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Abstract

Folded normal distribution arises when we try to find out the distribution
of absolute values of a function of a normal variable. The properties and
uses of univariate and bivariate folded normal distribution have been studied
by various researchers. We study here the properties of multivariate folded
normal distribution and indicate some areas of applications.
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1 Introduction
Normal distribution has been widely used as the underlying distribution

for many quality characteristics used in various industries. However Johnson
(1963) has pointed out that, in many situations, even if the underlying dis-
tribution is normal, while collecting data, for example, on differences and
deviations in measurements, often the algebraic sign of the data is irre-
trievably lost. The resulting observed variable no more follows a normal
distribution- rather it follows a folded normal distribution (see Johnson,
1963 and King, 1988). Lin (2004) used folded normal distribution to study
the magnitude of deviation of an automobile strut alignment. Leone, Nelson
and Nottingham (1961) have mentioned some more applications of folded
normal distribution specially when measuring straightness and flatness of
any object.

The pdf of univariate folded normal distribution, as proposed by Leone
et al. (1961), is given by

fX(z) = hZ(z) + hZ(−z)
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where, ‘X’ follows univariate folded normal (UFN) distribution with mean
μf and variance σ2

f and Z ∼ N(μ, σ2) with hZ(.) being its pdf. Here,

μf = σ

√
2
π

exp
(
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2σ2

)
+ μ
[
1 − 2Φ

(
−μ

σ

)]
,

σ2
f = μ2 + σ2 −
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)
+ μ
[
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(
−μ

σ

)]}2

and Φ(.) is the cdf of univariate standard normal distribution. The sub-
script ‘f’ is used to distinguish the mean and variance of a folded normal
distribution from that of normal distribution.

Elandt (1961) formulated a general expression for the rth moment of uni-
variate folded normal distribution. The author also proposed two methods
of estimating the parameters μ and σ of the ‘parent’ normal distribution,
viz., one based on the first and second raw and central moments of folded
normal distribution and the other based on its third and fourth raw and
central moments.

Many interesting results of the theory of statistical quality control owe
their developments from the folded normal distribution. King (1988) made
a thorough research regarding the possible situations where a folded distri-
bution, especially a folded normal distribution, may arise. He put emphasis
on some practical consequences encountered during process capability anal-
ysis in many common industrial processes. In fact, Lin (2004) has pointed
out that folded normal process data is common in mechanical industries.
Johnson (1963) discussed the use of CUSUM control chart when the un-
derlying variable follows folded normal distribution while, Liao (2010) has
proposed economic tolerance design for the folded normal data in manufac-
turing industries. Univariate folded normal distribution has also found useful
applications in Lin (2004) and Lin (2005) while studying the properties of
some univariate process capability indices (PCI).

Vannman (1995) proposed a superstructure of univariate PCIs viz. Cp(u, v),
given by

Cp(u, v) =
d − u|μ − M |

3
√

σ2 + v(μ − T )2
, u ≥ 0, v ≥ 0

where, USL and LSL are respectively the upper and lower specification limits
of a process, d = (USL − LSL)/2, M = (USL + LSL)/2, ‘μ’, ‘σ’ and ‘T’
are the mean, variance and the target of the process and u and v are the
scalar constants that can take any non-negative integer value.

However, Taam, Subbaiah and Liddy (1993) pointed out that in most of
the practical situations, the manufacturing processes consist of more than
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one interdependent quality characteristics. As a result, calculation of process
capability indices for individual components may yield misleading results. A
number of multivariate process capability indices (MPCI) are developed to
measure the capability of a process having multiple variables to control. See
Taam et al. (1993), Wang and Chen (1998), Polansky (2001), Kirmani and
Polansky (2009) and the references there in for further details on multivariate
process capability indices (MPCI’s). The necessity of constructing the mul-
tivariate folded normal distribution was felt by Chatterjee and Chakraborty
(2013) while studying the properties of a superstructure of MPCIs, analogous
to Cp(u, v), given by

CG(u, v) =
1
3

√
(d − uD)′Σ−1(d − uD)

1 + v(μ − T)′Σ−1(μ − T)

where, USLi and LSLi are, respectively, the upper and lower specification
limits of the ith quality characteristic, for i = 1(1)p, D = (|μ1 − M1|, |μ2 −
M2|, · · · , |μp − Mp|)′, d = ((USL1 − LSL1)/2, (USL2 − LSL2)/2, · · · ,
(USLp − LSLp)/2)′, T = (T1, T2, · · · , Tp)′ and M = (M1, M2, · · · , Mp)′

with Mi = (USLi + LSLi)/2, i = 1(1)p. Here, Ti is the target value and
Mi is the nominal value for the ith characteristic of the item. ‘p’ de-
notes the total number of quality characteristics under consideration, Σ is
variance—covariance matrix of the vector ‘X’ of the ‘p’ quality characteris-
tics X1, X2, · · · , Xp and μ is the mean vector of ‘X’. Here it is assumed that
X ∼ Np(μ, Σ) and u and v are the scalar constants that can take any non-
negative integer value. Note that here we use bold faced letters to denote
vectors for the remaining part of the article.

The pdf of a bivariate folded normal (BVFN) distribution was devel-
oped by Psarakis and Panaretos (2001). Suppose that Z = (Z1, Z2)′ ∼

N2(μ(2), Σ(2)) for μ(2) = (μ1, μ2)′ and Σ(2) =
(

σ2
1 σ12

σ21 σ2
2

)
, then, (|Z1|, |Z2|)

follows BVFN with mean vector μ
(2)
f and dispersion matrix Σ(2)

f , where the
superscript ‘(2)’ denotes the dimension of Z. The pdf of (|Z1|, |Z2|) can be
derived as:

f|Z1|,|Z2| (z1, z2) =
∑

u = z1,−z1

v = z2,−z2

hZ1,Z2(u, v), for z1, z2 > 0,

where hZ1,Z2(., .) denotes the pdf of bivariate normal(BVN) distribution with
mean vector μ(2) and variance-covariance matrix Σ(2).

However, Psarakis and Panaretos (2001) have derived the expression of
the mgf for the bivariate folded standard normal distribution, assuming
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μ
(2)
f = 0 and Σ(2)

f = I2 using Tallis’ (1961) formula for mgf of the truncated
multi-normal distribution, where only the case of standard multivariate nor-
mal distribution is considered. It is to be noted that while deriving the mgf,
Psarakis and Paneratos (2001) have decomposed the exponent of the corre-
sponding bivariate normal distribution and as a result, while generalizing the
expression for p ≥ 3, one has to undergo difficult computational procedure.
In the present paper, we have developed an expression for multivariate folded
normal distribution, following Chakraborty and Chatterjee (2010) and found
out its mean vector, dispersion matrix and the mgf. Estimation procedure
for the parameters can be presented as a separate article.

In the following section, a few notations used throughout the text, are
presented. In Section 3, the pdf of the proposed multivariate folded normal
distribution and the forms of the mean vector, dispersion matrix and mgf
are developed. This is followed by conclusion in Section 4.

2 Notation
1. Let S(p) = {s : s = (s1, s2, . . . , sp), with si = ±1,∀1 ≤ i ≤ p}.

2. diag (s1, s2, . . . , sp) = Λ(p)
s , μ

(p)
s = Λ(p)

s μ(p), Σ(p)
s = Λ(p)

s Σ(p)Λ(p)′
s

3. For any s ∈ S(p), let W(p)
s = (s1Z1, . . . , spZp)′ ∼ Np(μ

(p)
s , Σ(p)

s ) with
Zi > 0,∀i = 1(1)p and Σ(p)

s = B
(p)
s B

(p)′
s , where B

(p)
s is obtained using

Choleski’s factorization method.

4. Let (B(p)
s )−1

i denote the ith row of the (p × p) matrix (B(p)
s )−1, ∀i =

1(1)p, and φ(.) denote the pdf of univariate standard normal distribu-
tion. Then we define the following:

Q
(p)
sj = φ

(
(B(p)

s )
−1

j μ(p)
s

) p∏
i = 1
�= j

Φ
[
(B(p)

s )
−1

i μ(p)
s

]
, (2.1)

I(p)
sii

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

p∏
j = 1
�= i

Φ
[
(B(p)

s )−1
j μ(p)

s

]
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
×
{
Φ
[
(B(p)

s )−1
i μ(p)

s

]

−(B(p)
s )−1

i μ(p)
s .φ

[
(B(p)

s )−1
i μ(p)

s

]}
,

(2.2)
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I(p)
sik

= φ
[
(B(p)

s )−1
i μ(p)

s

]
φ
[
(B(p)

s )−1
k μ(p)

s

]

×
p∏

j = 1, �= i, k

Φ
[
(B(p)

s )−1
j μ(p)

s

]
, i �= k. (2.3)

It can be noted that since B
(p)
s is a (p × p) matrix, the subscripts i, j

and k of Q
(p)
sj , I

(p)
sii and I

(p)
sik can assume any of the values 1(1)p with

conditions mentioned above. We can then define Is,p as Is,p = I
(p)
sij ,

where i = 1(1)p, j = 1(1)p.

3 Multivariate folded normal distribution
The pdf of the multivariate (say, p-variate) folded normal distribution

(MVFN) can be written as:

fp(z1, z2, . . . , zp) =
∑

(s1,s2,...,sp)∈S(p)

hp(s1z1, s2z2, . . . , spzp)

=
∑

(s1,s2,...,sp)∈S(p)

hp(Λ(p)
s z(p)) for each zi > 0,

(3.1)

where ⎡
⎢⎢⎢⎣

s1z1

s2z2
...

spzp

⎤
⎥⎥⎥⎦ = diag (s1, s2, . . . , sp)

⎡
⎢⎢⎢⎣

z1

z2
...
zp

⎤
⎥⎥⎥⎦ = Λ(p)

s z(p). (3.2)

For Z(p) ∼ Np(μ(p), Σ(p)), we then have W
(p)
s = Λ(p)

s Z(p) ∼ Np(μ
(p)
s , Σ(p)

s )
with μ

(p)
s = Λ(p)

s μ(p) and Σ(p)
s = Λ(p)

s Σ(p)Λ(p)′
s .

We first obtain the mean vector, dispersion matrix and the mgf of the
bivariate folded normal distribution and then generalize that to get the same
for MVFN distribution. It may be noted that the pdf of the BVFN distri-
bution has been reconstructed here as mentioned in Section 1. Accordingly,
its mean vector, dispersion matrix and mgf are derived on the basis of the
new form of pdf.
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3.1. Mean vector. Suppose the mean vector of bivariate folded normal
distribution is given by μ

(2)
f . Then the expression for μ

(2)
f can be obtained

as follows. From (3.1) and (3.2) it can be seen that

μ
(2)
f = E[|Z(2)| ; Z(2) ∼ N2(μ(2),Σ(2))]

=
∑

(s1,s2)∈S(2)

1

(
√

2π)2
√
| Σ(2)

s |

∫ ∞

ws1=0

∫ ∞

ws2=0

(
ws1

ws2

)

× exp
[
−1

2
(w(2)

s − μ(2)
s )′Σ(2)−1

s (w(2)
s − μ(2)

s )
]

dws1dws2

(3.3)

Now since Σ(2)
s is a variance-covariance matrix and hence positive defi-

nite, we can express Σ(2)
s as Σ(2)

s = B
(2)
s B

(2)′
s ,∀s ∈ S(2). It may be noted

that in general B
(2)
s is not unique. However, if we restrict our attention

to the subclass of all lower triangular matrices, then B
(2)
s is unique (Tong,

1990).
Let us now consider the transformation W

(2)
s → Y

(2)
s :

(W (2)
s − μ

(2)
s ) = B

(2)
s Y

(2)
s ,∀s ∈ S(2), (3.4)

where Y
(2)

s =
(

ys1

ys2

)
.

Hence from (3.3) and (3.4), we get

E[W (2)
s ] =

1

(
√

2π)2
√
|Σ(2)

s |

∫ ∞

ws2=0

∫ ∞

ws1=0
ws

(2)

× exp
[
−1

2
(w(2)

s − μ(2)
s )′Σ(2)−1

s (w(2)
s − μ(2)

s )
]

dw(2)
s

=
1

(
√

2π)2

∫ ∞

ys2=−(B
(2)
s )

−1

2 μ
(2)
s

∫ ∞

ys1=−(B
(2)
s )

−1

1 μ
(2)
s

(
μ(2)

s + B(2)
s y(2)

s

)

× exp
[
−1

2
y(2)′

s y(2)
s

]
dy(2)

s

=
μ

(2)
s

(
√

2π)2

∫ ∞

ys2=−(B
(2)
s )

−1

2 μ
(2)
s

∫ ∞

ys1=−(B
(2)
s )

−1

1 μ
(2)
s

× exp
[
−1

2
y(2)′

s y(2)
s

]
dy(2)

s
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+
B

(2)
s

(
√

2π)2

∫ ∞

ys2=−(B
(2)
s )

−1

2 μ
(2)
s

∫ ∞

ys1=−(B
(2)
s )

−1

1 μ
(2)
s

(
ys1

ys2

)

× exp
[
−1

2
y(2)′

s y(2)
s

]
dy(2)

s

= μ(2)
s

2∏
i=1

Φ
[
(B(2)

s )
−1

i μ(2)
s

]

+ B(2)
s

⎛
⎜⎜⎜⎜⎝

φ

(
(B(2)

s )
−1

1 μ
(2)
s

)
× Φ
[
(B(2)

s )
−1

2 μ
(2)
s

]

φ

(
(B(2)

s )
−1

2 μ
(2)
s

)
× Φ
[
(B(2)

s )
−1

1 μ
(2)
s

]
⎞
⎟⎟⎟⎟⎠ (3.5)

From (3.5) the expression for mean of the bivariate folded normal distri-
bution can be obtained as

μ
(2)
f =

∑
(s1,s2)∈S(2)

{
μ(2)

s

2∏
i=1

Φ
[
(B(2)

s )
−1

i μ(2)
s

]

+ B(2)
s

⎛
⎜⎜⎜⎜⎝

φ

(
(B(2)

s )
−1

1 μ
(2)
s

)
× Φ
[
(B(2)

s )
−1

2 μ
(2)
s

]

φ

(
(B(2)

s )
−1

2 μ
(2)
s

)
× Φ
[
(B(2)

s )
−1

1 μ
(2)
s

]
⎞
⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

.

(3.6)

Thus generalizing (3.6) for p-variate case one can obtain mean vector of
MVFN distribution as:

μ
(p)
f =

∑
s∈S(p)

μ(p)
s

p∏
i=1

Φ
[
(B(p)

s )
−1

i μ(p)
s

]

+
∑

s∈S(p)

B(p)
s

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

φ

(
(B(p)

s )
−1

1 μ
(p)
s

)
×
∏p

i=2 Φ
[
(B(p)

s )
−1

i μ
(p)
s

]
...

φ

(
(B(p)

s )
−1

j μ
(p)
s

)
×
∏p

i = 1
�= j

Φ
[
(B(p)

s )
−1

i μ
(p)
s

]

...

φ

(
(B(p)

s )
−1

p μ
(p)
s

)
×
∏p−1

i=1 Φ
[
(B(p)

s )
−1

i μ
(p)
s

]

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠



8 A.K. Chakraborty and M. Chatterjee

=
∑

s∈S(p)

μ(p)
s

p∏
i=1

Φ[(B(p)
s )

−1

i μ(p)
s ] +

∑
s∈S(p)

B(p)
s Q(p)

s , (3.7)

where Q
(p)
s is a (p × 1) vector whose jth element Q

(p)
sj is defined in (2.1).

It can be easily verified that for p = 1, the expression in (3.7) reduces to
the same expression for the mean of univariate folded normal distribution as
given by Leone et al. (1961).

3.2. Dispersion matrix. Suppose the dispersion matrix of a BVFN dis-
tribution is given by Σ(2)

f . Then the expression for Σ(2)
f can be obtained as

follows:

Σ(2)
f = E

[(
X(2) − μ

(2)
f

)(
X(2) − μ

(2)
f

)′
:

X(2) = | Z(2) |, Z(2) ∼ N2(μ(2), Σ(2))
]

= E[X(2)X(2)′ ] − μ
(2)
f μ

(2)′

f

=
∑

(s1,s2)∈S(2)

E[W (2)
s W (2)′

s ] − μ
(2)
f μ

(2)′

f , (say). (3.8)

Now,

E[W (2)
s W (2)′

s ] =
1

(
√

2π)2
√
|Σ(2)

s |

∫ ∞

ws2=0

∫ ∞

ws1=0
w(2)

s w(2)′
s

× exp
[
−1

2
(w(2)

s − μ(2)
s )′Σ(2)−1

s (w(2)
s − μ(2)

s )
]

dw(2)
s

=
1

(
√

2π)2

∫ ∞

ys2=−(B
(2)
s )

−1

2 μ
(2)
s

∫ ∞

ys1=−(B
(2)
s )

−1

1 μ
(2)
s

(μ(2)
s +B(2)

s y(2)
s )

× (μ(2)
s + B(2)

s y(2)
s )′ × exp

[
−1

2
y(2)′

s y(2)
s

]
dy(2)

s , (3.9)

by using the transformation (3.4). Hence from (3.9) we have

E[W (2)
s W (2)′

s ] =
1

(
√

2π)2

∫ ∞

ys2=−(B
(2)
s )

−1

2 μ
(2)
s

∫ ∞

ys1=−(B
(2)
s )

−1

1 μ
(2)
s

×
[
μ(2)

s μ(2)′
s + B(2)

s Y (2)
s μ(2)′

s + μ(2)
s Y (2)′

s B(2)′
s

+ B(2)
s Y (2)

s Y (2)′
s B(2)′

s

]
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× exp

[
−1

2

2∑
i=1

y2
si

]
dys1dys2

=
4∑

i=1

I(2)
si

, (say), (3.10)

where

I(2)
s1

=
μ

(2)
s μ

(2)′
s

(
√

2π)2

∫ ∞

ys2=−(B
(2)
s )

−1

2 μ
(2)
s

∫ ∞

ys1=−(B
(2)
s )

−1

1 μ
(2)
s

× exp

[
−1

2

2∑
i=1

y2
si

]
dys1dys2

= μ(2)
s μ(2)′

s

2∏
i=1

Φ[(B(2)
s )−1

i μ(2)
s ] (3.11)

I(2)
s2

=
B

(2)
s

(
√

2π)2

(∫
ys2

∫
ys1

y(2)
s exp

[
−1

2

2∑
i=1

y2
si

]
dys1dys2

)
μ(2)′

s

= B(2)
s

⎛
⎜⎜⎜⎜⎝

Φ
[
(B(2)

s )
−1

2 μ
(2)
s

]
φ

[
(B(2)

s )
−1

1 μ
(2)
s

]

Φ
[
(B(2)

s )
−1

1 μ
(2)
s

]
φ

[
(B(2)

s )
−1

2 μ
(2)
s

]
⎞
⎟⎟⎟⎟⎠μ(2)′

s (3.12)

Similar to (3.12), it can be shown that,

I(2)
s3

= μ(2)
s

⎛
⎜⎜⎜⎜⎝

Φ
[
(B(2)

s )
−1

2 μ
(2)
s

]
φ

[
(B(2)

s )
−1

1 μ
(2)
s

]

Φ
[
(B(2)

s )
−1

1 μ
(2)
s

]
φ

[
(B(2)

s )
−1

2 μ
(2)
s

]
⎞
⎟⎟⎟⎟⎠

′

B(2)′
s , (3.13)

I(2)
s4

=
B

(2)
s

(
√

2π)2

{∫
ys2

∫
ys1

y(2)
s y(2)′

s exp

[
−1

2

2∑
i=1

y2
si

]
dys1dys2

}
B(2)′

s

= B(2)
s

[
I

(2)
s11 I

(2)
s12

I
(2)
s21 I

(2)
s22

]
B(2)′

s , (3.14)
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where

I(2)
s11

=
1

(
√

2π)2

∫
ys2

∫
ys1

y2
s1

exp

[
−1

2

2∑
i=1

y2
si

]
dys1dys2

= Φ
[
(B(2)

s )
−1

2 μ(2)
s

]
Φ
[
(B(2)

s )
−1

1 μ(2)
s

]
−
{

(B(2)
s )−1

1 μ(2)
s

}
φ
[
(B(2)

s )
−1

1 μ(2)
s

]
,

I(2)
s22

= Φ
[
(B(2)

s )
−1

1 μ(2)
s

]
Φ
[
(B(2)

s )
−1

2 μ(2)
s

]
− (B(2)

s )−1
2 μ(2)

s × φ
[
(B(2)

s )
−1

2 μ(2)
s

]
,

I(2)
s12

=
1

(
√

2π)2

∫
ys2

∫
ys1

ys1ys2 exp

[
−1

2

2∑
i=1

y2
si

]
dys1dys2

=
2∏

i=1

φ[(B(2)
s )−1

i μ(2)
s ]

= I(2)
s21

.

Using (3.11) to (3.14), we can obtain the expression for E[W (2)
s W

(2)′
s ] from

(3.10).
As such from (3.8), the expression for dispersion matrix of bivariate

folded normal distribution can be obtained as:

Σ(2)
f =

∑
s∈S(2)

E[W (2)
s W (2)′

s |W (2)
s = Λ(2)

s Z(2)] − μ
(2)
f μ

(2)′

f

=
∑

s∈S(2)

μ(2)
s μ(2)′

s

2∏
i=1

Φ
[
(B(2)

s )−1
i μ(2)

s

]

+
∑

s∈S(2)

B(2)
s

⎛
⎜⎜⎜⎜⎝

Φ
[
(B(2)

s )
−1

2 μ
(2)
s

]
φ

[
(B(2)

s )
−1

1 μ
(2)
s

]

Φ
[
(B(2)

s )
−1

1 μ
(2)
s

]
φ

[
(B(2)

s )
−1

2 μ
(2)
s

]
⎞
⎟⎟⎟⎟⎠μ(2)′

s
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+
∑

s∈S(2)

μ(2)
s

⎛
⎜⎜⎜⎜⎝

Φ
[
(B(2)

s )
−1

2 μ
(2)
s

]
φ

[
(B(2)

s )
−1

1 μ
(2)
s

]

Φ
[
(B(2)

s )
−1

1 μ
(2)
s

]
φ

[
(B(2)

s )
−1

2 μ
(2)
s

]
⎞
⎟⎟⎟⎟⎠

′

B(2)′
s

+
∑

s=(s1,s2)∈S(2)

B(2)
s

[
I

(2)
s11 I

(2)
s12

I
(2)
s21 I

(2)
s22

]
B(2)′

s − μ
(2)
f μ

(2)′

f . (3.15)

We are now in a position to generalize (3.15) for multivariate (p-variate,
say) case. With the help of the matrix Is,p = ((I(p)

sij )), i, j = 1(1)p, which is
defined in (2.2) and (2.3), the dispersion matrix of p-variate folded normal
distribution can be obtained as:

Σ(p)
f =

∑
s∈S(p)

{
μ(p)

s μ(p)′
s

p∏
i=1

[
B(p)

s

−1

i μ(p)
s

]
+ μ(p)

s Q(p)′
s B(p)′

s

+ B(p)
s Q(p)

s μ(p′)
s + B(p)

s Is,pB
(p)′
s

}
− μ

(p)
f μ

(p)′

f ,

where s = (s1, s2, . . . , sp).
It may be noted that here also the univariate analogue of this variance-

covariance matrix is the same as that of the expression given by Leone et al.
(1961).

3.3. Moment generating function (mgf). Suppose the mgf of a BVFN
distribution is denoted by M

(2)
X (t). Then the expression for M

(2)
X (t) can be

obtained as follows:

M
(2)
X (t) = E[et′X(2) | X(2) = | Z(2) |, Z(2) ∼ N2(μ(2), Σ(2))]

=
∑

s∈S(2)

E[et′W(2)
s ]

=
∑

s∈S(2)

1

(
√

2π)2
√
|Σ(2)

s |

∫ ∞

ws2=0

∫ ∞

ws1=0
exp
[
t′w(2)

s

]

× exp
[
−1

2
(w(2)

s − μ(2)
s )′Σ(2)−1

s (w(2)
s − μ(2)

s )
]

dw(2)
s
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Using the transformation W
(2)
s → Y

(2)
s as given in (3.4), we have

M
(2)
X (t) =

∑
s∈S(2)

1
(
√

2π)2

∫
ys2

∫
ys1

× exp

[
t′(μ(2)

s + B(2)
s y(2)

s ) − 1
2

2∑
i=1

y2
si

]
dys1dys2

=
1

(
√

2π)2
∑

s∈S(2)

exp
[
t′μ(2)

s +
1
2
t′B(2)

s B(2)′
s t

]

×
∫ ∞

ys2

∫ ∞

ys1

exp
[
y(2)′

s y(2)
s − 2t′B(2)

s y(2)
s + t′B(2)

s B(2)′
s t
]
dys1dys2

(3.16)

Now, let

ts = B(2)′
s t

=

(
(B(2)′

s )1
(B(2)′

s )2

)
t

=

(
(B(2)′

s )1t
(B(2)′

s )2t

)

=
(

ts1

ts2

)
,

where (B(2)′
s )i = ith row of B

(2)′
s ,∀i = 1, 2. Thus from (3.16) mgf of BVFN

can be obtained as

M
(2)
X (t) =

∑
s∈S(2)

1
(
√

2π)2

∫ ∞

ys2

∫ ∞

ys1

exp

[
−1

2

2∑
i=1

(ysi − tsi)
2

]
dys1dys2

=
∑

s∈S(2)

{
exp
[
t′μ(2)

s +
1
2
t′Σ(2)

s t

] 2∏
i=1

Φ
[
(B(2)′

s )it +(B(2)
s )−1

i μ(2)
s

]}

(3.17)
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It is worth mentioning here that, for bivariate folded standard normal

distribution, i.e. for μ(2) = 0, Σ(2)
1 =

(
1 ρ
ρ 1

)
and Σ(2)

2 =
(

1 −ρ
−ρ 1

)
,

the expression in (3.17) can be simplified as

M
(2)
X (t) = 2 e

1
2
t′Σ(2)

1 t
2∏

i=1

Φ
[
(B(2)′

1 )it
]

+ 2 e
1
2
t′Σ(2)

2 t
2∏

i=1

Φ
[
(B(2)′

2 )it
]

= 2eT Φ2(bs; R) + 2eT ′
Φ2(bs; R′), (3.18)

where, T = (1/2)t′Σ(2)
1 t, T ′ = (1/2)t′Σ(2)

2 t, bs = Rt (or R′t as the case may
be), Φ2(bs; R) is the cdf of the bivariate standard normal distribution with
correlation matrix R = Σ(2)

1 and Φ2(bs; R′) is that with correlation matrix
R′ = Σ(2)

2 .
The mgf of bivariate folded standard normal distribution, proposed by

Psarakis and Panaretos (2001), matches with the expression given in (3.18).
Thus their expression is a special case of M

(2)
X (t). In fact, the assumption of

μ(2) = 0 would fail to discriminate a folded normal distribution from a half
normal distribution as has been discussed by Leone et al. (1961).

We now generalize (3.17) for multivariate (p-variate, say) case. Thus mgf
of MVFN can be obtained as

M
(p)
X (t) =

∑
(s1,s2,...,sp)∈S(p)

{
exp
[
t′μ(p)

s +
1
2
t′Σ(p)

s t
]

×
p∏

i=1

Φ
[
(B(p)′

s )it + (B(p)
s )−1

i μ(p)
s

]}

(3.19)

It is interesting to note that for p = 1, M
(p)
X (t) in (3.19) gives the mean

and variance of the univariate folded normal distribution as obtained from
Leone et al. (1961).

4 Conclusion
Univariate folded normal distribution was developed by Leone et al.

(1961). In the present paper, we have developed its multivariate coun-
terpart. Although, Psarakis and Panaretos (2001) had already proposed
bivariate folded normal distribution, they constructed the mgf of only the
bivariate folded standard normal distribution. On the contrary, we have con-
structed a more general form of the distribution for ‘p’-variate case with a
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general form of the mean vector and the dispersion matrix of the correspond-
ing p-variate normal distribution. We have also derived the expressions of
the mean vector, dispersion matrix and the mgf of the MVFN distribution.
It can be shown that the corresponding expressions obtained by Leone et al.
(1961) and Psarakis and Panaretos (2001) can be derived as special cases of
ours. We have also made a brief discussion on the possible application of
MVFN distribution in multivariate process capability analysis which is one
of the core areas of the theory of statistical quality control. However, we
have not dealt with the estimation procedure of the parameters involved in
MVFN which is required for exploring the distribution further. Given the
complicated form of the distribution itself, such estimation will definitely be
challenging yet interesting.

Acknowledgement. The authors acknowledge some very useful discus-
sions with Prof. Shibdas Bandapadhyay, Applied Statistics Unit, Indian
Statistical Institute, Kolkata and the anonymous referee(s) for their valu-
able comments to make the paper better.
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