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any family of sets {Jin; 16i6r; n¿1} having the property that
⋂r
i=1 Jin → �; the empty set as n→ ∞: The

process {Xn; −∞¡n¡∞} is said to be r-strong mixing if

�(FJ1n ; : : : ;FJrn)→ 0 as n→ ∞

for every such collection of sets {Jin; 16i6r}.
If r=2, the de�nition reduces to the classical case of strong-mixing for a sequence of random variables. It is

easy to see that if a process is r-strong mixing, then it is strong-mixing in the usual sense. Furthermore, every

m-dependent process is r-strong mixing. However, there are processes which are strong-mixing but possibly

not r-strong mixing. This can be checked from the observation that one can construct random variables

X1; X2; X3 such that they are pairwise independent but not mutually independent.

We now obtain a bound on the cum(X1; : : : ; Xr) for any random vector (X1; : : : ; Xr) with Xj Fj-measurable

for 16j6r based on the r-strong-mixing coe�cient introduced above.

For any nonnegative random variable W de�ned on the probability space (
;F; P), de�ne

QW (z) = inf{t¿0: P(W ¿t)6z}; 0¡z¡ 1:

Theorem 1.1. Suppose (
;F; P) is a probability space and Fi ; 16i6r are sub �-algebras of F. Further

suppose that there exists positive real numbers pi ; 16i6r; �, and � such that
∑r

i=1
1
pi
=1; 06�; �61 and

|cum(IA1 ; : : : ; IAr )|6�+ �

r
∏

i=1

[P(Ai)]
1=pi

for all Ai ∈ Fi ; 16i6r. If Xi is Fi-measurable for 16i6r, then

|cum(X1; : : : ; Xr)|6C1

∫ �

0

r
∏

i=1

Q|Xi|(z) dz + C2

r
∏

i=1

‖Xi‖pi

where C1 is a constant depending only on r and C2 depends on r; �; pi ; 16i6r. Here ‖ Xi ‖pi denotes

[E(|Xi|
pi)]1=pi for 16i6r:

Since

cum(X1 + Y1; X2; : : : ; Xr) = cum(X1; X2; : : : ; Xr) + cum(Y1; X2; : : : ; Xr);

it is su�cient to prove the theorem for nonnegative random variables Xi ; 16i6r. Furthermore, QX+(z)

6Q|X |(z). Hence it is su�cient to prove the following theorem.

Theorem 1.2. Suppose the conditions in the previous theorem hold and Xi ; 16i6r are nonnegative random

variables such that Xi is Fi-measurable for 16i6r. Then

|cum(X1; : : : ; Xr)|6C1

∫ �

0

r
∏

i=1

QXi(z) dz + C2

r
∏

i=1

‖Xi‖pi

where C1 is a constant depending only on r and C2 depends on r; �; and pi ; 16i6r.

Proof. Following Theorem 1 of Block and Fang (1988), it follows that

cum(X1; : : : ; Xr) =

∫ ∞

0

: : :

∫ ∞

0

cum(IA1(x1); : : : ; IAr (xr)) dx1 : : : dxr
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where Ai = [Xi¿xi]; 16i6k: Hence

|cum(X1; : : : ; Xr)|6

∫ ∞

0

: : :

∫ ∞

0

|cum(IA1(x1); : : : ; IAr (xr))| dx1 : : : dxr :

It is easy to check that, for any xi¿ 0; 16i6r,

|cum(IA1(x1); : : : ; IAr (xr))|6min

{

�rP(Xi¿xi); 16i6r; �+ �

r
∏

i=1

[P(Xi¿xi)]
1=pi

}

where

�r = 1 + 2! + · · ·+ (r − 2)! if r is even;

and

�r = 1 + 2! + · · ·+ (r − 1)! if r is odd:

Therefore

|cum(X1; : : : ; Xr)|6

∫ ∞

0

: : :

∫ ∞

0

min{�rP(Xi¿xi); 16i6r; �} dx1 : : : dxr

+

∫ ∞

0

: : :

∫ ∞

0

min

{

�rP(Xi¿xi); 16i6r; �

r
∏

i=1

[P(Xi¿xi)]
1=pi

}

dx1 : : : dxr :

We will now get upper bounds on the two integrals given above following the techniques of Rio (1993) and

Bradley (1996). Let

S = {(x1; : : : ; xr ; z) ∈ R
r+1
+ : z¡min{�rP(Xi¿xi); 16i6r; �}}:

Then

S = {(x1; : : : ; xr ; z) ∈ R
r+1
+ : z¡�; xi¡QXi(z=�r); 16i6r}:

Therefore
∫ ∞

0

: : :

∫ ∞

0

min{�rP(Xi¿xi); 16i6r; �} dx1 : : : dxr =

∫

: : :

∫

(x1 ;:::; xr ; z)∈S

1 dx1 : : : dxr dz

=

∫ �

z=0

∫ QX1 (z=�r)

x1=0

: : :

∫ QXr (z=�r)

xr=0

dx1 : : : dxr

=

∫ �

z=0

r
∏

i=1

QXi

(

z

�r

)

dz: (1.1)

Let

H (x1; : : : ; xr) = min

{

�rP(Xi¿xi); 16i6r; �

r
∏

i=1

[P(Xi¿xi)]
1=pi

}

:

We now obtain a bound on H (x1; : : : ; xr) following the techniques of Bradley (1996). If � = 0, then

Theorem 1.2 clearly is a consequence of Eq. (1.1). Suppose 0¡�61. De�ne ak;n = QXk (2
−n); n¿1 and

Jk;n = [ak;n; ak;n+1]; n¿0. If ak;n = ak;n+1, then de�ne Jk;n = �: Let Jk;∞ = [ak ;∞) if limn→∞ ak;n = ak¡∞:
It is easy to see that

2−n−1¡P(Xk¿xk)62
−n; n¿0; xk ∈ Jk;n;



430 B.L.S. Prakasa Rao / Statistics & Probability Letters 43 (1999) 427–431

and

P(Xk¿xk) = 0; xk ∈ Jk;∞:

De�ne

Gi1 ;:::; ir =

∫

: : :

∫

(x1 ;:::; xr)∈J1; i1×···×Jr; ir

H (x1; : : : ; xr) dx1 : : : dxr :

It can be checked that

Gi1 ;:::;ir = 0

if ik =∞ for some 16k6r:

Let jk;n be the length of the interval Jk;n: Following the estimates derived in Bradley (1996), it can be

shown that

H (x1; : : : ; xr)6min{�r2
−i1 ; : : : ; �r2

−ir ; �2
−
∑

r

k=1
ik =pk}

and hence

Gi1 ;:::; ir6

{

r
∏

k=1

jk; ik

}

min{�r2
−i1 ; : : : ; �r2

−ir ; �2
−
∑

r

k=1
ik =pk}:

For nonnegative integers i2; : : : ; ir ; we can obtain the following estimates:

∞
∑

i1=0

Gi1 ; i1+i2 ;:::; i1+ir 6 �

∞
∑

i1=0

[

j1; i12
−(i1=p1)

{

r
∏

k=2

jk; i1+ik2
−(i1+ik )=pk

}]

6 �

[

∞
∑

i1=0

j
p1
1; i1
2−(i1)

]1=p1 r
∏

k=2

[

∞
∑

i1=0

j
pk
1; i1+ik

2−(i1+ik )

]1=pk

6 2�

r
∏

k=1

‖Xk‖pk :

Similarly

∞
∑

i1=0

Gi1+i2 ; i1 ;:::; i1+ir62�

r
∏

k=1

‖Xk‖pk :

Another bound for

∞
∑

i1=0

Gi1 ; i1+i2 ;:::; i1+ir

is

�rr :2:2
−
∑

r

k=2
ik (1−

1
pk
)
r
∏

k=1

‖Xk‖pk :
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by Holder’s inequality. Similarly, another bound for

∞
∑

i1=0

Gi1+i2 ; i1 ;:::; i1+ir

is

�rr :2:2
−
∑

r

k=2
ik (1−

1
pk
)
r
∏

k=1

‖Xk‖pk :

The above bounds involve sums of Gi1 ;:::; ir with i1 varying over 0 to ∞. Similar bounds hold for other indices
ij ; 16j6r: Note that

∫ ∞

0

: : :

∫ ∞

0

H (x1; : : : ; xr) dx1 : : : dxr =

∞
∑

i1=0

: : :

∞
∑

ir=0

Gi1 ;:::; ir :

By the arguments similar to those given in Bradley (1996) and using the bounds given above, it follows that

there exists a constant C2 depending on �; r; pi ; 16i6r such that

∫ ∞

0

: : :

∫ ∞

0

H (x1; : : : ; xr) dx1 : : : dxr6C2

r
∏

k=1

‖Xk‖pk :

Combining this bound with the earlier bound obtained in Eq. (1.1), we have

|cum(X1; : : : ; Xr)|6C1

∫ �

0

r
∏

i=1

QXi(z) dz + C2

r
∏

k=1

‖Xk‖pk :

Remarks. More explicit bounds involving �; r; pi ; 16i6r for C1 and C2 can be obtained as in the case

when r = 2 (cf. Bradley, 1996). It is however clear from the proof of the result that C2 can be chosen to be

zero in case �= 0:
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