
Sankhyā : The Indian Journal of Statistics
2013, Volume 75-A, Part 2, pp. 194-210
c© 2013, Indian Statistical Institute

Brownian Crossings via Regeneration Times

B. Rajeev
Indian Statistical Institute, Bangalore, India

K. B. Athreya
Iowa State University, Ames, USA

Abstract

Let {Bt, t ≥ 0} be a standard one-dimensional Brownian motion. For each
t > 0 let σt be the last entrance time before t into the interval (a, b), dt the
time of the first exit from (a, b) after t and Yt := Bt −Bσt . In this paper we
study i) the limit behaviour of the normalised occupation times of the process
(Yt), ii) the limiting joint distribution of (t−σt, dt− t) and (dt− t,Bdt −Bt),
conditioned on the event {Bt ∈ (a, b)}, as t → ∞ and iii) derive renewal
equations satisfied by the probabilities φ(t) := Pa{0 < t − σt < u, 0 <
Bt −Bσt < y} and γ(t) := Pa{0 < dt − t < u, 0 < Bdt −Bt < y}.
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times, renewal equation, excursions, semi-martingales, conditional limit
theorems, regeneration times, regenerative processes, Tauberian theorems.

1 Introduction

Let B ≡ (Bt) be a one-dimensional Brownian motion and a < b real
numbers. For t ≥ 0, let σt be the last entrance time into the interval (a, b),
before t, by B. Since P(Bt ∈ (a,b)for some t > 0) = 1, σt is well defined, for
all t large, almost surely. Let Nt denote the number of crossings of (a, b) by
time t (see precise definitions in Section 2). Let Yt := Bt − Bσt , t ≥ 0. In
Section 3, Theorem 3.3, we derive a limit theorem for the occupation times
of {Yt : t ≥ 0}. More precisely we show that

1√
t

∫ t

0
f(Yt) dt

d−→
ξ 1
2

2
√
2(b− a)

⎛
⎝
∫

S

f dπ

⎞
⎠ (1.1)

where
d−→ stands for convergence in the sense of distributions; ξ1/2 is the

Mittag-Leffler distribution of index 1/2 (see equation (2.1) below);
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S ≡ (−(b − a), b − a) and π is a finite measure on the Borel σ- field S (see
Section 3 for the definition of π). When (Yt) is a time homogeneous Markov
process such results go back to Darling and Kac (1957) (see also Kallianpur and
Robbins (1953); Papanicolau, Stroock and Varadhan (1977)). In Athreya
(1986), a different proof of the results in Darling and Kac (1957) was given
and the same results were also extended to regenerative processes. The
process (Yt) defined above and its semi-martingale structure was studied in
Rajeev (1989b). Note that (Yt) is not a Markov process and it is in gen-
eral not a regenerative process as defined in Athreya (1986). However when
B0 ≡ a (or ≡ b) then we can show that it is regenerative,with regeneration
times having heavy tails. Let Nt denote the number of cycles (or renewals)
completed by time t (see precise definition in Section 2). In Section 2, we
develop limit theorems for Nt when the regeneration times have heavy tails.
We apply this to the Brownian crossing process (Yt) and derive (1.1) above
in Theorem 3.3.

Let dt be the first exit time from (a, b) by B after time t ≥ 0. Analo-
gous to renewal theory, the interval (σt, dt) may be considered an ‘excursion
interval’ for the excursions of B into (a, b). In Section (4), we derive the
limiting joint distribution of (t−σt, dt− t) and (dt− t, Bdt −Bt), conditioned
on {Bt ∈ (a, b)} as t → ∞ (see Theorems 4.2 and 4.6 and Remark 4.7).
Note that the conditioning event {Bt ∈ (a, b)} has probability going to zero
as t → ∞. Thus the results of Section 4 are similar to those in branching
processes for the critical and subcritical cases (see Athreya and Ney (2000)).
In Section 5, as a consequence of the strong Markov property for Brownian
motion, we derive (Theorem 5.1) a renewal equation for the probabilities

φ(t) := P{0 < t− σt < u, 0 < Bt −Bσt < y|B0 = a}

and

γ(t) := P{0 < dt − t < u, 0 < Bdt −Bt < y|B0 = a}

where 0 < y < b− a and u > 0 are fixed numbers.

2 Limiting distribution of a renewal process with heavy tailed
regeneration times

Let (Xi)i≥1 be i.i.d. positive non lattice random variables. such that
P (X1 > t) ∼ c/

√
t as t→ ∞ for some 0 < c <∞.

Let η0 = 0, ηj = X1 + X2 + . . . + Xj , j ≥ 1. For 0 < t < ∞, let
Nt := sup{k : ηk ≤ t}. Note that Nt = k if ηk ≤ t < ηk+1, k = 0, 1, 2, . . ..
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Let F (x) = P (X1 ≤ x), 0 < x < ∞. Let ξα denote a random variable
with the Mittag–Leffler distribution with parameter α, 0 < α < 1, i.e. it is a
random variable with values in [0,∞) and moments

Eξkα = k!(Γ(αk + 1))−1 k = 0, 1, 2, · · · (2.1)

It maybe noted that the moments of ξα satisfy the Carleman condition viz.

∞∑
1

1

μ
1
2k
2k

= ∞

where μk := Eξkα; hence the moments determine the distribution of ξα
uniquely (see Feller, 1986, VII.4, p. 224). In what follows, for two non-
negative functions a(t), b(t) and 0 ≤ t0 ≤ ∞, we write a(t) ∼ b(t) as t → t0
if lim

t→t0
a(t)/b(t)=1. The following result and (Theorem 2.3 below) were men-

tioned in Athreya (1986), but we give a proof for the sake of completeness.

Theorem 2.1. Let (Nt), (Xi), (ηi) be as above. Suppose that P (X1 >
t) ∼ C/

√
t as t→ ∞ for some 0 < C <∞. Then

a) as t→ ∞, EN(t)/
√
t→ 2

Cπ ,

b) as t→ ∞, N(t)/
√
t

d→ 1
C
√
π
ξ1/2

To prove the theorem, we need the following Tauberian theorem. The
Gamma function is denoted as Γ(.).

Theorem 2.2. (Karamata’s Tauberian Theorem) Let U(·) be a nonde-

creasing non-negative function on (0,∞). Let W (τ) ≡
∞∫
0

e−τtU (dt) for

τ > 0. Let L(·) be slowly varying at ∞.
Then

U(t) ∼ tρL(t)

Γ(ρ+ 1)
, for some 0 < ρ <∞, as t ↑ ∞

iff

W (s) ∼ s−ρL

(
1

s

)
as s ↓ 0.

For a proof, we refer to Feller Vol. II, p. 421, Theorem 2.
Proof of Theorem 2.1. a). We note that E(N(t))k <∞, k = 1, 2, · · ·

(see Athreya and Lahiri (2006), Cor. 3.5.2.) and further that

N(t) =

{
0 if η1 > t

1 + Ñ(t− η1), η1 ≤ t,
(2.2)
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{Ñ (u) : u ≥ 0} being the same process as {N(u) : u ≥ 0} but defined in
terms of {ηj : j ≥ 2}, i.e. Ñu := sup{k : η̃k ≤ u} where η̃0 := 0, η̃j :=
j∑

i=1
Xi+1, j = 1, 2 · · · .
So taking expectations in (2.2), we get

EN(t) = F (t) + E{Ñ(t− η1) : η1 ≤ t}, t ≥ 0. (2.3)

Let M(t) := EN(t), t ≥ 0. Then from (2.3), using the independence of (Ñu)
and η1 we get

M(t) = F (t) +

∫

[0,t]

M(t− u) dF (u) (2.4)

= F (t) +M ∗ F (t) (2.5)

Let

M̃(s) :=

∫

[0,∞)

e−su dM(u) and F̃ (s) ≡
∫

[0,∞)

e−sudF (u), s ≥ 0.

Then, taking Laplace transforms in eqn (2.4), we get

M̃(s) =
F̃ (s)

1− F̃ (s)
.

Next,

1− F̃ (s) =

∫

[0,∞)

(1− e−st) dF (t) =

∫

[0,∞)

⎛
⎝s

t∫

0

e−sxdx

⎞
⎠ dF (t)

= s

∞∫

0

e−sx

⎛
⎜⎝

∫

[x,∞)

dF (t)

⎞
⎟⎠ dx = s

∞∫

0

e−sx(1− F (x)) dx.

By hypothesis 1 − F (x) ∼ C/
√
x as x → ∞ and hence

t∫
0

(1 − F (x)) dx ∼
2C

√
t.

So by Karamata’s Tauberian Theorem 2.2, as s ↓ 0, we get

1− F̃ (s)

s
∼ s−

1
22CΓ

(
3

2

)
.
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This implies that as s ↓ 0, 1 − F̃ (s) ∼ √
sCΓ(1/2). Also as s ↓ 0, F̃ (s) ↑∫

[0,∞)

dF (t) = 1. So as s ↓ 0,

M̃(s) ∼ 1√
sCΓ

(
1
2

) .
By Karamata’s Theorem 2.2 above, this yields, as t→ ∞,

M(t) ∼
√
t

Γ
(
3
2

) 1

CΓ
(
1
2

) =
2
√
t

Cπ

This proves part a) of the theorem.
b). Let Mk(t) = E(N(t))k , k ≥ 1.
Then,

Mk(t) = E((N(t))k : η1 > t) + E((1 + Ñ(t− η1))
k : η1 ≤ t)

= E

⎛
⎝k−1∑

j=0

(
k
j

)
(Ñ (t− η1)

j : η1 ≤ t)

⎞
⎠+ E((Ñ (t− η1)

k : η1 ≤ t))

=

k−1∑
j=0

(
k
j

) ∫

[0,t]

Mj(t− u) dF (u) +

∫

[0,t]

Mk(t− u) dF (u).

Thus, we have,

Mk(t) =

k−1∑
j=0

(
k
j

)
(Mj ∗ F )(t) +Mk ∗ F (t). (2.6)

where ∗ stands for convolution as in eqn (2.4). Let

M̃j(s) =

∫

[0,∞)

ēsu dMj(u), j = 1, 2, . . . , and F̃ (s) =

∫

[0,∞)

ēsu dF (u).

Then taking Laplace transforms in eqn (2.5) we get,

M̃k(s)(1− F̃ (s)) =

⎛
⎝k−1∑

j=0

(
k
j

)
M̃j(s)

⎞
⎠ F̃ (s).

For k = 2, using the fact that M̃0(s) ≡ 0, we get

M̃2(s)(1− F̃ (s)) = 2M̃1(s) F̃ (s).
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Since M̃1(s) = F̃ (s)/1− F̃ (s), we get

M̃2(s) = 2
(F̃ (s))2

(1− F̃ (s))2
.

Similarly for k = 3, we get

M̃3(s) =
3× 2(F̃ (s))3

(1− F̃ (s))3
+ 3

(F̃ (s))2

(1 − F̃ (s))2
.

By induction

M̃k(s) = k!
(F̃ (s))k

(1 − F̃ (s))k
+ lower order terms.

Since (1− F̃ (s)) ∼ √
sCΓ(1/2) as s ↓ 0, and F̃ (s) ↑ 1 as s ↓ 0 it follows from

(2.6) that as s ↓ 0,

M̃k(s) ∼ k!s−k/2

(C
√
π)k

, k = 1, 2, . . .

By Karamata’s Theorem 2.2 above, we get as t ↑ ∞

E(N(t))k ∼ k!tk/2

(C
√
π)k

1

(Γ(k2 + 1))
, ∀ k = 1, 2, . . .

i.e.

E

(
N(t) C

√
π√

t

)k

→ k!

Γ(k2 + 1)
= E(ξ1/2)

k, k = 1, 2, . . .

Then part b) follows from the method of moments.

A more general result holds. Let L(t) be a slowly varying function at ∞.

Theorem 2.3. Suppose for some 0 < α < 1, P (X1 > t) ∼ t−αL(t).
Then ∀ k = 1, 2, . . .

E

(
N(t) Cα L(t)

tα

)k

→ k! (Γ(kα+ 1))−1 (2.7)

where Cα = Γ(1 + α)/(1 − α) and hence

N(t) L(t)

tα
d→ ξα

Cα
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Proof. Since P (X1 > t) ∼ t−αL(t), as t→ ∞, we have

t∫

0

P (X1 > x)dx ∼ t1−αL(t)

(1− α)
=
t1−α L(t) Γ(1 + α)

Γ(1 + α)(1 − α)

as t→ ∞, and hence by Karamata’s Tauberian Theorem 2.2

∞∫

0

e−st P (X1 > t) dt ∼ s̄(1−α) L

(
1

s

)
Γ(1 + α)

(1− α)
as s ↓ 0.

But

∞∫

0

e−st P (X1 > t) dt =

∞∫

0

e−st

⎛
⎝

∞∫

t

dF (x)

⎞
⎠ dt

=

∞∫

0

⎛
⎝

x∫

0

e−stdt

⎞
⎠ dF (x) =

∞∫

0

(1− e−sx)

s
dF (x) =

1− F̃ (s)

s

Thus

(1− F̃ (s)) ∼ sαL

(
1

s

)
Γ(1 + α)

(1− α)
.

Proceeding as in the proof of Theorem 2.1, we get as s ↓ 0 and k = 1, 2, · · · ,

M̃k(s) ∼ s−αk k!

(L(1s )Cα)
.

By Karamata’s Tauberian Theorem 2.2 we get as t→ ∞ and k = 1, 2, · · ·

Mk(t) ∼ tαk k!

Γ(1 + αk) (L(t)Cα)k

and hence eqn (2.7) follows. So by the method of moments,

N(t) L(t)

tα
d→ ξα
Cα

.
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3 Limiting distribution of occupation times of {Yt : t ≥ 0.}
Let a and b are real numbers with a < b. Let (Bt) be a one-dimensional

Brownian motion with B0 ≡ a. Define a sequence of stopping times {τk}k≥0

as follows: Let τ0 ≡ 0. Let

τ2k+1 = inf{s > τ2k : Bs = b}, k = 0, 1, 2, · · ·
τ2k = inf{s > τ2k−1 : Bs = a}, k = 1, 2, · · ·

We will denote by Tc the first passage time to level c ∈ R by an independent
real valued standard Brownian motion (Wt) viz. Tc = inf{s > 0 : Ws = c}.
Let T0 ≡ 0 and let Tk := τ2k − τ2(k−1), k = 1, 2, · · · . Note that by the strong

Markov property, Tk
d
= T2(b−a) where

d
= denotes equality in law. It follows

again from the strong Markov property and the symmetry of the standard
Brownian motion that (Tk)k≥1 are independent and identically distributed.
The Tk’s thus generate a renewal process and we continue to denote by Nt

the number of renewals, i.e. Nt = sup {k : τ2k ≤ t}, t ≥ 0. Note that
τ2i :=

∑i
j=1 Tj, i = 1, · · · . Let σt := sup {s ≤ t : Bs ∈ (a, b)c} be the last

entrance times of B into the interval (a, b) before time t with the convention
that sup{φ} = 0. Let Yt := Bt −Bσt be the associated crossing process (see
Rajeev (1989b)).

Define the measure π on the Borel σ-field S of S := (−(b− a), b− a) as
follows: For A ∈ S define π(A) := 1/2{π+(A) + π−(A)}, where

π+(A) := E

∫ Tb−a

0
IA((Ws)

+) ds

and

π−(A) := E

∫ T−(b−a)

0
IA(−(Ws)

−) ds

Note that π+(A), π−(A) are respectively the expected time spent in the
portion of A above (respectively, below) zero up to the time (Wt) reaches
b−a (respectively −(b−a)). Further π+(A), π−(A) are supported on (0, b−a)
and (−(b − a), 0). Since π+{0} is the expected time spent by a standard
Brownian motion below 0 during [0, Tb−a) it is necessarily infinity. Similarly
π−{0} = ∞. However the following holds:

Proposition 3.1.

π+((0, b− a)) = π−(−(b− a), 0) = (b− a)2.
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Proof. Let (L(t, x)) ≡ (LW (t, x)) denote the local time process of (Wt)
at x ∈ R. Since W0 ≡ 0, we have using Tanaka’s formula (see Revuz and
Yor (1991), Chap. VI, Sec. 1), for 0 ≤ x ≤ c,

EL(Tc, x) = lim
t↑∞

E(L(Tc ∧ t, x)) = lim
t↑∞

2E(WTc∧t − x)+

= 2(c− x)

We then have, from the occupation density formula (see Revuz and Yor
(1991), Chap. VI, Sec. 1),

π+((0, (b − a))) := E

∫ Tb−a

0
I(0,(b−a))((Ws)

+) ds

= E

∫ b−a

0
L(Tb−a, x) dx

=

∫ b−a

0
EL(Tb−a, x) dx

=

∫ b−a

0
2((b− a)− x) dx

= (b− a)2.

By symmetry, π+((0, b − a)) = π−(−(b− a), 0) and the proof is complete.

Remark 3.1. It can be checked that the random variable ξ1/2 defined

via equation (2.1) with α = 1/2, has the same distribution as
√
2|X|, where

X ∼ N(0, 1). It is also known that |X| has the same distribution as the
random variable 1√

t
sup
s≤t

Ws. Further as a consequence of Skorokhod’s lemma

(see Revuz and Yor (1991), Chap. VI, Sec. 2) the latter has the same

distribution as L(t,0)√
t

for each t > 0.

We then have the following result.

Theorem 3.3. Let {Nt, t ≥ 0}, {Yt : t ≥ 0.}, π, and ξ1/2 be as above.
Then

1. The process (Yt) is regenerative with regenerative times τ2k, k = 1, 2, · · · .

2. Further as t→ ∞ we have Nt/
√
t

d−→ ξ1/2

2
√
2(b−a)

3. Let f : S → R,
∫ |f | dπ <∞. Then as t→ ∞,

1√
t

∫ t

0
f(Yt) dt

d−→
ξ 1
2

2
√
2(b− a)

⎛
⎝
∫

S

f dπ

⎞
⎠ .
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Proof. 1). It suffices to show following the definition of a regenerative
process (see Section 2; Athreya (1986)) that {Yt, τ2i ≤ t < τ2(i+1)} for
i = 1, 2, · · · are independent and identically distributed. We first note that
during a down crossing interval

{Yt, τ2i+1 ≤ t < τ2(i+1)} d
= {−(Wt)

−, 0 ≤ t < T−(b−a)}

for i = 1, 2, · · · and that during an up crossing interval

{Yt, τ2i ≤ t < τ2i+1} d
= {(Wt)

+, 0 ≤ t < T(b−a)}

for i = 0, 1, · · · . By the strong Markov property, the processes {Yt, τ2i ≤
t < τ2(i+1)} for i = 1, 2, · · · are independent. Moreover, for each fixed i,
the processes {Yt, τ2i ≤ t < τ2i+1} and {Yt, τ2i+1 ≤ t < τ2(i+1)} are
independent. Since

{Yt, τ2i ≤ t < τ2(i+1)} = {Yt, τ2i ≤ t < τ2i+1}
⋃

{Yt, τ2i+1 ≤ t < τ2(i+1)}
it follows from the above observations that the law of {Yt, τ2i ≤ t < τ2(i+1)}
is determined as a functional of {(Wt)

+, 0 ≤ t < T(b−a)} and {−(W ′
t)

−, 0 ≤
t < T−(b−a)}, where (Wt) and (W ′

t) are two independent standard Brownian
motions. Hence {Yt, τ2i ≤ t < τ2(i+1)} for i = 1, 2, · · · are identically
distributed. It follows that (Yt) is regenerative.

2). From the distribution of the hitting time of Brownian motion,√
tP (T2(b−a) > t) → C, where C > 0 is a constant. Indeed for x > 0,we have

as t→ ∞,

P (Tx > t) = 2Φ

(
x√
t

))
− 1 ∼

√
2x√
πt

Taking X1 := T1
d
= T2(b−a), the assertion 2) follows from Theorem 2.1 with

the constant C in that theorem now evaluated as C = 2(b− a)
√

2/π.
3). We have

1√
t

∫ t

0
f(Yt) dt =

Nt√
t

1

Nt

∫ t

0
f(Yt) dt (3.1)

Since (Yt) is regenerative, we have as in Proposition 2 of Athreya (1986), for
f satisfying the given hypothesis that

∫
S

|f | dπ <∞ (which, since π{0} = ∞
implies f(0) = 0),

1

Nt

∫ t

0
f(Yt) dt → E

∫ τ2

0
f(Ys) ds =

∫

S

f dπ
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almost surely, as t → ∞,. It follows, using part 2) of the theorem that the

RHS in eqn (3.1) converges in distribution, as t→∞ to
ξ1/2

2
√
2(b−a)

(∫
S

fdπ

)
. This

completes the proof of the theorem.

Remark 3.4. We remark that in the case of crossings of an interval (a, b)
by a Brownian motion, Theorem 2.1a) maybe directly proved as follows:
from Rajeev (1989a) we have the following relationship between the expected
number of crossings N ′

t of (a, b) by the Brownian motion (Bt) during [0, t]
and the expected time spent in (a, b) by (Bt) during [0, t]:

E

∫ t

0
I(a,b)(Bs) ds = (b− a)2EN ′

t + E(Bt −Bσt)
2.

Since |Bt −Bσt | ≤ b− a, it follows that

lim
t→∞

EN ′
t√
t

= lim
t→∞

1

(b− a)2
1√
t

∫ t

0

1√
2πs

∫ b

a
e−

x2

2s dx ds

=

√
2

π

1

b− a

It follows that

lim
t→∞

ENt√
t

=
1

2
lim
t→∞

EN ′
t√
t

=
1√

2π(b− a)

Remark 3.5. By the symmetry of Brownian motion around zero, {|Yt|,
τj ≤ t < τj+1} d

= {(Wt)
+, 0 ≤ t < Tb−a} for j = 0, 1, · · · . In particular,

(|Yt|) is a regenerative process with regeneration times τi, i = 0, 1, · · · .
Now it follows from Theorem 1 of Athreya (1986), with S = [0, b − a) and
f : S → R,

∫ |f | dπ <∞, that as t→ ∞,

1√
t

∫ t

0
f(|Yt|) dt d−→

ξ 1
2√

2(b− a)

(∫
f dπ+

)
.

4 Limiting distributions related to excursion intervals

Let (Bt) be a Brownian Motion as before but with B0 arbitrary, a < b
and (σt) be as in the previous section. Let for t ≥ 0,

dt := inf{s > t : Bs �∈ (a, b)}.
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From the properties of Brownian motion, it follows that dt < ∞ almost
surely for all t ≥ 0. For x ∈ (a, b) and u > 0 define

ψ(x, u, a, b) := P

(
a < min

0≤s≤u
Bs < max

0≤s≤u
Bs < b | B(0) = x

)

It is known (see Revuz and Yor (1991), Chap. 3, Sec. 3, ex. 3.15 for the
case a < 0 < b) that for a < b real numbers, ψ(x, u) ≡ ψ(x, u, a, b) :=
b∫
a
K(u, x, a, b, y) dy where

K(u, x, a, b, y) =
1√
2πu

n=∞∑
n=−∞

[
e−

(y+2n(b−a))2

2u − e−
(y−2(b−x)+2n(b−a))2

2u

]
(4.1)

Thus 0 ≤ ψ(x, u) ≤ 1, ψ(x, u) → 1 as u → 0 and ψ(x, u) → 0 as u → ∞,
and is jointly continuous in x and u.

Proposition 4.1. t − σt and dt − t converge to zero in probability as
t→ ∞.

Proof. Enough to note that for −∞ < a < b < ∞, P (Bt ∈ (a, b)) → 0
as t→ ∞ and that for ε > 0, {t−σt > ε} and {dt−t > ε} are both contained
in {Bt ∈ (a, b)}.

Theorem 4.2. Let u1 > 0, u2 > 0 and ψ(., .) be as above. Then

lim
t→∞ P (t− σt > u1, dt − t > u2 | Bt ∈ (a, b)) =

1

b− a

b∫

a

ψ(x, u1 + u2) dx.

Proof. Let u1 > 0, u2 > 0. We note that,

{t− σt > u1, dt − t > u2} =

{
a < inf

t−u1≤s≤t+u2

Bs < sup
t−u1≤s≤t+u2

Bs < b

}
.

Using the Markov property at time t− u1 we get

P{t− σt > u1, dt − t > u2 | Bt ∈ (a, b)}

=

P
{
a < inf

t−u1≤s≤t+u2

Bs < sup
t−u1≤s≤t+u2

Bs < b
}

P (Bt ∈ (a, b))

=

b∫
a
P
{
a < inf

0≤s≤u1+u2

Bs < sup
0≤s≤u1+u2

Bs < b | B0 = x
}
P (Bt−u1 ∈ dx)

b∫
a
P (Bt ∈ dx)
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=

b∫
a
ψ(x, u1 + u2)

1√
2π(t−u1)

ϕ
(

x√
t−u1

)
dx

1√
2πt

b∫
a
ϕ
(

x√
t

)
dx

where ϕ(x) = e−x2/2. The result follows on letting t→ ∞ in the RHS above
and using the dominated convergence theorem.

Corollary 4.3.

lim
t→∞P{t− σt ≤ u | Bt ∈ (a, b)} = lim

t→∞P{dt − t ≤ u | Bt ∈ (a, b)}

=

b∫

a

1− ψ(x, u)

b− a
dx.

Proof. Let u1 ↓ 0 and u2 ↓ 0 separately.

Remark 4.4. Since ψ(x, u) → 0 as u→ ∞ for every fixed x ∈ (a, b), the
RHS in Cor 4.3 defines a proper probability distribution and consequently
t − σt and dt − t, conditional on Bt ∈ (a, b) converge to proper probability
distributions.

Note that for a < x < b,

ψ(x, u) = P{d0 > u | B0 = x}.
For a < x < b, let ηx be a random variable such that ηx is distributed as
d0 | B0 = x, i.e. P (ηx ≤ u) = 1 − ψ(x, u). Let U be uniformly distributed
on the interval (a, b). Then we can rephrase the above Corollary as follows.

Corollary 4.5.

lim
t→∞ P{dt − t ≤ u | Bt ∈ (a, b)} = Ef(U)

where f(x) = P (ηx ≤ u).

Proof. The distribution of Bt conditioned on the event {Bt ∈ (a, b)}
converges as t→ ∞ to the uniform distribution on (a, b).

In fact, more is true. We have

Theorem 4.6. For a Borel set A in R
2 we have

lim
t→∞ P{(dt − t, Bdt −Bt) ∈ A | Bt ∈ (a, b)} = Eh(U)

where

h(x) := P{(d0, Bd0 − x) ∈ A | B0 = x}
and U is uniformly distributed over (a, b).
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Proof. We note that if dt(ω) < ∞, dt(ω) = t + d0(θtω) and Bdt(ω) =
Bd0(θtω) where θtω is the path ω shifted by time t. Hence, using the Markov
property at time t,

P{(dt − t, Bdt −Bt) ∈ A, |Bt ∈ (a, b)}

=

b∫
a
P{(d0, Bd0 −B0) ∈ A | B0 = x} 1√

2πt
ϕ
(

x√
t

)
dx

b∫
a

1√
2πt

ϕ
(

x√
t

)
dx

and the proof can be completed as in the previous theorem.

Remark 4.7. Theorem 4.2 and Corollary 4.3 suggest that the following
analogue of Theorem 4.6 should be true viz.

lim
t→∞ P{(t− σt, Bt −Bσt) ∈ A | Bt ∈ (a, b)} = Eh(U)

where

h(x) := P{(d0, x−Bd0) ∈ A | B0 = x}

and U is uniformly distributed random variable over (a, b). This has not
been proved yet.

5 Some renewal equations

In this section we take Ω = C[0,∞), Bt(ω) ≡ ω(t) for ω ∈ Ω, t ≥ 0. Let
F = σ{Bt, t ≥ 0} and Ft = σ{Bs, 0 ≤ s ≤ t}. Let P0 denote the standard
Wiener measure on (Ω,F) with B0 ≡ 0. The translates of P0 are denoted
as Px(A) := P0(A− x), A ∈ F . Fix a < b. Let τk, k = 0, 1, 2... and σt, t ≥ 0
be as in Section 3. Let u > 0 and 0 < y < b − a be given. Define for
t ≥ 0, φ(t), z(t), γ(t), y(t) as follows:

φ(t) := Pa{0 < t− σt < u, 0 < Bt −Bσt < y}
z(t) := Pa{0 < t− σt < u, 0 < Bt −Bσt < y, 0 < t < τ2} (5.1)

γ(t) := Pa{0 < dt − t < u, 0 < Bdt −Bt < y}
y(t) := Pa{0 < dt − t < u, 0 < Bdt −Bt < y, 0 < t < τ2}.

We now show that φ and γ satisfy renewal equations.

Theorem 5.1. Let μa(A) := Pa{τ2 ∈ A} be the distribution of τ2 under
Pa. Then, for all t ≥ 0 we have
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1.

φ(t) = z(t) +

t∫

0

φ(t− s) μa(ds) (5.2)

2.

γ(t) = y(t) +

t∫

0

γ(t− s) μa(ds)

Proof. 1. Let θt : Ω → Ω, θtω(s) = ω(s+ t), s ≥ 0, t ≥ 0. For ω ∈ Ω we
observe the following: Let t ≥ τ2(ω). Let ω′ = θτ2ω, the path ω shifted by
the stopping time τ2(ω). Let s := t− τ2(ω). Then, σs(ω

′) = σt(ω) − τ2(ω).
In particular, it follows that if t ≥ τ2(ω), then t− τ2(ω) − σt−τ2(ω)(θτ2ω) =
t−σt(ω). Further, Bσs(ω′)(ω

′) = Bσt(ω)−τ2(ω)(ω
′) = Bσt(ω)(ω). In particular,

it follows that if t ≥ τ2(ω),

Bt−τ2(ω)(ω
′)−Bσt−τ2(ω)(ω′)(ω

′) ≡ Bt−τ2(ω) ◦ θτ2(ω)−Bσt−τ2(ω)
◦ θτ2(ω)

= Bt(ω)−Bσs(ω′)(ω
′)

= Bt(ω)−Bσt(ω)(ω).

We then have,

φa(t)− z(t) = Pa{0 < t− σt < u, 0 < Bt −Bσt < y, τ2 ≤ t}
= Pa{0 < t− τ2(ω)− σt−τ2(ω) ◦ θτ2(ω) < u,

0 < Bt−τ2(ω)(θτ2ω)−Bσt−τ2(ω)
(θτ2ω) < y, τ2 ≤ t}

= Ea[1(τ2≤t)Pa{0 < t− τ2 − σt−τ2 ◦ θτ2 < u,

0 < Bt−τ2 ◦ θτ2 −Bσt−τ2
◦ θτ2 < y | Fτ2}]

= Ea[1(τ2≤t)φBτ2
(t− τ2)]

=

t∫

0

φa(t− s) Pa(τ2 ∈ ds) [ since Bτ2 ≡ a]

where the last but one equality follows from an application of the strong
Markov property (see Revuz and Yor (1991)).

2. The proof is similar using the strong Markov property and the re-
lations dt(ω) = dt−τ2(ω)(ω

′) and Bdt(ω) = Bdt−τ2(ω)(ω′)(ω
′) where τ2(ω) ≤ t

and ω′ = θτ2ω.
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Remark 5.2. A similar result holds when −(b − a) < y < 0 and also
when Pa is replaced by Pb with appropriate changes in the definition of the
function z(t) and μa.

Let Ua(t) :=
∑∞

n=0 F
∗n(t), where F (t) := Pa{τ2 ∈ [0, t]} and for n ≥ 1,

F ∗n(t) is the nth convolution power of F and F ∗0(t) = I[0,∞)(t).

Corollary 5.3. Fix t > 0, 0 < y < b− a. Then we have

φ(t) =

∫

[0,t]

z(t− u)Ua(du). (5.3)

Proof. It is well known (see Resnick (1992)) that the unique solution
of equation (5.2) is given by equation (5.3).

Remark 5.4. Using the fact that the process (Tb)b≥0 has stationary and
independent increments and the explicit form of the distribution of Tb (see
Revuz and Yor (1991), p. 107), it follows from the definition of the renewal
function that

U(t) =

∫ t

0
f(s, b− a) ds

where for s > 0, x > 0 we define

f(s, x) :=
∞∑
n=0

2nx√
2πs3

[
e−

(2nx)2

2s

]
.

Further, let m(t, x, z) denote the joint density of (Bt,Mt) under P0, where
Mt := sup

s≤t
Bs (see Revuz and Yor (1991), Ex. 3.14). Using the spatial

homogeneity of Brownian motion, zt defined in eqn (5.1) can be written as

z(t) = P0{0 < t− σ̂t < u, 0 < Bt < y, t < τ1}
where σ̂t := sup{s ≤ t : Bs /∈ (0, b − a)}. By conditioning the RHS with
respect to (Bt−u,Mt−u) we can write z(t) as follows:

z(t) =

∫ b−a

0

∫ z

−∞
h(u, y, x, z)m(t − u, x, z) dx dz

where the function h(u, y, x, z) is given as follows: Define Nu := inf
r≤u

Br.

Then,

h(u, y, x, z) = I(−∞,0](x)Px{Mu < b− a, 0 < Bu < y}
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+ I(0,z](x)Px{Nu ≤ 0 < Mu < b− a, 0 < Bu < y}
= I(−∞,0](x)Px{Mu < b− a, 0 < Bu < y}

+ I(0,z](x)Px{Mu < b− a, 0 < Bu < y}
− I(0,z](x)Px{0 < Nu < Mu < b− a, 0 < Bu < y}

= I(−∞,0](x)Px{Mu < b− a, 0 < Bu < y}
+ I(0,z](x)Px{Mu < b− a, 0 < Bu < y}
− I(0,z](x)Px{0 < u < T0 ∧ Tb−a, 0 < Bu < y}

Note that

Px{0 < u < T0 ∧ Tb−a, 0 < Bu < y} =

∫ y

0
K(u, x, 0, b − a, r) dr

where the density K(u, x, 0, b − a, y) is given explicitly by equation (4.1).
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