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FREQUENTIST VALIDITY OF HIGHEST POSTERIOR DENSITY REGIONS
IN THE PRESENCE OF NUISANCE PARAMETERS

Jayanta K. Ghosh and Rahul Mukerjee

Abstract
Priors ensuring frequentist validity, up to o(n™!), of credible regions based on the highest
posterior density have been characterized in the presence of nuisance parameters. In this

connection, the consequences of an orthogonal parametrization have also been discussed.

1. Introduction

In recent years, there has been a revival of interest in problems relating to approximate
frequentist validity of posterior credible regions. As noted in Tibshirani (1989), apart from
providing a method for constructing accurate frequentist confidence regions, such studies are
also helpful in defining noninformative priors which could be potentially useful for compar-
ative purposes in a Bayesian analysis. The results available in the literature in this general
area include those related to the approximate frequentist validity of one-sided posterior re-
gions based on posterior quantiles ([18], [13], [16], [17], {12]), posterior regions based on
the inversion of likelihood ratio and related statistics ({7}, [8]) and highest posterior den-
sity (HPD) regions ([14], [9]). We refer to [11] and [15] for further interesting results and
references.

As for the problem of characterizing priors ensuring approximate frequentist validity of
HPD regions, it appears that not much work has as yet been done on models involving
nuisance parameters. In consideration of the current interest on such models, in this work
we propose to fill up this gap to some extent. As a special case, models with an orthogonal
parametrization ({5]) have been considered. An advantage of our approach is that it does not
require an explicit evaluation of all the coefficients involved in the (approximate) posterior
density of the interest parameter and this keeps the algebra relatively simple (see Section 3).
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2. The HPD Region

Let {X:}, i > 1, be a sequence of independent and indentically distributed, possibly vector
valued, random variables with common density f(xz;8), where § = (81, 62)", 6 is the interes
parameter and 8; is the nuisance parameter. For notational simplicity, in this and the next
section, we assume that 8; and 0, are both one-dimensional, i.e., § € R? or some opa
subset thereof. The case where §; and #; are both possibly multi-dimensional will be briefly
discussed in Section 4. We make the assumptions of [10]. Let 8 have a prior density ()
which is positive and thrice continuously differentiable for all 4. In case 7(.) is not proper,
assumed in [10], we shall require that there exists an no(> 0) such that for all X,..., X,
the posterior of 8 given Xi,...,X,, is proper. Let X = (Xi,...,X,) where n is the sample
size. All formal expansions for the posterior, as used here, are valid for sample points in aset
S, which may be defined along the line of Bickel and Ghosh (1990; Section 2 with m =3)
with P;-probability 1 +0(rn~?) uniformly on compact sets of 4. Let £(8) = n™? :)'1'1 log f(X:;8).

Denoting the_maxirnum likelihood estimator of 8 by § = (él,éz)l, for i, = 0,1,2,..., ¢
£;;(0) = Dy D3L(6), bi; = &:i(9), cij = ~bij,

C = (Czo Cu) ’
i1 Co2
where D; is the operator of partial differentiation with respect to 8;. The matrix C is positiv
definite over the set S mentioned above. Also, we write # = w(é), and for 7,7 =0,1,2,...
7i;(8) = Di Dy (8), #y; = m;5(9).
Let h = n%(6; — ;). Then starting from equation (2.2) in [7] or equation (3.1) in [12};t
can be seen that the posterior density of k, under the prior #(.), is given by
T(R|X) = ¢(h;Q Nl + n‘%{Bl(vr,X)h + B3(X)R*} + n~H{By(m, X)(R* — Q7
+ Ba(m, X)(h* — 3Q7%) + Be(X)(h® — 15Q~2)}] + o(n7?), (21)
where ¢(.; Q') is the univariate normal density with mean zero and variance Q~', § =

1.2
€20 — Co3 C11,5

By(r,X) = Bu(r,X)+ Bu(X), Bs(r,X) = Bu(m, X) + Baa(X), (2.2
By(7,X) = Bg(w,X)+ Bua(X), Bu(r,X) = Bu(r,X)Bsy(X), (2.2}
Bu(m, X) = #7(#10— enncgy o), Bra(X) = %(5126621 — boaci1C57), (22
By(X) = %(530 = 3barcucy; + 3buch ey — boachicsy)s (2.2

Bu(m, X) = (27)7{#o0 — 2e11¢5) Ana + ¢}y ez oz + o5 Fr0(bra — bosenicy )
+ 0&1*01(1_721 = 3buency; + 2boscl; 57}, (22!

and By3(X), Ba(X), Bs(X), like B1a(X), Bi(X), are functions of X which are at most

of order 0(1) and do not involve = or its derivatives. The detailed expressions for By(X!
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By3(X), Be(X) are not required in the sequel. From (2.1), it is not hard to see that #(k|X)

can as well be expressed as
1 1
#(h|X) = 4(0; Q‘l)exp{in'lB7(7r,X) - -Z-U(W,X, R)}/ {1 +n"' Bs(m, X)} + o(n71), (2.3)
where B-,('yr,X) = Q"l{Bl('lr,X)}z, Bg(ﬂ', X) = Q_lBg(ﬂ',X)+3Q-2B4(‘ﬂ',X)+15Q_336(X),
and
U(r,X,h} = h*Q —2n~3{By(m, X)h + B3(X)h?}
+n Y Br(m, X) + {Bi(m, X)h + Ba(X)R*}?
— 2{By(7, X)h? + By(7, X)h* + Bs(X)h®}) (2.4)
The inclusion of Bz(m, X) in U(r, X, k) helps in expressing the approximate posterior char-
acteristic function (c.f.) of U{r, X, k) in a neat form.
From (2.1), (2.4), it can be seen after some algebra that the approximate posterior c.f.
of U(x, X, k) under the prior x(.) is given by
(1= 26)73[1 + 0™ {Fo(m, X) + (1 — 26) " Fy(m, X) + (1 = 26) T F(X)}] + o(n™"),
where ¢ = (—1)3t, and
Fo(m, X) = 3Q7*{Bi(r, X)Ba(X) — By(m, X)} — 15B6(X)Q 73, (2.5a)
15
A(mX) = 3Q7H{Bi(m, X) - Bi(m, X)Ba(X)} + 5Q{Ba(X)}?,  (2.3b)

Fi(X) = 15Q7[B(X) - 3 {B5(X))). (2.5¢)

For positive integral v, let ,(.) and w,(.) denote respectively the cumulative distribution
function and the probability density function of a central chi-square variate with v degrees of
freedom (d.f.). Also, let 2% be the upper a-point (0 < a < 1) of a central chi-square variate
with 1 d.f. and

Ua=a)(m, X) = 2> = (nwn (%)) " {Fo(m, X)Qu(2°) + Fi(m, X)Q3(2%) + F2(X)Qs(2%)}. (2.6)

Then inverting the above approximate posterior c.f. of U(x, X, k), which can be justified as
in (3], (4], (1], we get

PTU(r, X, 4) < Upa)(m, X)|X] = L= ac o(n™), (27)

where p™[.|X] is the posterior probability measure under the prior x(.). Writing h = 4(8,),
by (2.3), (2.7), the HPD region for 4, with posterior coverage probability 1 —a+o(n"!) can
be expressed as

(02 #(h(@)1X) 2 9(0: Q") exp(2n~ Balm, X) = 3Ua-a(r, X))/(1 + 17 Ba(r, X))},

which is approximable, up to o(n~1), by {6, : U(m, X, h(81)) < Up—ay(7, X)}-



134 Ghosh-Mukerjee

3. Frequentist Calculations

We now proceed along the line of Ghosh and Mukerjee (1991, 1993) to calculate Po{U(7, X}
< Up-a)(7, X)}. To that effect, we consider a prior 7*(.) satisfying the regularity condition:
in [1, Section 2 with m = 3] which are slightly stronger than those in {10], and make Edg
worth assumptions as in [1, p. 1078]. Then by (2.2), (2.5), (2.6), after some simplificatio,

P™[U(r, X, h)

IA

U—ay(m, X)|X] = 1 — . + 0" {Q3(2%) = () }g(w, =", X)
+o(n7h), (314
where

QY [Bau(7*, X) = Ba(r, X) + By(m, X){Bu(r,X) — Bu(r" X]j
+3Q 72 B3(X){Bu(r", X) — Bu(r, X)}. (3.1

g(w) 7r',X)

The derivation of (3.1) is again based on the inversion of the approximate posterior cf
U(r, X, k) under the prior 7(.).

Let I = ((I;)) be the 2 x 2 Fisher information matrix (per observation) at § whichis
assumed to be positive definite at each 4. For ¢,j,¢,j' = 0,1,2,.. ., let

Ki; = Eo{D;D}log f(X1;0)}, Kijryo = Eo[{D}Djlog f(Xy,8)H{D} D log f(X1,0)}]
Also, let
A= [‘1_12_;1[1227 A= —1]2/1221 w= K2]+2/\K12+/\2Ko3, ’d) = K30+3/\K21 +3/\2K12+/\3K03-

Note that A, A, g, ¥, Iij, Kij, Kij.p, etc. are all functions of 8.
Let 7 = #x(6), " = »*(8). By (2.2), (3.1b), under 4,
g(m, 7", X) = §(r,7",8) + (1), i
where
g(r,7,0) = A7Y|(20")M(D2r" + 20D, Dar™ + A D2r") — (21)"}(D?r + 20D Dy + VI
+ (2Lg7*)  uDyr* — (2hy97) ' uDar
+ 77Dy + ADpw){x " (Dym 4+ ADym) — (77) " (D17 + ADo7")}]
+%A‘2¢{(w')"(D17r‘ + ADyr*) — 7Y Dy 4 ADym)) -

In consideration of (3.1a), (3.2a), for a fixed (.),

Po{U(r, X, h) S Up-a)(m, X)} = 1—a+n7{Q(z") — () H(2r) " Ha(6)}
+o(n71), 33

where the factor {(2r)~!H,(6)} in the right-hand side is obtained by integrating (=, 7"{
by parts with respect to a #*(f) such that #*(.) and its first partial derivatives vanish o?
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the boundary of a rectangle containing 8 and then allowing 7*(.) to converge weakly to the
degenerate measure at . This approach, reminiscent of that in [6], was used earlier in [7]
and [9]. Explicit calculation, based on (3.2b), shows that

Ho(0) = D2(A~'r)+2DDy(AA~'r) + DXO2A'x) = Dy{u(InA)~*n}
—Dy(MpA~2r) - Dy(p A7), (3.4)

By (3.3), for each ¢, frequentist validity, up to o(n~!), holds for the HPD region for 8, if
and only if 7{.) satisfies the partial differential equation

Ho(8) =0, (3.5)

where H.(0) is given by (3.4). Note that the equation (3.5) does not involve . This equation
represents the main result of this section.

EXAMPLE 1. Consider the location-scale model with f(z;6) = 67" f*{6;'(z — 61)},
where the location parameter §1(—oc < 6; < o0) is of interest and the scale parameter
8(> 0) is the nuisance parameter. Then ) is a constant, each of I;; and A is proportional
to8;" and each of u and ¢ is proportional to 87> (provided they exist). Hence, 7(8) o 65!
satisfies (3.5) (cf. [2]). In a location-scale model if instead the scale parameter is of interest
then denoting the scale and location parameters by #; and 8, respectively it can be similarly
seen that (@) o< 87 satisfies (3.5).

In the rest of this section, we consider models where global parametric orthogonality ([5])
holds, i.e., I;; equals zero indentically in #. Then A =0, A = Iy, g = Ka1, ¥ = Kso, and
using the regularity condition Dy/y; = —(Ks0 + K10.20), from (3.4) it can be seen that (3.5)
reduces to

Dy {IFNDy7)} + Di(I572 K1o.20m) — Do{(Inf22) " Ky} = 0. (3.6)
Under global parametric orthogonality, priors of the form
m(8) = d(62) 17, (3.7)

Where d(4,)(> 0) is a function of 8, alone, are of special interest. Tibshirani (1989) showed
that sych priors ensure frequentist validity, up to o(n‘%), of the posterior quantiles of 8;. It
is easy to see that a prior of the form (3.7) satisfies (3.6) if and only if d(f;) satisfies

;D, U5 (Krozo — Kso)} = {d(6,)} 7 Da{d(82) (I3 L) K} = 0, (3.8)

The above is similar to but not identical with a condition in [12] who studied the problem
of ensuring frequentist validity, up to o(n71), of the posterior quantiles of 8;.

EXAMPLE 2. We consider a version of the exponential regression model of Cox and
Reid (1987). This is given by

. 9) = I [6;! exp(—61y;) exp{ -85 zWDe%}], 21 ... 27 >0,
f(zv ) =112 2
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where £ = (£, M), =00 < 8, < 00, 8, > 0,7 > 2, and y;,...,y, are constants, no
all equal, satisfying y; + ... + y. = 0. Then global parametric orthogonality holds and on¢
can check that [;; =y + ...+ yi Iy = r6;% Koy = 07" I, K30 = —K1020 = yf 4. +E
Hence (3.8) is uniquely satisfied by d(6;) x 0;'. The same solution was reported in {12
their context.

EXAMPLE 3. This relates to the ratio of independent normal means ([5]). Let f(z:0)=
oz — 5,(8))p(z'?) — 3,(0)), where &(.) is the standard univariate normal density, z =
(2,2 5(0) = 6:0:/(8] + 1)7, s2(0) = 62/(67 + 1)%, and 6,,0, > 0. Note that 6, =
$1(8)/3,(8) and that under this parametrization global parametric orthogonality holds. Here
Ih= 9;/(9f + 1)2, Iy =1, Ky = ——02/(03 + 1)2, K3 = —3K1020 = 6919%/(9%-#— 1)3. Henceit
can be seen that no solution to (3.8) is available, i.e., no prior of the form (3.7) satisfies (3.6).
Nevertheless, (3.6) does have a solution, e.g., 7(8) = 82(6? + 1) solves (3.6). Unfortunately,
however, under this solution of (3.6), the posterior of § given X may not be proper even for

large n unless the parameter space is so restricted that s(8) is bounded away from zero.

EXAMPLE 4. This relates to the ratio of independent exponential means. Let
f(z;0) = {s1(0) 2(0)}"‘exp[—{(sl(ﬁ))"r“) + (52(8)) 7'z, 2, 2 > 0,

where z = (M 2 5,(0) = 92 1, 52(0) = 6,0, ’, and #,,8; > 0. Note that 8, =
51(8)/52(6) and that under this parametrization global parametric orthogonality holds. Here
Ly = 3077, Iy = 2057, Ky = 1(6,02)7!, Ky = —3Ky00 = 267>, Hence (3.8) is uniquely
solved by d(8,) x 85, which is the same as the solution obtained in {12] in their context.

4. Extension to the General Multiparameter Case

Before concluding, we briefly indicate the result corresponding to (3.4) and (3.5) in the
general multiparameter case. The set-up is as in Section 2 with the change that now
0 = (by,...,6,) is p-dimensional, §1) = (01,...,8,) represents the g-dimensional interest
parameter and 0 = (8,,1,...,6,)" represents the (p-q)-dimensional nuisance parameter,
where 1 < q < p. Let I = ((I;;)) be the p x p per observation Fisher information matrix
which is assumed to be positive definite at each 8. Let I"! = ((I*/)) and for 1 < 1,7, k,u <p,
let
(1) I\JIIm IikIju + Iiu[jk.

:Jku
= ( Iayy [py
Ioy Iy )°
where 11y is ¢ x q and Ing), Iy, I35y are of appropriate orders. For 1 < i, J < g, let
7;; denote the (,j)th element of Ji1y) — I(‘,)IG;)I(gl), andfor 1 <i1<¢q,¢+1<v<p

Partition [ as

9
define A,; = 3 I"r,. Also, with the rows and columns of I(_z'i’) labelled by ¢ + 1,...,p

u=1
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for g+ 1 < v, v/ < p, let oy, denote the (v,v')th element of I(;;). For 1 < 4,5,k < p,
let Lijr = Eo{D;D; Dy log f(X1;6)}, where D; is the operator of partial differentiation with

respect to 6; and for 1 < i, 7, k < ¢, let
Yije = Lijk + 35, Lijuror + 3L B Livr Apj Ak
+ 20 By Zur Lyutur Avi Ay 5 A

where the summation over each of v, v’, v”, is on the range ¢+ 1 to p. It may be noted that
the quantities defined above are functions of 4.

Under this set-up, it can be shown that frequentist validity, up to o(n~!), holds for the
HPD regions for 8} if and only if = = #(.) satisfies

E,'EJ‘ [D;Dj(lijﬁ) + QEUD;D,,(/\,,,'I'.J'W) + E,,E,,:D,,D,,/(/\,,"/\,,Ij["j‘lr)
- 2u/Dw{(zulﬂ';ivauru + 22u2v'Liw’Aujawu’
-+ zuzu‘ Ev”Lw’u”’\ui’\u’jaum”)I'—jﬂ'}l
1
= FEE S Du¥ik ) + S Dy Biixdn [GhT)} = 0, (4.1)

where the summations on i, j, k, u are over the range 1 to ¢ and the summations on w, v, v’, v"
are on the range q + 1 to p. Equation (4.1) generalizes (3.4), (3.5) to the multiparameter
case. It can be proved proceeding as in Sections 2 and 3 but with heavier notation and
algebra. It may be checked that (3.4), (3.5) and (4.1) are in agreement with the findings in
[14] and [9] who considered the same problem in the absence of nuisance parameters.
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