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SUMMARY. Following Adhikari, Chakraborty and Sarma (1071) waximum likelihoud ostimates
of chruimosomo frequoncies are vbtained horo from family data on sovs blood groups. Tho mothud i
illustrated in the last section.
1. INTRODUCTION

The Hardy-Weinberg law (#wi) also called the Hardy-Weinberg-Castle
Law (Li, 1967), is so powerful a tool that many population geneticists have exploited
it thoroughly in many useful applications. A great application indeed is in the esti-
mation of gene frequencies of Mendeliau ct t Though the assumption of awL
greatly simplifies the labour involved in estimating the frequencies, it seems reason-
able, however, thut one should relax this assumption to the extent possible since the
awi does not strictly hold good in any natural population. An attempt to this
effect is made in Adhikari, Chakraborty and Sarma (1971). In their work they

idered the problem of estimating gene frequencies from family duta by the method
of maximum likelihood, by slightly relaxing the assumption of nwr. They start
with a general set-up at the phenotypic level and make use of the RWL only at the level
of dividing the general phenotypic mating frequencies into the cor ding genotypic
mating frequencies (as done in Table 1 here). They call such a mating system "Res-
tricted Random Mating’ (re>). The main purpose of this paper is to present the esti-
mation of chromosome frequencies of MNs-blood groups from family data by the
maximum likelihood method under RRM.

One might wonder as to why at all the present method (involving family data)
is desirable in view of the simplicity of estimation methods for random samples of
individuals. Firstly, it is to be recalled that family data offers better estimates even
under #wr. Secondly. it will be interesting to examine how much we really gain
by appealing to RRM rather than the celebrated EWL. It is for these two reasuns
mainly that the present investigation is carried out. However, u comparative treat-
ment will be presented in a subsequent paper.

2. ESTIMATION OF PARAMETERS
The six phenotypes in MNs-blood group system urc deuoted by M, i,
MNS, MN, NSand N. Standard notations (e.g., Boyd, 1955) are used throughout
this paper which are given below for ready reference :
m : frequency of the M-gene
n  : 1—m : frequency of the N-gene
ms : frequency of the Ms-chromosome

ms : m—my: freq of the MS-ch
ng : frequency of the Na-ck
ns = n—mn, : freq of the NS-ch
g =mm

and d =mnn

¢ Present address : Dept. of Prob. and Stat. University of Shofficld, U.K.
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The 21 phenotypic mating types, their frequencies As's and the conditional
probabilities of the offspring pheuotypes are shuwn in Table 1. The table also in-
cludes data from a random sample of @ families (and their offspring). The conditional
probabilities in Table 1 are construdted as follows :
Consider the mating type MSx MS. This phenotypic mating is split up into
the three corresponding genotypic matings in the proportions as shown below.

genotypic mating type

given the phenotypie Probability
mating MSx MS.
MS|MSx MS|MS (1—gp
MS|MSX MS|Ms 2(1—g)
MS|Msx MS|Ms ¢

Observe that the first two genotypic matings give offspring of the phenotype
M8 with probability 1. The last mating gives two types of offspring MS and M with
probabilities 3/4 und 1/4 respectively. Therefore, we get
P(an offspring is ‘uf phenotype MS/tho phenotypic mating is MSx MS).
= (1=g)*+29(1—g)+(3/4)g*
= 1—g*4.
Similarly the other probabilities are computed.

TABLE 1. PHENOTYPIC MATING TYPES, THEIR FREQUENCIES AND THE CONDITIONAL
PROBABILITIES OF THE OFFSPRING PHENOTYPES (SAMPLE FREQUENCIES
ARE SHOWN WITHIN PARENTHESES)

mating offapring
conditional probabilities and observed frequenoies
type  froquency  MS M MNS  MN NS N total
frequency
m @ 3) ) (5) (6) (Y] (8) )
A (4—gY)4 o4 [) 0 [ 0
MSXMS
Gy(6) m(16) na(0) ny(0) n(0) n5(0) n(0) By(16)
A 2-g)2 g2 0 ) ) )
MSXM
Gy(3) m(7) m(l) m{0) 110(0) m(0) 715(0) Ry(8)
A @-gh)4 g4 (2—gd)/4  gd}4 o 0
MSxMNS
Gy(17) nme(21)  my(l) ny4(0) m(3) n1(0) m1e(0) By(34)
A @-ol4  gl4 2-g)4 g/t o ]
MSxMN
G(10)  mo(l])  may(3) 1y(10)  ngy(l) #13(0) n134(0) R((25)
A 0 ] 4—gd)/s g4 0
P s (4—gd)/4  gd] 0
G4(6) 3s(0) 26(0) nr(12) (@) n,(0) hao(0) By(14)
A ) =
NEEN s 0 (2-g)2 g2 0 o
Go(8) 7,(0) T35(0) nga(6) n34(6) 733(0) (0) Ro(12)
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TABLE 1 (oond.).

PHENOTYPIC MATING TYPES, THEIR FREQUENCIES AND THE CONDI-

TIONAL PROBABILITIES OF THE OFFSPRING PHENOTYPES (SAMPLE
FREQUENCIES ARE SHOWN WITHIN PARENTHESES)

mating offspring
I ilitiea and observed froq)
type frequency MS M MNS ~ MN NS N botal
frequency
n ) ) “ (6) (8) (U} (8) ()
A 0 1 [ 0 ) 0
MxM
G4(0) n3:(0) 198(0) 1yo(0) ho(0) na(0) n4g(0) Ry(0)
Ay (1-g)2 g2 (1—d)y2  dj2 0 0
MxMNS
Go(4) 1(0) 1e(0) 4s(0) nqe(8) n4(0) 46(0) Ry(19)
Ao 0 1/2 0 12 0 0
MxMN
Go(7) 1y9(0) ool nml0) ng(9) 735(0) "134(0) Ry(18)
i 0 0 (2—d)j2  df2 0 )
MxNS
Gu(1) ngs(0) 154(0) (1) 13a(0) nu(0) 50(0) Ryof1)
Aii 0 0 0 1 0 0
MxN
@n(6) ng(0) Nga(0) g3(0) nea(13)  ngs(0) nge(0) 1,(13)
" (1—g)/+ g4 (1—gd)/2  gd/2 (1—d?f+ a4
MNSXMNS
Gyp(12)  nge(8) ngc(0) nee(16)  ng(2) nay(4) naa(3) R, (33)
Ais (L—-g)/4 g4 2—g—d)l4(g+d))4 (1—d)/+ dJ4
MNSXx MN
@y(16)  mgg(3) na(l) Ny (16)  nas(6) nag(1) n1a(7) Ry(36)
A 0 0 (2—gd)/4 gd/4 (2—d¥)/4  d*/4
MNSXNS
G1(3) 15(0) nao(0) ny(5) 792(0) nga(2) ne(1) R.(8)
A 0 0 (1-g)/2 g2 (1-a)2 dj2
MNSxN
Gis(10)  11g5(0) Mye(0) "gr(6) nen(4) 144(0) nso(7) Ris(22)
Are 0 1/4 0 12 [ 14
MNxMN
Gre(7) 51(0) Tioa(2) a(0) no(11)  niga(0) 1i96(3) Ryq(16)
Air 0 0 2—d)j4  dJ4 (2—d)/4 a4
MN XNS °
Gra(4) 97(0) 8(0) "9o(2) hoo(2) mo(l)  Mos(l) By2(6)
A 0 0 0 12 0 12
MNxN
G1e(2) 108(0) Mea(0) 108(0) "h100(2) th107(0) noa(3)  Rua(6)
A 0 [ 0 0 (4—a’d)4 d?4
NSXNS
Gis(0) 100(0) M10(0) ™i1(0) na(0) 15(0) Me(0) L
0 L] 0 0 2-d)/2 d]2
E R Az (2—a)/ I
Guo4) (V) Me(0) n13(0) M110(0) Paag(4) thao(d)  Raol8)
[ o 0 0 0 1
NxN A
Gu(1) ™ai(0) 122(0) ™12a(0) Ma(0)  mas() M3 Ra®)
1
totals
G(123)  Oy(77) C,(15) Cs(82) Cy(70) '5(17) Ce(32) T(298)
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Obscrve that the parameters to be estimated are A/s (f = 1, ..., 21), m, g and
d, from where we can obtain the chromosome frequencies.

The log-likelihoad of the sample (parents and offepring) is caxily seen to be

log L = constant-+lug L,+log L,
n
where, logL, = £ @, log A¢
f=1

log Iy = A log g+ B log d +C log (1—g)+ng, log (14 9)
+Dlog (2—9) +n, log (2+9)+F log (1—d)
+ iy, log (1+d)-+ F log (2—d)+nyy log (2-+d)
+ Mg 108 (2—g) 4 (ny4 1- ngy) logt (2—gd)
4037 10g (4 ~gd) g log (1—gd)+- gy log (2—d)
+ 04 log (g+d) + 755 log (2—g—d).

where
A = 20yt 20 H b Ragt Rarb oy gy gt 2y 0 + gy H Mgt gy
B = gt Nyt Rygt Asat Aag T 2035F antMgg 4 2y b g+ Ryng - Mien
+2m0+ M
= ng Rttty
D = nytn.+nytnytng
E = nyt g+t ng
and
F = ny4ng g 0t e
It is to be hered that the p of interest, the A;'s, ¢ and d are involved
only in L, and L,. H the lete expression for L also involves the distri-

bution of the number of children for each mating type and this part will’ get absorbed
in the constant term while taking logarithms. e also assume identical family size
distribution for different mating types.

It may be noted that the above partition of L into L, and L, simplifies the
estimation procedure since A('s are confined ounly in L, and, g and d are confined only
in L,. Thus, one obtains the maximum likelihood estimates of Ay's as

h=6/68
and P = BUG—GY P -
A
oov(h, &) = —G@[G® for i#j
Wi=1,..21
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Now turning to the of m, by ting method vne obtains
m = (M) +(M8)+1/2[(MN)+(MNS)) - (@)
where, (M), (MS) ete. are the expected phenotypic proportions among the offspring,

which are obtained from Table 1. One can also show that (2) is the maximum likelihood
estimate of m. After substituting the expressions for (M), (M8) ctc., (2) reduces to

m=1/4. (4&,-{-3&2-}-2&,-&-&.) .. (3)
where
‘21 = X14'12"41
& =N+ +%+%
&s = X,,+2.+7\m+1,,+1,._.-|—1,,+7\,,
and 8, = H+115+XIT+X|9'

P(m) can be obtained from the variance-covariance matrix of A's given in (1). Note
that P(#) = P(1—) is the same as D).

It remains now to estimate g and d for whicli it is enough to consider L,. The
estimation is earried out through the well-known iterative methud.

In what fullows we first start with the initial estimates of ; and d, say g, and
d,, given by (DeGroot, 1956).

00 =\ Cy@4Ca)

e 4
and 4o = GG,
where, Cy's are the ubserved phenotypic proportions of the offspring in the sample of
@ families (Table 1)

In order to obtain the correction factor to the initial estimates, one obtains

L dlgl, _4_C  mg D om 2 dmgtug)
v a g 1—g 149 2—g 249 2—¢*  2-gd

dny, _ dngy Py T
4—gd 1—gd 'g+d 2—g—d

(5)

_ dlgl, B E n F | gy 2ngs  glmstms)
Le= "5 =7 matidd 2atird -F 2@
_ 9w ey s

4—gd “i—gd Tg4d T—g—d

where 4, B, C, D, E & F are us defined earlier and the information matrix I = ((Iy));
=12

Ryt R+Ry, 2Ryt 2R+ R 4R, 2R, R, ,df
1, =2 ) 6y “itaTt4fhyg 13 3 18 AP
" @—a T dgli—g) toptept=gtyts )
Ia = f+e,
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Rl Ryt Ry | 2R+ 2R+ R 3R, | 4R
and Iy = Pt trdBa BRID G R R
_ R4R, R, Ry
where f== 2(’2— )+—a‘_ + =gy
. n“ Rl’
wnd "= W) tilgta)

and, Ry's are the totals of uffspring for each type of phenotypic mating (Table 1).
By substituting the initial values g, and d, one can evaluate the likelihvod
derivatives L, and Lg and the information matrix, from where the correction factors

are ohtained as
80 = Vilg +Visla

and 8d, = VylLy+ Vele
where ¥ = ((Vy)) is the inverse of I.

Henco the improved estimates (are written as)
9 = 9o+
and d, = dy+8d,.
This pracess should ‘be repeated till we obtain stable cstimates of g and d. Note that

once we get the atable eatimates of g and d, say g and d. by then we will have obtained

their respective variances I’y and Uy, and also their covariance V. in the last
iteration.
Having estinted all the parameters, we now give the maxivium likelihood
estimates of the ch | ies and their vari (DeGroot, 1956).
=gm
i. =dn
g = (1—j)m
is = (1-dii
P(rig) = §*P () 1.m2P(G) "

P(ns) = dP@R)+w*P(d)
Piing) = (1—§)* P(im)-+sP §)
Piis) = 1—dpP(i)+a2P(d)

3. ILLusTRATION

We shall illustrate here the methods developed in the previous section with
the data presented in Table 1. The data were extracted from a series of two earlier
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publications (Sanger et al., 1948 and Ruce ¢l «l., 1949). However, the estimate of
A¢'s and their variance-covariance matrix are not presonted here. From (3) we obtain

i = 0.554878
it = 1—m = 0.445122

and Ppn) = P(r) = 0.000412.
The initial estimates of g and d are given by (4)
gy = 0.403780
and d = 0.808122.

By using these estimates one evaluates, from (5)
Ly = —51.391564

and Lg = —31.700203
and hence,
8 = —0.139217
and 8d, = —0.087030.
Since the correction factors are quite large, wo get the following improved
after the pletion uf one cycle
g, = 0.264469
and d, == 0.741002.

Repeating these I ions for five cycles altogether we obtain the final
improved esti which are ted in Table 2 along with their standard errors.
Table 2 also | ts the esti s and standard errors of several other parameters
of interest.

TABLE 2. MAXIMUM LIKELIHOUD ESTIMATES
AND THEIR STANDARD ERRORS

parametor estimato standard
orror
m 0.654878 0.020208
n 0.445122 0.020203
P 0.260478 0.047864
d 0.735188 0.080473
m 0.140627 0.027111
ms 0.406361 0.030414
n 0.327235 0.030778
ny 0.117017 0.027441
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