <  T o r  S , (O therwise S  is n o t com parable 
to T).

Definition 2. A non-em pty co llection  B of subsets from  Qk is called an  
antichain set if

(i) cardinality of collection  B is one, or

(h) | B  | >  1; then  any  tw o  d istin c t elem ents fro m  B a re  n o t com para
ble to  each other, i.e ., X , Y  £  B  and  X  Y  => X  ^  Y.

Definition 3. Define the  fo llow ing sets:

W =  {T:v(T ) =  1, and T  is a n  o rdered  set},

L — {T:v(T) =  0, and  T  is an  o rdered  set},

B =  {T:y( N \ T )  =  0, an d  7  is an  o rdered  set},



Wk =  {T :v(T ) =  1, | T  | =  k  an d  T is an  ordered set}, 

l k =  (T :v (7 ) =  0, | T  | =  k  a n d  T  is an  ordered set},

Bk =  {T :v( N \ T ) =  0, [ T  | =  k  an d  T  is an ordered s e t \

W k=  {S'.S  £  Wk and  for all T  £  Wk, T  <  S },

Vk=  {S :S  £  Lk  and  for all T  & L k , T  > S},

W k =  {S \S  £  Wk and  for all T  £  W , T  <£ S),

L k =  {S :S  £  L k an d  fo r all T  £  L , T  $  S},

B™ =  {S :S  £  B k and  for all T  £  B , T  <£ S},

=  U U  W l , L ^  u U  L [,

W ’"=  u U i  W k> L m =  U ^ I  L™ , B ” =  U*_1 Bmk 

Wsm =  {S :S  £  W* and  for a ll T  £  W*, T  <t S},

Z >  =  {S:S £  V  an d  for all T  £  Z/, T  4) S}.

Definition 4. A  sim ple game is called

Proper i f  v(S) +  v ( iV \S )  < 1  V  S  £  N ,

Stric tly  Proper if  it is p roper an d  s tr ic t inequality holds for atleast one 
S c . N ,

Strong  i f  v(S) +  v ( N \ S )  >  1 V  S  6  iV,

Strictly S trong  if  it is s trong  a n d  s tr ic t inequality  holds for atleast one 
S Q N ,

Decisive if r(S)  +  v ( N \ S ) =  1 v  S  c  N ,

M ixed  i f  i t  do es  n o t fall in to  an y  o f  the  above categories, i.e., if it 18 
neither p roper n o r strong.

3. M ain Results

T heorem  1. For all simple gam es L m =  { S :iV \S  £  B m).

Proof. F o llow s from  the fact th a t  (m axim al) losing coalitions are com
plim ent o f  (m in im al) blocking coalitions.



T heorem  2.

(/') A simple game which is proper but not strictly proper is decisive.

(ii) 1 simple gome w hich is strong but not strictly strong is decisive.

Proof. Follows easily from  the  definitions.

Remarks. Using the above re su lt we can classify the  simple games into 
the following four d istinc t ca tego ries:

(1) Strictly Proper.

(2) Strictly Strong.

(3) Decisive,

(4) Mixed.

T h eorem  3. For any w eighted m ajority game the following two cannot 
hold simultaneously :

(i) v(S) +  r ( N \ S )  <  1 fo r  some S  £  N ,

(ii) y ( T )  +  v (,Y \ T)  >  1 fo r  some T  c, N.

n n
Proof Since (/) im plies th a t cj >  .V 2  w,- an d  (//') q  <  i  2  wt an d

' / = l i - l

obviously both canno t h o ld  to g e th e r for any  choice o f  w,’s.

The above theorem  sta te s  th a t  th e  mixed sim ple gam es cannot be rep 
resented as weighted m ajo rity  gam es. A nd th a t a w eighted  m ajority game 
is a simple game which is S tric tly  P roper or S trictly  S trong  or Decisive. 
Also, it does not imply th a t  if  a. sim ple gam e is S tric tly  P roper or S trictly 
Strong or Decisive, then it h as  the w eighted m ajo rity  represen tation .

T heorem  4.

(/) For a decisive sim ple gam e W m =  B ”,

{ii) For a strictly p ro p er sim ple gam e W  C  B,

(iii) For a strictly s trong  sim ple gam e W  D B.

Proof. (/) Follows from  the  fact th a t every b locking  coalition is also  
winning and also every w inn ing  coalition  is b lock ing , i.e ., W  =  B. O thers 
also follow from  basic defin itions.

N otation : For all A £  let us donate

W(^) =  Wax +  Wa2 +  +  Wuk'



C onsider the  fo llow ing LP problem :

M axim ise q, 

subject to  H’(S) ^  q V S  £  W ",

w( N)  =  1, 

h’i , q >  0.

L et us denote th is  L P  problem  as LP1. I t  can be easily seen that LP1 is 
always feasible irrespective o f  W m.

T h e o r e m  5. A  decisive game v (i.e., v(S) +  v ( N \ S )  — I) specifiedbvWm 
is a weighted m ajority  game i f f  the optim um  value o f  the corresponding problem 
LP1 is greater than

Proof. Suppose, there  is a  decisive gam e v (i.e., v(S) +  v ( N \S )  =  1) 
specified by W m, w hich  is a w eighted m ajo rity  game and the optimum 
value o f the co rrespond ing  p ro b lem  LP1 is less than i- This implies 
existance o f  a  S  £  W m such th a t  w( S)  =  q and  q <  i  then w (N \S )  =  
1 —<7 >  2 ^  Q w hich con trad ic ts  the  fa c t th a t the game is decisive.

Suppose, th e re  is decisive game v (i.e ., v(S)  +  v ( N \ S )  specified by Wm 
an d  the op tim u m  value o f  the co rresp o n d in g  problem  LP1 is greater than \ 
then  the so lu tion  o f  LP1 shall be the w eights and  optim al objective value 
shall be the q u o ta  o f  re la ted  w eighted m ajo rity  game. Hence the result.

C onsider the  fo llow ing  L P  p ro b le m :

m inim ise q,

subject to  tv(S) <  q v  S  £  L m.

w(JV) =  1,

Wn, q >  0.

L et us denote th is  L P  problem  as LP2. I t  can  be easily seen that LP2 is 
always feasible irrespective o f  L m.

T h e o r e m  6. A  given simple game has a weighted representation only i f  the 
optimal value o f  corresponding LP1 (say, z3) and  LP2 (say, za) satisfies the 
following-.

(i) ^  >  i  f or strictly proper gam e (also, zL +  z2 >  1),

( " )  2 >  z, >  z , fo r  strictly strong gam e (also, z , +  z , <  1),

(iii) zx >  |  >  z , fo r  decisive gam s (also, z t -j- z 2 =  1).



T h eo rem  7. A given simple gam e has a pseudo weighted representation 
only i f  the optimal value o f  corresponding  LP1 {say Zj) and  LP2 (say z s) 
satisfies the following:

(/) T] =  z2 >  I for stric tly  proper game,

(ii) z x — 7Z <  J fo r  stric tly  strong game,

(iii) Zi =  =  J fo r  decisive game.

Remark. N orm ally L"' is n o t  know n. T he above tw o theorem s can be 
used as a necessary cond ition  by checking the inequalities fo r the LP1 as 
Wm is known.

T h eo rem  8. 7/a*,- =  i {S  [ / G  S ,  [ 5  i =  k  and S  £  W*} | where Wm 
is the set o f  minimal winning coalitions for a weighted m ajority game, then 
there is a qvota-weight vector with the following properties :

(1 ) i f  aki =  cikj fo r  all k  <  n, then v,\ =  wj,

(2 ) i f  a^i =  ak fo r  all k  <  /  ^  n and an >  a:j, then  >v(- >  Wj.

Proof. See H illiard  [3]

Given Wm, we can use T h eo rem  8 to reo rder the  p layers (if necessary), 
according to lexicographical o rd e r o f  the vectors (a1,-, a2i, . . . ,  ani) to  ensure 
that if there is a solution ( th a t is, if  there is a  w eighted representation) then  
it satisfies if, <  w2 n v  C onsider the  follow ing LP problem :

M in im ise  yv(N) — cj, 

subject to  u ( 5 )  >  q V  S  g  W  m,

>'’i >  1>

>  0  V / =  1 to  n - l ,

•••> W/;) q ^  0.

Let us denote this LP p rob lem  as LP3. It can be easily  seen th a t LP3 is 
always feasible irrespective o f  lVm or W>m.

T heorem  9. A decisive gam e  v (i.e., v (5 ’)  +  v ( N \ S )  = 1 )  specified by Wm 
is a weighted majority gam e i f f  the optimum solution to the corresponding

u
problem LP3 should be such tha t q >  £ S  HV

i * l

Proof. Follows from  T h eo rem  5 and  equivalenace o f  the tw o problem s 

LP1 and LP3.



Algorithm

T o check w hether a  given decisive simple game (W"' is given) has a 
weighted represen tation , we solve e ither LP1 or LP3 with an additional 
constra in t given as follows:

q >  \  for LP1.

q > \  w(N) fo r LP3.

an d  if  the problem  w ith  the additional constra in t is feasible than the given 
decisive game has a  w eighted m ajority  represen tation  with (q,w) the quota- 
weight vector as any  feasible solution to  above problem.
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