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Abstract

Let X , ,  ■■■ , X m and K,, . .. , Y n be independent random  sam ples from tw o absolutely continuous distributions F  and 
G, respectively. For F  = G, Fligner and W olfe (1976) established som e interesting properties o f the Ŵ ’s, the num ber o f  
^ -ob servations between the (/ — l)th and ith order statistics o f  the y-sam ple. In particular, it follow s from their results 
that when F  =  G, the IV' s  are identically distributed. In this note we study this problem  when the X ' s  are greater than the 
r s according to  likelihood ratio and hazard rate orderings. It is show n that in both these cases, the H^'s exhibit 
stochastic increasing trends o f different types.

Ke y words:  L ikelihood ratio ordering; H azard rate ordering; Stochastic ordering; P P  plots

1. Introduction

Let X  an d  Y  be tw o abso lu te ly  con tin u o u s ran d o m  variab les w ith d is trib u tio n  functions F  and  G an d  w ith 
p robab ility  density  functions / an d  g, respectively. Let X ^ ,  ... , X m an d  Y i ,  ... ,Y„  be independen t ran d o m  
sam ples from  F  an d  G, respectively. W e deno te  by F m an d  G„ the co rrespond ing  em pirical d is trib u tio n  
functions.

Let

VU) = F m G ~ 1 ( j /n)  =  F m( Y U)) =  ( R U ) - j ) / m ,  (1.1)

w here YU) is the yth o rd e r  sta tistic  o f the y-sam ple an d  R (j) is the ran k  of in the com bined  increasing 
a rran g em en t o f  X ’s an d  F ’s.

Let

Wj  =  m l  VU) -  Vu .  1(] =  R U) -  R u _ 1( -  1 (1.2)

an d
W in + l) =  n + m — m F m( Y M ).
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N ote  th a t fVj is the num ber of X ’s in ( F(j_  1)5 F ^ ] ,  for j  =  2, ... ,n, W t is the nu m b er o f X ' s  less th a n  or 
equal to  F (1) an d  W n+i is the num ber of X ’s g rea ter th a n  Also observe th a t R (i) =  = ^ ) +  '> f° r 
i =  1, ... ,n.

T he p lo t of F G ~ l (y)  against y  is called a P - P  p lo t an d  the process ^ s { y ) ’=  N 1/2[ F mG “ ‘ (y) — FG~  * (y )], 
0  <  y  ^  1, N  =  m  +  n, is know n as the em pirical P - P  p lo t process. It is a pow erful to o l for ex p lo ra to ry  d a ta  
analysis (see W ilk an d  G nanadesikan , 1968). A large num ber of n o n p aram etric  p rocedures in the lite ra tu re  
are based on functions o f V(J)’s or, equivalently, on the ordered ranks  i?0 )’s. F ligner an d  W olfe (1976) d iscuss 
som e of them . O th er im p o rta n t references on th is top ic  are the tw o-sam ple tests p ro p o sed  by Sen an d  
G ov indara ju lu  (1966), D eshpande (1972), K o ch ar (1981), Joe  an d  P ro sch an  (1984) an d  Aly (1988).

F ligner and  W olfe (1976) studied  m any  in teresting  p roperties o f the sam ple analogues VU) = F m( YU)) of 
F ( Y U,) under the hypothesis H 0: F = G. It follows from  the ir T heo rem  4.2 th a t u nder H 0, the  ra n d o m  
variables F (() — Vik) an d  V(l- k) a re  identically d istribu ted , for I > k. In particu la r, it follows th a t  
W u  ... , W n + 1 are  all identically  d istribu ted  (though they are  dependen t) w hen F  = G. In fact, one can  p ro v e  
a m ore general result th a t under this hypothesis, the ran d o m  variab les W x, . . . ,  W n + 1 a re  exchangeab le .

In this note, we s tudy  the  stochastic rela tions betw een the  W- s u n d er each of the follow ing h y p o th eses:
(i) H j:  f ( x ) / g { x )  is nondecreasing  in x, for all x, th a t is, X  is stochastica lly  g rea ter th an  Y  a c co rd in g  to  

likelihood ratio ordering X  ^  Y.
(ii) H 2: F (x ) /G (x )  is nondecreasing  in x, for all x, th a t is, X  is g rea te r th a n  Y  accord ing  to  hazard ra te  

ordering and  we w rite th is as X  ^  Y. H ere F  =  1 — F  an d  G =  1 — G.
(iii) H 3: F (x ) /G (x )  is nondecreasing  in x, for all x, th a t is, the  survival rate f ( x ) / F ( x )  o f X  is g rea te r th a n  

th a t o f Y  for all x.
N o te  th a t H ( im plies H 2 and  H 3 and  these in tu rn  im ply th a t X  is stochastically greater  th a n  Y.

O bserve th a t X  ^  Y  if a n d  only if F G ~ l ( x ) is convex in x. H ow  will th is convexity  p ro p erty  be reflected in  
the sam ple? W e shou ld  expect the increm ents Wj  ( =  m( V(j) — V(j _ ,,)) to  increase in som e sto ch astic  sense  if 
H t holds. W e study  this p robelm  in the next section and  show  th a t W^’s d o  exhibit a very s tro n g  type  o f  
stochastic  m onotonicity . In  particu la r, IF /s are show n to  be stochastically  increasing in this case. In S ection  3 
we show  th a t [  + ■■■ +  Wj~\/j is increasing in j  in expectation  u n d er H 3. A sim ilar resu lt ho lds b e tw e en  
the fV,'s under H 2.

2. Stochastic monotonicity o f the W ’s under likelihood ratio ordering

As observed earlier, th e  W-s  are dependent. S h an th ik u m ar an d  Y ao (1991) ex tended  the concep ts o f  
likelihood ratio ordering to  com pare the com ponen ts o f a  ran d o m  vector. Let x  =  ( x 1; ... , x p) a n d  
y  — ( y i> ,y p) be tw o p-dim ensional vectors. W e say th a t x  is better arranged than y  (* _y) if x  can  b e  
o b ta in ed  from  y  th ro u g h  successive pairw ise in terchanges of its com ponen ts , w ith each in terchange re su ltin g  
in  a  decreasing o rd er of the tw o in terchanged  com ponents, e.g. (4, 5, 3, 1) ^ a(4, 3, 5, 1) > a(4, 1, 5, 3). (N o tice  
th a t jc is necessarily a p e rm u ta tio n  of 3?.) A function  h\ 0lp -> th a t preserves the o rdering  $sa is called a n  
arrangement increasing function  if x  > ay  => h{x)  Ss h{y).  In  th is case we w rite h e

Definition 2.1. Let h { t u  ... , t p) deno te the jo in t density  of T. T hen

l r : j  • l r : j  l r : j
Ti  ^  T 2 >  ••• >  r p <s> h e s / J .  (2 .1)

S h an th ik u m ar an d  Y ao (1991) have discussed m any in teresting  p roperties o f this ordering. W e show  in th is 
section th a t un d er H j ,  the W- s are increasing accord ing  to  joint  likelihood ratio ordering. Let p { w l , . . . ,  w„+ 1) 
deno te  the jo in t p ro b ab ility  density  function of W.



Theorem 2.1. Under  H ,,

p(vv’i , . . .  k  -  c, / +  c, w i + 2 , . . .  , W„+ 1 ) ^  p ( w l5 . . .  , W j /, w i + 2 , . . . ,  w„+ 1 )

for 0 < c ^  k.

Proof. It is sufficient to  p rove the  resu lt for c =  1. W e shall use the follow ing resu lt du e  to  H oeffding (1951) 
(also see H ettm ansperger, 1984, pp. 142-143):

■ i
P r [ t f i  =  r y, ... , R n =  r„] =

m + n

m
(2.2)

where A1,!, <  <  X (m + n) a re  the  o rd er sta tistics o f a ran d o m  sam ple of size m + n  from  F. Let

W'i = l j =  1 WJ- T hen

p{w I ,  . . .  , W i - u k - 1 , 1 + 1 ,  w i + 2, ... , w „ +1) -  p{Wi ,  ... , W i - i , k ,  I, wi + 2, ... ,w B+I)

m + n 

m

as for y >  x,

9 (x)  g ( y )

j ^(^(H'.i- i +k + i -  1)) - 1 + i)) I J~J 9 (  U  [w.j + j))

i / ' (  - i + fc + i -  1)) w.j - i + fc -+- i)) J j  *  1 y*( ^ ( w .  j + )))
^ 0 ,

/ ( * )  / M
^ 0 . n

l r : j
Note th a t th e  o rdering  betw een the W ’̂s as estab lished  in T heorem  2.1 is even s tronger than  the ^  

ordering. F o r  exam ple, accord ing  to  th is  o rdering  for n =  1 an d  m  =  4, p(  1,3) ^  p ( 2 , 2) ^  p ( 3,1), w hereas the 
arrangem ent increasing  o rdering  is unab le  to  m ake such refined com parisons. It only  com pares the 
arrangem ents (1,3) and  (3,1) betw een them selves w ith o u t w orry ing  a b o u t the  a rran g em en t (2,2). Also, as

noted in S h a n th ik u m a r  an d  Y ao  (1991), T t ^  T 2 => Ti  ^  T2, the s tochastic  o rd erin g  betw een the m arg inal 

distributions o f  T x an d  T 2. N o te , how ever, th a t <  T 2 m ay n o t im ply T t <  7V  U sing  these results an d  the 
above theo rem , we get th e  follow ing corollary .

Corollary 2.1. Under  H , ,

I r . j  l r . j

(a) WH + 1
l r : j lr:j
^  W i or, equivalently, R U) -  R u - d ^  R - u - u  -  K0 _ 2)/o r  j  =  2, ,n\  

(b) W n+l % W n % ••• % W x or, equivalently,  R {j) -  R u - u  % R u - n  -  R u - 2)f o r j  =  2 , ... ,n .

3. Relationships between the W?  s under H 2 and H 3

In this section  we s tudy  the  sto ch astic  o rd er re la tions betw een the fVj's u n d er H 2 an d  H 3. N o te  th a t 
H3 holds if a n d  on ly  if FG ~ 1 (x ) is s ta r  shaped  in  th e  sense th a t the function  FG ~ 1 ( x  )/x is nondecreasing  in x. 
In this case w e shou ld  expect

F . a ; W ^ F J Y u t ) / j  =  ^ v , +  -  + w l  1

j / n m j

n
m

R (j)

(3.1)

(3.2)



to  increase in  j  in  som e stochastic  sense. W e establish  such a resu lt in  th is section. T o  p rove this we sha ll need 
the follow ing lemmas.

Lem m a 3.1. YU) i> Y u - 1), j  = 2, ... ,n.

Proof. If we deno te by g(J)(y)  th e  density  of YU), then 

9 u ) ( y ) l 9 u - i ) ( y ) =  C(j ,  n ) G ( y ) j G ( y )  

is nondecreasing in y. H ence the result. □

Lemm a 3.2. Let  oc(x) and ji(x') be nonnegative funct ions such that  a  (x )//?(x) is nondecreasing in x; then X  ^  Y 
implies

£ [ a ( * ) ]  ^  £ [ a ( y ) ]
E l P W l  E U (  F ) ] '

(3.3)

Proof. It follows from  Lem m a 2 of Bickel an d  L ehm ann (1975). Also see T heorem  2.3 of S h a n th ik u m a r and 
Y ao (1991). □

Theorem 3.1. (a) Under  H 2,

£  W i / ( n - j +  1)
L i = j + 1

E

(b) Under  H 3,

is increasing in j ; (3.4)

j
I

. i =  1

I  W J j is increasing in j ,  (3.5)

is increasing in j ; (3.6)

f o r  j  — 2, ... ,n.

Proof. W e give the p ro o f only for (b) as the p ro o f for (a) is on  the sam e lines. Since

I  W t/j =  £ [ num ber of X ’s ^  Y u {]/ j  =  m P [ X  ^  YU)']/j, (3.7)

it is sufficient to  show  th a t under H 3, P [ X  ^  is nondecreasing  in j.
Since under H 3, F (x ) /G (x )  is nondecreasing  in  x, using L em m as 3.1 an d  3.2 w ith a (x )  =  F ( x )  and 

/}(x)  =  G (x), it follows th a t

£ [^(yU))] > £[F( 
E [G (Y (JI)] "  £ [ 0 ( 7 , , ^ , ) ] ’

th a t is,

Y(J- j , ] ,

since G( Y{j)) has the sam e d is trib u tio n  as U U), the j th  o rder sta tistic  of a  ran d o m  sam ple of size n from  the 
un iform  d istribu tion  over (0, 1) an d  £ [C /(J |] =  j / ( n  + 1). □



O ne m ay  w o n d er w hether u n d er H 3, the  ran d o m  variab le  £ / =1 W t/ j  is stochastically increasing in j. The 
answer is no , since the ran d o m  variables £ / =1 W t/ j  an d  — 1) m ay have overlapp ing  suppo rts
with the second  variab le  possibly tak in g  g rea ter values th a n  the first one.
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