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(1) Let f be a Riemann integrable function over the interval [a, b] not necessarily con-

tinuous. Prove that there exists a sequence {gn Jnen Of continuous functions on |[a, b
such that JLI&} lgn(z) — f(z)|dz = 0.
’ (15 marks]
(2) Let f:[0,1] — C be continous such that }x"f(x)d:c =0 for all n > 2. What is the
best that you can say about f? Justify evgry step.
[11 marks]

(3) Let a, = Z?T;%ﬁ for all integers n. Show that there exists a continuous 2m-periodic
function f on R whose n-th Fourier coefficient is given by a, for all n. Docs the

Fourier series converge to the continuous function f and if so, what is the kind of

convergence?

[11 marks]

(4) Find the most general form of real valued solutions of the differential equation

V' +y +y=e*4+2° wherez € R.

[11 marks]
(5) Consider the differential equation y” — y = z(y" — /).
(a) Find a particular solution ¢ by guessing.
(b) Using g, find a linearly independent solution .
(c) Write down the most general form of solution.
[11 marks]

(6) Use power series to find the most general form of solution to the differential equation

y" —zy —y =0 where z € R.

(11 marks]



INDIAN STATISTICAL INSTITUTE
B-Stat I, Second Semester, 2013-14

STATISTICAL METHODS II

Date: 130§ - | L{ Semester Examination Time: 2 1/2 hours
Total Point 100

1. Cousider the following n = 20 observations from the joint distribution of (X, X, X3).
It is believed that X, and X, have a very strong natural correlation. However a new
claim states that the high observed correlation between X; and X, arises from the
large correlation which each of these two variables enjoys with X3, and when adjusted
for the latter, the net correlation between X; and X, is low. By studying the partial
and/or multiple correlations of these variables (together with the total correlations),
state whether you agree or disagree with this claim.

X X, X3

079736193 —0.34287378  0.77650455
—0.97092802 —0.63681782 —1.27794940
—0.16362481 —0.24208279  0.24385236
~0.05191644 —0.74491306  0.04270265
~1.23896641 —1.19593420 —1.12098282
—2.52847641 —1.90104863 —2.26449413
~1.34575814 —1.80489361 —1.23854370
—0.58718616 —1.02312883 —0.52612468
~0.58974340 —1.25802984 —0.90512423
—0.98235479 —1.74539648 —1.42751654
—0.84281780 —0.13454252 —0.28501330
—0.21302151 —0.04902253  0.06547209
0.25851092  0.76697194  0.06313120
1.00546297  0.31334488  0.88140972
0.16046021  0.25485487  0.33813630
—1.14600872 —1.34525017 —0.87229566
—0.37071964 —0.60438862 —0.78135154
0.52905052  1.03908493  0.68256995
—0.43542312  —0.03492247 —0.33095538
—0.14260157  0.18844682  0.36285226

You may use the following summary statistics:

20 20 20
S Xy = —8.8587; 3 KXo = —10.50144; Y Xy = —7.58272;
=1

i=1 i=1



20 . 20 20 .
S XY =16.8047: Y X3 =19.18105: Y Xi = 16.12928:
i=1 i=1 =1

20 20 20

ZXUXQ[ == 1518203 Z XliXBi = 15.78126; Z 1\/2,'X;;,' = 15.39980.

i=1 i=1 1=1
[15)

2. Consider the A-B-O blood group gene frequency data given by the vector of cell fre-
quencies

y = (no,na,np,nag) = (176,182,60, 17),

where the individual components of y are the frequencies of the corresponding phe-
notypes. The parameter vector is § = (p,q,r), where the individual components of
6 represent the proportion of the gene counts (that is, count of the alleles A, B and
0), with p+ g +r = 1. We want to find the maximum likelihood estimators of the
parameters, and want to use the EM algorithm for this purpose.

(a) Explain what would be the complete data in this example.

(b) Given estimates p®*), ¢®) and 7(®) at the k-th step of the iteration, explain how the

E and M steps will be performed to get the parameter estimates at the (k + 1)-th
step.

(c) Given current estimates 0.264, 0.093 and 0.643 of p, ¢ and r, find the parameter
estimates after the next iteration. [4+4-8-+8=20]

3. The probability density functions of the Exponential(§), Gamma{«, ) and the Beta
(a, B) distributions are given by

and .
) — a=1c1 _ \B8-1 .
f(x)_B(a,/j)l (1—-xz)"", 0<z<l,

where B{a. 3) represents the beta function.

(a) Suppose that X ~ Gamma(a,d) and Y ~ Gamma(f3,0) and X and Y are inde-

pendent. Find the distribution of %

(b) Suppose you can generate any number of independent Uniform(0, 1) random vari-
ables. Show how you can simulate an observation from an Exponential(f) distri-
bution, a Gamma(a, #) distribution, and a Beta(a, 3) distribution.  [6+14=20]



4. Let X; and X, be independently distributed as Poisson(#) random variables.

(a) Find a sufficient statistic for this model.
(b) Find the minimum varianced unbiased estimator of 6.

(c) Check whether the estimator obtained in the previous part attains the Cramer-
Rao lower bound.

(d) Show, from first principles, that X; 4 2X5 is not a sufficient statistic for this
model. [2+4+4+5=15]

5. Assignments. [30]
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1. Prove or disprove: H is a bilinear form on a finite dimensional vector
space V' with dimension (V) > 1. For any a2 € V, there exists y € V
such that y # 0, but H(z,y) =0. [5]

2. Describe all linear operators T on R? such that T is diagonalisable and
T3 — 272 4 T is the zero transformation. . [5]

3. Let T be a linear operator on V whose characteristic polynomial splits.
Let A1, Az, ..., Ay be the distict eigenvalues of T. Then show that T
is diagonalisable if and only if rank(T — \I) = rank((T — \I)?) for
1 <1 < k. Hence show that if T is a diagonalisable linear operator on
a finite dimensional vector space V and W is a T invariant subspace of
V, then Tw is diagonalisable. [10]

4. Prove or disprove : A linear operator is diagonalisable if its minimal

polynomial splits. [4]

5. Let K : R? = R be a quadratic form defined by
K(z,y) = —2x% + 4zy + y* Find a symmetric bilinear form H such
that K (u) = H(u,u) for all v € R? . Find an orthonormal basis I' of
R? such that Ur(H) is a diagonal matrix. [7]



6. Let A = 1 -1 0 . Find a singular value deconiposition
1 0 -1

of A. Use the decomposition to find the Moore-Penrose G-inverse of

A (12]

7. Let T be a linear operator on Pp(R) defined by T'(f(z))= 2f(z) — f'(z).
Find a basis for each generalised eigenspace of T' consisting of a union of
disjoint cycles of generalised eigenvectors. Hence find a Jordan canon-
ical form J of T.. [12]
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Suppose (U, V) is a bivariate normal random vector with E(U) = E(V) =0, Var(U) = Var(V) =1
and Cov(U,V) = 0.5. Compute the correlation coefficient between U? and V2. {8]

Let Y7 < Y, < Y; be an order statistic of size 3 from the distribution with probability density function
flz) =2z for 0 <z < 1. For ¢ = 1,2, define U; = Y;/Y;,;. Compute the joint probability density
function of U; and Us, and show that U; + U, is independent of Y3. [8+ 2]

Let X, Y and Z be three independent standard uniform random variables and S = X +Y + Z. Find
(a) the conditional density of S given Y =y and Z = z and (b) the conditional density of (Y, Z) given
S =s. [6 + 6]

Suppose two types of passengers arrive in an auto rickshaw stand with unlimited supply of auto
rickshaws. The first type of passengers will wait patiently till four passengers (= capacity of an auto
rickshaw) arrive and the second type will simply reserve the auto rickshaw and go away immediately.
Assume that these two types of passengers arrive independently according to Poisson processes with
rates 10 and 5 per hour, respectively. Priorities are given to second type of passengers even if a few
passengers of the first type are waiting in the queue. However, while each of the first type of passengers
pay Rs. 10 for the trip, the second type of passengers are charged Rs. 60. Assume also that no time is
lost in passengers getting into the auto rickshaw, the driver takes the money from the passenger(s) and
departs immediately without wasting any time. Given that exactly 6 passengers arrive during 9 : 00
am - 9: 30 am, compute the expected total earning of auto rickshaw drivers in that time-span.  [10]

Other evaluations: presentations and quizzes. {10 4+ 20 = 30]

Wish you all the best
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2. (a) Show that in the interval -1, 1], the Chebyshev polynomials can be wrriten as

T, (x) = cos(ncos™! ),

where n denotes the degree of the polynomial.

(b) Define Q,(z) = 5;17,—’/'7,(.17). Choose z; = cos(%‘), ¢ = 0,1,...,n. Show that for anv

1=0,1....,n, we have
(=1)°
Qn(xm) = on—1 "
(c) Show that for any monic polyomial P of degree n,
1

>
iy Pl2) = 2n-1

(Hint: Use (b)).
(d) Use the above results to show that I1,(z) = (z — 2o)(x — ;) - - - (z — x,) is minimized on
[-1,1], if 2;’s are chosen as the zeros of the Chebyshev polynomial 75, .

M4+3+45-3 15
3. (a) Show that the parameters M; = s"(z;), i = 0,1,...,n of the complete cubic spline

interpolant s{x) can be obtained by solving a linear system HM = Y. where /1 is a
~ tridiagonal matrix.

(b) Show that this system can be solved efficiently using about 8n arithmetic operations.
0 1 14
4. (a) Why is flzg, z1] a better approximation to f'(r) at the midpoint a = 222 than at

or ;7 In general, when is n!flzy,...,z,] a good approximation to the n-th derivative

of f(z)?
08 sinx
(b) Compute / (1 + ) dz using Simpson's 1/3rd rule with h = 0.2.
0

(c) Why is Gaussian Quadrature more efficient than Cote’s integration formula®?
[(2+2) 443 11
5. (a) Derive the expressions for both local and global errors in Euler’s method of solving the
first order ODE (initial value problem).

(b) For increasing the accuracy of numerical solution of an ODE, why do we prefer Runge-
Kutta methods over generalizing Euler’s method into a Taylor algorithm of order 7

(c) Using Adams-Bashforth Predictor and Adams-Moulton Corrector methods of order 3.
obtain the solution of % - 12y + 2? at z = 1.4, given the following values.

rl 1] 1 1.2 1.3
y | 1]1.233]1.548488 | 1.978921

(B+35)+ 18 20
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1. (a) Suppose that py,ps, ..., s are known, real, nonnegative constants, and they satisfy
the condition Zf:l p; = 1; let fi, fa,..., fr represent k probability density functions.
Consider the function

fm(z) = pufi(e) + pofala) + ... + prfe(z). (1)

i. Show that fy(-) is a valid probability density function (it is called the mixture of
the densities fi, fa, ..., fr with mixing weights py,pa, ..., pk)-

il. Assuming that we know how to generate random nubmbers of each of the com-

ponent densities fi, fa, . .., fx, describe how to draw a random number from the
mixture density in (1).

(b) We wish to draw a random number X from the Laplace distribution with density
1 .
f(a:):§e“'”|, —00< T < 00.

Suppose that we know how to generate random numbers from the Uniform (0, 1)
distribution. Starting from random variables distributed uniformly on (0,1), describe
how you can draw a random number from the Laplace distribution presented above.
[(24+8)+10=20]

2. Consider a random sample X1, Xo, ..., X,, from the parametric class of densities { f4]0 € ©}.
We are interested in estimating the function 7(#6).

Suppose that we have an unbiased estimator T' = T(Xy, Xs,...,Xy) of 7(8) which is
efficienty (meaning that its variance attains the Cramer-Rao lower bound). Show that in
this case T must be the maximum likelihood estimator of 7(f). [15]

3. Let ry(234.p) be the correlation between x; and 334 (the residual after regressing z, on
T3,ZL4,...,Tp). Show that

(a) 7"%(2.34...;)) < T%2.34..‘p'

(b) ’r%.23...p = ’r%p + T%(p—l,p) + .. + T%(2.34._.p)' [5+15:20]
4. Consider the multiple linear regression model Y = X3 + €, where Y and ¢ are each

n x 1 vectors, X is an n X p matrix and 8 is a p x 1 vector; let € ~ Ny(0,0%5xs). Let

SSE = (Y — XB)T(Y — XB) be the error some of squares, where B is the least squares
estimator of 3.

(a) Show that SSE/o? has a x*(n — p) distribution.

(b) Let 52 = SSE/(n — p). Find the value of c so that the ¢S has the minimum mean
square error as an estimator of o2. [10-+10=20)

5. Computer Assignment. To be assigned, collected and graded separately. (25]
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1. (a) Show that the error sequence {e,} in Secant method satisfies the condition
Klen| < 6%, where K is a suitably defined constant in the interval of
interest containing the root, § < 1 (assuming convergence) and a, € N.

(b) Prove that the sequence {a,} of exponents form a Fibonacci sequernce.
B+ 6=14]
2. (a) What is the geometric interpretation of Newton- Raphson method?

(b) Derive a recursive algorithm for finding the square root of a non-negative
real number using Newton-Raphson method and write the pseudocode for
your derived algorithm.

(c) Extend the above algorithm for finding the n-th root of a non-negative real
number.

(d) Use your extended algorithm for finding the positive real cube-root of 10
correct up to eight decimal places.

[4 4 (6+4)+ 4+ 8=26]

3. (a) What is the order of convergence of the bisection method? If we modify the
bisection method so that ¢ = 2—‘%@ (the variables having usual meaning),
what would be the effect on the order of convergence?

(b) Find a real root of f(a) = 2% — 3z = ( correct up to 3 decimal places by
the bisection method.

[4+ 8 =12

4. (a) ¥V (zy,...,z,)is an nxn Vandermonde matrix, show that its determinant
is equal to Ii<jcicn(2: — ;).

(b) Usually, we interpolate n given points by a polynomial of degree at most
n—1. Discuss two “unusual” situations when we interpolate n given points
by a polynomial of degree 2n — 1 and when we interpolate a single point
by a polynomial of degree n — 1. What are the expressions for errors in
both these “unusual” cases.

8 + (4 + 4) = 16]

5. (a) Compare the time complexities of ordinary Lagrange’s method and New-
ton’s divided difference method of polynomial interpolation for calculating
the coeflicients and for evaluation at a new point.



(b) How can the Lagrange’s method be improved to make it as efficient as

Newton’s method?
(4 +4) + 6 =14]

6. Consider interpolation with equally-spaced points with h as the equal space

between consecutive points.

(a) Establish the following relations between the forward and the backward
difference operators: V = f—A—.

(b) Define two operators

and L N
pf(z) = f(z+ ‘2“) + f(z - *2‘)-

Show that § = 24/u? — 1.

6 + 8 = 14]

(a) Given the following table, approximate f(z) as a polynomial in z using

Newton’s divided difference formula.
z [-1]0] 3] 6] 7
flz) | 3[-6]39]822 | 1611

7.

(b) Estimate f(10) for the above function.
[10 + 4 = 14)
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. Let z1,z,...,2¢ be an orthonormal basis of an inner product space
and y; = z1,¥2 = 21 + Z3,..., Yk = 1 + ... + T. Apply the Gram-
Schmidt orthogonalization process to y1,¥2, ..., ¥k- 8]

. Let P, be the vector space of all polynomials of degree less than 4 with
real coefficients. The inner product in Py is defined by

< y(2),10(z) >= [2, n(@)m(z)ds for yi(z),y2(z) € Py Let S be
the vector space spanned by the polynomials y;1(z) = 1,1(z) = =,
and y3(x) = z2. Determine the best approximation of the polynomial
2x + 3z2 — 42° by a polynomial from S. (10]

. Let T be a linear operator on a finite dimensional inner product space
V. Suppose that the characteristic polynomial of T" splits. Then show
that there exists an orthonormal basis I for V' such that [T]r is upper

triangular. [7]
4 2 2
. Let A= 2 4 2 . Find an orthogonal matrix P such that
2 2 4 v

P*AP = D, where D is a diagonal matrix. [10]



5. Let T be a linear operator on R? such that T(z) =z V z € L and
T(z) = —z V z € L*, where L is a line through origin and L' is the
orthogonal complement of L. Show that T is an orthogonal operator.|8]

6. Let T be a normal operator on a finite dimensional complex inner
product space V. Show that there exists a normal operator U such
that U2 =T. _ 7
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1. Fix two positive real numbers ¢ and A and a nonnegative integer n. Suppose T ~ Gammai{n + 1, A)
and N ~ Poi(At). Show that P(T >t) = P(N < n). [10]

2. Range of a sample is defined as the absolute difference between the minimum and the maximum sample
point. For example, if the sample consists of the values 6, 8, 1, 4 and 7, then the range of the sample
is 7. Let R be the range of a random sample of size n from uniform distribution on (0,1). Show that
R is an absolutely continuous random variable and find its probability density function. {10}

3. Let Z1,25,... 22 be independent and identically distributed random variables with Z; ~ N(0,1).
8 2
Find the joint probability density function of 2?21 Z? and %ﬁi-g; Are they independent?  [9 + 1]

Wish you all the best
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| 1, ifz=21,
1) Show that the function f: [0,1] — R defined by f(z) = "

0, otherwise,
is Riemann integrable over [0, 1] from the definition. Justify your answers with proper

arguments.

[10 marks]

2) Let a < b. Forn € N, consider the partition P, = {z; = a+2(b—a) : 0 < i < n}. Will

a bounded fucntion f : [0, 1] — R be always Riemann integrable if nl—l—glo %gn:l f (ﬂ;—‘”—l)
exists? If yes, prove it, and if not, find a counter example. Justify every step.

[10 marks]

3) Find a sequence of continuous functions on a compact interval converging to a

continuous function pointwise but not uniformly. Stating a correct example

without justification will fetch partial credit. So, justify every statement.

[10 marks]
<2 0o .
4) Prove that [ s—“—‘i(t—)dt is an improper integral which converges but [ Eﬁﬁ dt does
1 1
not. (Hints: For the second integral, consider intervals of length 7.)
[10 marks]
5) For n € N, define f, : [0,00) = R by f,(t) = te ™.
(o]
(i) Prove that Y f, is convergent pointwise.
n=1
2n
(ii) Show that [sup > fk(x)} > e ? for all n € N. (Hints: Consider the value at
20 k=n+1
_1
(iii) Prove that ) f, is not uniformly convergent. (Hint: Use part (i) even if you

n=1
are unable to prove it.)

[10 marks]
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1. Consider the following sample of five numbers 1.0, 2.3, 3.0, 4.2 and 1.5.

(a) Find the sample mean and sample variance based on the above
five numbers.

(b) Find five numbers which have the same variance as the above five
observations, but have a mean three units higher.

(c) Find five numbers which have the same mean as that of the five
original numbers but has a variance four times larger than that of
the original sample.

(d) Find five numbers which have a mean three units larger than that
of the five original numbers and has a variance four times larger
than that of the original sample. .

[2+4+7-+7=20 points|

2. The probability density function of a gamma distribution with param-
eters v and 6 is given by

1 a—1,-z2/8
= w0 <z Lo
fz) P(a)&“x e <z <o
Suppose that X; and X, have independent gamma distributions with
parameters «, 6, and 3, € respectively. Find the probability density
function of Y = X /(X7 + X2).

[18 points]

3. Suppose that 10% of the people in a certain population have the eye
disease glaucoma. For persons who have glaucoma, measurements of
eye pressure X will be normally distributed with a mean of 25 and a
variance of 1. For persons who do not have glaucoma, the pressure X
will be distributed with a mean of 20 and a variance 1. Suppose that
a person is selected at random.



(a) Determine the conditional probability that the person has has
glaucoma given X = z.

(b) For what values of z is the conditional probability in part 3a
greater than 1/27

[6+6=12]

4. Suppose that X;, X,,..., X, represent an independently and identi-
cally distributed sample from the N(y, 1) distribution.

(a) Suppose we want to test the null hypothesis Hy : u = 0 versus
Hy : p > 0. We will reject the null hypothesis when X > b, for
some constant b. For n = 25, find the value of b so that the test
has a size equal to 0.05.

(b) What sample size will be necessary for the test in part (4a) has
power 0.8 or higher?

[64+-9=15]

5. Suppose that the joint distribution of (X,Y) is uniform over a circle in
the zy plane. Determine the correlation of X and Y. (10]

6. Suppose we observe the random variable X which has a binomial dis-
tribution with parameters n and p. Based on the value of X, find an
unbiased estimator of the variance of X. [12]

7. Consider independent random samples from two normal distributions,
X; ~ N(uy,03) and Y; ~ N(up,03), 4 = 1,...,n1, 7 = 1,...,7a.
Assuming that p; and py are known, derive a 100(1 — )% confidence
interval for 02 /0. [13]



INDIAN STATISTICAL INSTITUTE, KOLKATA
BACK PAPER EXAMINATION: FIRST SEMESTER 2013 -’14

B.STAT I YEAR

Subject : Analysis 1
Time : 3 hours
Maximum score : 100
pate 1 ageel 200y
Instructions:

Justify every step in order to get full credit of your answers, stating clearly the we-
sult(s) that you use. Points will be deducted for missing arguments. Partial credit
will be given for your approach to the problem. ,

Switch off and deposit your mobile phones to the invigilator during the entire exami-
nation.

Total marks carried by the questions turns out to be 72 which is less than 100. The

100

total marks obtained will be multiplied by =5



(1) Let {a,}nen and {b,}nen be two sequences in R which are bounded above. Set
s = limsup a,, t = limsup b, and u = limsup (an + bn).
n—oo n—00 n—0o
Prove that s +t = u if and only if there exists subsequences {an, }xen and {bn, }ren
such that lima,, = s and limb,, =t. (Hint: For the ‘only if " part, first prove that:
k—o0 k—oo
given € > 0, there exists n € N such that (i) |(an +b,) —u| < €/2, (i) an < s+ §

and (ii) b, < s+ 5, and then, solve the inequalities for * = an, — s and y = b, — t.)

[16 marks]
(2) Give an example of a function f : (0,1) — R such that
(i) f is continuous on a dense subset D of (0,1),
(ii) E = (0,1)\ D is dense in (0,1), and
(111) f is discontinuous at every point in E.
Justify your answer.
[12 marks]

(3) 3" |an+1 — an| converges, then show that {a,}, is convergent. Is the converse true?
Justify your answer.
[4 marks]

(4) Let f : [0,1] = R be a twice differentiable function such that f(0) = 0 = f(1) and
f"+2f + f > 0. Prove that f < 0. (Hint: Consider g(z) = e* f(z).)

[4 marks]

(5) If f: (a,b) — Ris an injective continuous map, then show that f is strictly monotone.

[8 marks]

(6) Let f: R — R be continuous in a neighbourhood of ¢ € (a,b). Define g: Q\ {0} - R

by g(r) = ﬂc:%:f_(”_) for all r € Q. Prove that 1111(1) g(r) exists if and only if f is
T

differentiable at c.
|8 marks]

(7) Let the function f : (a,b) — R have continuous second derivative. Use Taylor’s

expansion to prove f’(x) = }11im f(ﬁh)"Qf}(Q‘”)”(I“h) for all € (a.b).
—0 ¢

8 marks]



(8) Let f: R — R be a differentiable function satisfying lim f'(z) = ¢ € R. Use Mean

Value Theorem to prove lim f-(;—) =c.
00

[12 marks]
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Let V = {(a,8):« > 0 and 8 > 0}. Define vector addition and scalar multiplication
inV as follows.

(1) (a1, B1) + (az, f2) = (105, B18,) for every (ay, B;) and (a, B;) in V.

(2) 8(a, B) = (a®, B°) for every § in R and (o, B) in V.

Show that V is a vector space over the field R of real numbers. What is its dimension?
12

Let V = {(xy, x5, X3, X4, X5) € R®: %, — 2%, + 3x3—x,+2x5 = 0}. Show that
S =1{(0,1,1,1,0)} is a linearly independent subset of V. Extend S to a basis for V.
10

Let S = {uy, uy, ..., u,} be a finite set of vectors. Prove that S is linearly dependent if
and only if u; = 6 , the null vector, or uy,1 € span({uy, u,, ...., ux}) for some
k(1<k<n). 10

Show that the cosets o + W and 3 + W are equal if and only if @ — f§ € W, where W
is subspace of a vector space V. 6

.- Let Tbe a linear map from ¥ to W. Show that this T is surjective if and only if T is

injective. 6
Let V be the set of all complex numbers regarded as a vector space over the field of
real numbers. Let T be the map from V to V defined by T'(x + iy) = x — iy. Show
that T is an isomorphism of V. Determine T, 6+6

Obtain the rank factorization of the matrix

-1 2 4
[ 2 -1 2 ] . 10
0 3 10
Find a non-singular matrix P such that P*AP is a diagonal matrix where
2 2 3
A=12 5 6 J 12
3 6 10

Let Vand W be finite dimensional vector spaces over a field F withdimV =n

and dim W = m. Let Tbe a linear map from V to W. Relative to two different pairs of
ordered bases of Vand W, let A and C be two matrix representations of 7. Show that
there exists non-singular matrices P and Q such that C = P~*AQ. 12

P.T.O.



10. State and prove the Frobenius inequality for ranks of matrices.

10
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(1) Let {gn}nen be an enumeration of the rationals. Define f : R — R by

flz) = Z —2171— for z € R.

{neN : gn<z}

Prove that f is continuous at every irrational and discontinuous at every rational.

[20 marks]

(2) Let {an}nen be a sequence in R. What is the relation between

limsup a, and lim [sup{ax : k > n}]?
n—roo n—o0
Justify your answer.

[15 marks]

(3) Show that 715:21 (2 + -25) (where a € R) is convergent only when a = —1.
(15 marks]

(4) (a) Let € be irrational and S = {m +nf:m,n € Z}.

(i) Show that the map f taking n € Z to f(n) = né — |n€] is a one-to-one map from

Z to SN (0,1) where |-] denotes the greatest integer function.

(ii) Show that 0 is a limit point of S. (Hint: Use part (i).)

(ili) Show that S is dense in R.

(b) Show that the set of all subsequential limits of the sequence {sinn}nen, is dense

in [-1,1]. (Hint: Use part (a) for an appropriate £.)

[30 marks]

(5) Prove that a surjective continuous map f : R — R which takes any value at most

twice, must be bijective.

[15 marks]

(6) Let f : [0,1] —> R be a differentiable function such that there does not exist any
z € [0,1] satisfying f(z) = 0 = f'(z). Prove that f~1{0} is a finite set.

[10 marks)



(7) Show that there does not exist any differentiable function f : R — (0, 00) such that
f' = fof. (Hint: Suppose not. First show that f'(z) > f(0) for all x and then use
the fact to arrive at a contradiction.)

[15 marks|

(8) Let f be a function with continuous third derivative on [0, 1] such that f(0) = f'(0) =
f"(0) = f'(1) = f"(1) = 0 and f(1) = 1. Prove that there exists ¢ € [0, 1] such that
f"(c) > 24. (Hint: Consider Taylor expansions about both 0 and 1, and then evaluate

them at 3.)

(10 marks]
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Answer as much as you can.

1. a) Consider the following 'C' function that expects a non-negative integer argument:

unsigned int magic ( unsigned int n )

{
unsigned int m;
m= 0;
while (n > 0) {
m = (m*10) + (n%10);
n = n/10;
}

return m;

}

What does magic(34243) return? Describe the return value of magic as a function of the input argument ».

(2+4 =6)

b) Write a C program that scans a positive integer n> 2 and prints the largest proper divisor m of n.
Example: For n = 60, your program should print m = 30. For n = 61, your program should print m = 1.

. (10)
¢) What integer value is printed by the following 'C' program? 0))

int main

{
int A[5] = {4,8,12,16,20}, *Pp;
p=A+ A[0];
printf("%d", *p);

2. a) What will be the output of the following program and why? (4)

struct node {
int data;
struct node *next;

}

main( )

{
struct node N1, N2, N3;
Nl.data = 1; N2.data = 20; N3.data = 200;
N1.next = &N2; N2.next = &N3; N3.next = &N1;



printf("%d,%d"), N2.next -> data, N2.next -> next -> data);

b) Consider the type definitions given below. Suppose that a linked list is made up of nodes of type struct
node. The last node points to NULL.
struct node {
int key;
struct node * next;
b
typedef struct node *1ink;

i) Write a function with prototype void second_delete(link head) to delete the second node of the list, given
"head" which points to the first element of the list. Assume that there are at least two nodes on the list.

if) Write a function with prototype int count (link head) that takes the head of a linked list as input, and
returns the number of nodes in the linked list. (8+8 =16)

3. a) Give a suitable fypedef for representing a stack of integers using a linked list. 2)

b) For the stack in part (a), write C functions for implementing the following stack operations:

init_stack - which constructs and returns an empty stack.

isempty - which returns a value indicating whether a given stack is empty or not.
push - which pushes a given integer on to a given stack.

top - which returns the top element of a given stack and deletes the top element.
delete - which deletes the top element of a given stack and returns the head pointer.

(24+2+3+243)

¢) Write an iterative C function which takes an unsigned integer and prints its representation to the base 7

using a stack. The function should use the data type defined by you for representing a stack and only the
functions defined in part (b). 6)

4. a) Prove that a full binary tree with n leaves contains 2n-1 nodes. (6)

b) Give the sequence of the nodes of the following tree when the nodes are traversed in preorder and

postorder manner. i (2+2=4)



<) Construct a binary search tree from the following input sequence:
14,15,4,9,7, 18,3, 5, 16,4, 20, 17, 9,14,5.

What kind of traversal of the binary search tree retrieves the integers in ascending order? Assuming the
following ypedef for a tree representation, write down a recursive C function for such tree traversal.

struct nodetype {
int info;
struct nodetype *left;

struct nodetype *right;
}
typedef struct nodetype *NODEPTR;

(5+1+4 = 10)

5. a) Determine the time complexity of the following iterative function and express in big Oh notation:  (5)

int ¥ ( int A[SIZE][SIZE]l, int n )

{
int i, j, sum = 0;
for (i=0; i<n; ++1)
{
if (A% 2 ==0)
for (§=0; j<=i; j = j+1) sum = sum + A[i][3];
else
for (3=n-1; j>=i; j=j-1) sum = sum - A[i][3];
}
}
b) Explain the use of the following C library functions with one example use for each: (3x4=12)
i) fscanf
i1) feof
iii) strcat
iv) strcmp

¢) Can you use the fprintf function to print a string on your monitor screen or display unit? Explain briefly.
3)
6. a) The mode of an array of numbers is the number m in that array that is repeated most frequently. If more

than one number is repeated with equal maximum frequencies, there is no mode. Write a C function that
accepts an array of numbers and returns the mode or an indication that the mode does not exist.  (10)

b) Write a C function that accepts a real number x and computes the cosine of x by summing up the following
series up to 4 decimal places:

cos(x) =1-X X
21 41
Do not use any math library functions. '
(10)
7. a) What will be printed upon execution of the following line and why? )

printf("%d", printf{"\n Hello World"));



b) Suppose we define a two-dimensional array in the following fashion:
int (*B)[100};
How can you assign memory dynamically to this array so that it may contain 30 rows? 3)

¢) Consider the following declaration: int (*A)[20]; If A points to the memory location x, which memory
location does A+1 point to? Assume that sizeof (int) = 4. 3)

d) With example, discuss the differences between the break and continue statements in context to loop
termination in C. )

e) What will be the output of the following program? If you feel that there is any compile time or run time
error, point out the same. Justify your answer. If your answer is yes, then can you correct this error by
doing a minimal change in the program? (B3+2=5)

#include<stdio.h>
main( )
{

int a(51={1,2,3,4,5};
for(i=0;1<5;i++) printf("%d\n", *a++);
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1. Suppose that the random variables X and Y have the following pdf:

) 8zy for0< s <y<1,
flz) = { 0 otherwise.

Alsolet U =X/Y,and V =Y.

(a) Are X and Y independent?

(b) Determine the joint pdf of U and V.

(c) Are U and V independent?

(d) Find the probability density function of U.

[6+3+4+5=18]

2. Suppose that X; ~ N(u,0%), i = 1,2,...,n, and Z; ~ N(0,1), i =
1,2,...,k, and all variables are independent. State the distribution of
each of the following variables with the appropriate parameters.

(a) X] — X2.
(b) Xz + 2X;.
X1 —Xs

(¢) ———~=, where Sz represents the samples standard deviation
0SzV/2
based on the Z observations (with divisor k& — 1).
oSz
(e) ZE+ Z3.
Zy
73

(f)



n v \2
( ) Zi:l( 12 ) + Zic: 2
X Zle Zi
9 5+ =5%—
1) k22
. mn Y \2
(Hl) (l‘ 1) izl(X’t X)

('n,—1)022?:1(21-—2)2
[1+1+2+2+1+1+1+2+2+2+2+1+2:20]

. It is known that 30 percent of small steel rods produced by a standard
process will break when subjected to a load of 3000 pounds. In a
random sample of 50 similar rods produced by a new process, it was
found that 21 of them broke when subjected to a load of 2000 pounds.
Test the hypothesis that the breakage rate for the new process is the
same as the rate for the old process. [12]

. Suppose that a box contains a large number of chips of three differ-
ent colours, red, green and blue, and that it is desired to test the null
hypotheses Hy that chips of the three colours are present in equal pro-
portions against the alternative hypothesis H; that they are not present

.in equal proportions. Suppose that three chips are drawn at random
from the box with replacement, and that Hj is to be rejected if and
only if at least two chips are of the same colour.

(a) Determine the size of the test.

(b) Determine the power of the test if 1/7 of the chips are red, 2/7
are green and 4/7 are blue.

[7+8=15]



5. (a) Suppose that the random variables X; and X, are independent.

and that each has a normal distribution with mean p and variance

o?. Prove that the random variables X; + X, and X, — X, are

independent.

(b) Suppose that the random variables X, and X, are independent,
and that each has a normal distribution with mean 0 and variance
o?. Determine the value of

(X1 + X5)?
P (—————(Xl =X, < 4> )

[6-+6=14]
6. Suppose that the random variables X, X, and X3 are i.i.d. and that

each of them has a standard normal distribution. Also suppose that

Y, = 0.8X;+0.6X,,
Y; V2(0.3X, — 0.4X, — 0.5X3),
Vs = v2(0.3X; — 04X, 4 0.5X3).

Find the joint distribution of Y1, Y; and Y. (14]

7. Let the variables Y7,Y5,...,Y, bedefined as Y; = Bz;+¢,i=1,...,n,
where x1, 9, ..., 2z, are known constants and ¢; are independently dis-
tributed as normal with mean 0 and variance o2.

(a) Derive the least square estimator 3 of 3 based on (x;,Y;), i =

1,2,...,n.
(b) Show that 62 = ¥ (Y; — 8z;)2/(n — 1) is an unbiased estimator of
2
o?.

[7+8=15]
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® Please write your roll number on top of your answer paper.
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etc. If you are caught using any, you will get a zero grade in the course.

1. Let Ny be the number of empty poles when r flags of different colours are displayed randomly on n
poles arranged in a row (here r,n € N). Assuming that there is no limitation on the number of flags on
cach pole, compute the expectation and variance of Ny. In the same setup, let N; denote the number
of poles with exactly one flag on it. Calculate the covariance between Ny and Ny. [(345) + 5 = 13]

2. Assume that 1 < k < m < n are positive integers and X, X3, ..., X, arc independent and identically
distributed random variables following geometric distribution with parameter p € (0,1). For all § > k,
define I = {(i1,42,...,5%) € N¥: 1 <) <ip < -~ < i < j} and

Sj= Y, WmEe+X3+xi+o+x3).

(il,ig,...,ik)elj

Show that S,,/S, has finite mean and compute its mean. 2+5=7]

3. Suppose that the initial number M of bacteria in a bacteria colony follows binomial distribution with
paramecters n = 100 and p = 0.5. Assumec that the bacteria behave independently of each other, they
do not replicate and cach of them dic within an hour with probabiliyy 0.8 independently of M. Let Z
denote the number of surviving bacteria in the colony after one hour.

(a) Calculate E(s?|M), where s € R. (5]
{(b) Using (a) or otherwise, find the probability mass function of Z. [5]

4. Your teachers Dr. A. Basu and Dr. S. Ghosh decide to play the following game. They toss a fair coin.
If head appears, then Dr. Basu gives one rupee to Dr. Ghosh and if tail appears, Dr. Ghosh gives one
rupee to Dr. Basu. They continue this game till the 1000%" toss and they both end up with the equal
amount of money in their pockets. Assuming that the outcomes of all the tosses are independent, and
Dr. Ghosh had Rs. 1000 and Dr. Basu had Rs. 1600 in their pockets before the game started, calculate
the probability that Dr. Ghosh never had more moncey in his pocket than Dr. Basu during the en[tlifﬁ
game.

5. Other evaluations: homework assignments, presentations and quizzes. [5+ 10+ 15 = 30]
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1.

Write an essay on any one of the following topics. Five paragraphs are expected.
a. Pollution

b. An Unforgettable Character
c. School Days

(60 marks)
2. Fill in the blanks with appropriate prepositions :

He was a professor _ English and an expert _ Slavic languages. I met
him _~ London __  a conference. He was _ a white suit and
lunch preferred vegetarian food  the non-vegetarian fare.

enquiry I found he had diverse interests ranging astronomy
biochemistry. The conference lasted  two days the last
day was setaside interaction.
I stayed back. He left _ Bath, his home town, but before he left I thanked
him theteam  being the life and soul
the meet.
(20 marks)

Fill in the blanks with appropriate words : -
A letter is a substitute for  contact. One
instead of being or on the
telephone. It a way of making that

record of  which  proof. This why a business telephone
callis_ followed by of information.

(20 marks)
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(1) Let ECRand f : E — R be a map. Set

A.o={6>0:Ns(f(a)) D f(EN Ns(a))} fore >0, a € E, and

Ans= {a € E: ENNs(a) C f”i(N;ll_(f(a)))} forneN, §>0

where N, (z) denotes the interval (z — r,z + 7).

(i) If l;'o QE A, = (0,00), then what is the best that you can say about f without
£ a

any extra assumption on the hypothesis?

(ii) If QN 6U_0 A, s = E, then what is the best that you can say about f without any
k) >

extra assumption on the hypothesis?

Justify your answers with proper arguments.

[(747) marks]

(2) (i) If f(z) = 7Tz®+42+5 for z € R, then prove that alclgé f(z) exists from the definition.
(i) If g(z) = %2—:%‘2-[2 for z € R\ {2}, then show that ll_)r%g(a:) fails to satisfy the
definition of its existence. (Hint: Suppose il_)n%g(x) = [. Then, establish contradictions

by considering two cases: | > 0 and [ < 0.)

[(7+8) marks]
(3) Let f: X = Y be a map where X, Y C R. Then, prove that

f is continuous <= f~(A%) C (fH(A)°VACY
where E° denotes the interior of E.

[8 marks]
(4) If E is a compact subset of R, then prove that E has a countable dense subset.

[6 marks]

(5) (i) Prove that A, = {(z,y) : y € R} and B, = {(z,y) : € R} are connected subsets
of R? for all z,y € R.
(i) Let {X;}icr be a collection of connected subsets of R such that X; N X; # 0 for
i,J € I. Prove that igIXi is connected.

(iil) Let (zo,40) € R%. Show that R*\ {(zo,0)} is connected. (Hint: Use parts (i)
and (1))



(iv) Prove that there does not exist any continuous injective map from R? to R.

(Hint: Use part (iii))

[(4+10+4+9) marks]
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1. Let R be the set of all real numbers. Consider R as a vector space over the field @ of
rational numbers. Show that V2 and V3 are linearly independent. 5

2. If fiand f, are two linear functionals on a vector space V over a field F satisfying
f1(x) = 0 whenever f,(x) = 0for x € V,show that f; = af, forsomeainF. 6

3. T is a transformation from V to W. Show that for existence of a right inverse of T, it

is necessary that T'is surjective. If T is surjective, show that any right inverse of T'is
injective. 3+3

4. Let Tbe a linear map from V to W. Show that there always exists a linear map S from
W to V, such that TST = T 5

5. Let Tbe a linear map from V to V. Show that V is the direct sum of R(T kY, the Range
Space and N (T%), the Null Space, for some positive integer k.
6

6. Show that a subset S of the vector space F" is a subspace of F™ if and only if S is the

null space of a matrix, where , F is the field of real numbers or complex numbers.
6

7. Let the reduced row echelon form of A be
1 0 2 0 -2
[0 1 -5 0 - 3] .
0 0 0 1 6

Determine A if the first, second and fourth columns of A are

() ()= ()

P.T.O.



8.

10.

11.

Find a non-singular matrix P such that Pt AP is the normal form of A under
congruence, where
1 0 1
A= lO 1 1]
1 1 3
9
Let Vand W be finite dimensional vector spaces over a field F with dimV = n and
dimW = m and A be am X n matrix over F. Relative to two different pairs of
ordered bases of Vand W, let A represent two linear maps 7; and 7; from V to W.
Show that there exists non-singular linear maps § € L(V,V) and R € L(W, W) such
that 7; = R™175,S.
9
Suppose that the augmented matrix of a system Ax = b is transformed into a
matrix(A'|b") in reduced row echelon form by a finite sequence of elementary row
operations. Show that Ax = b is consistent if and only if (A’|b’) contains no row in
which the only nonzero entry lies in the last column. - 5

Let A and B be two matrices of orders m X n and n X s respectively. Then show that
Rank (AB) = Rank(B) if and only if N(4) n R(B) = {0}, where N(A) and R(B)
denote the null space of A and the range of B. 6
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10.

Find a linear map T: R® — R3 such that the subspace

U={(x,y,2) € R®: x+y+z= 0} of R? is mapped to itself, T not being the
identity map. “)

Let f{x) be a polynomial of degree » with real coefficients. Prove that the n + 1
polynomials f(x), f P (x), ..., f ™ (x) are a basis of P,,(R), where, ™ (x) is the n-th

derivative of f(x) and P, (R) is the vector space of polynomials in R of degree less
than or equal to ». 4)

Let S:V — W and T:W — V be linear maps between finite-dimensional vector
spaces over F . Suppose that TS is the identity map on V. Prove that T is surjective
(onto), S is injective (1-1) and dim V<dim W . 4

LetV=R*and Whbea subspace of ¥ generated by the vectors (1,0,0,0) and (1,1,0,0).
Find a basis of the quotient space V/W. 4)

Let V= R? and define f, g € V', the dual space, as follows:
f(X5Y)=X+yandg(X: Y)=X'2’Y'
Find a basis {vy, v,} for V such that its dual basis is {f, g}. )]

Let T: R* — R? be given by T(x,¥) = (3x + 2y, x) with respect to the standard
basis. Let f € (R?) be given by f(x,y) = 2x + y. Compute T*(f), where T® is the
transpose. Find also the matrix of T* with respect to the dual bases. 6)

Let v, = (1,0,—1,2) and v, = (2,3,1,1) and W be the subspace of R *spanned by
v, and v,. Describe the subspace W, where W° is the annihilator of . “)

If W is a subspace of V and x € W, prove that there exists f € W? such that f(x)#0.
(6)

Let V be vector space over F such that it contains at least three elements. Letw € V.
Then show that V is the linear span of S, where, S = {v € V|v # w}. ™

Let V and W be finite dimensional vector spaces with dim V =n and dim W = m. Let
T:V — W be a linear transformation of rank r. Then show that there exists a basis
{v1, ..., v} of V and a basis {wy, ..., Wy} for W such that T(v;) = w; fori = 1,2, .., 7
and T(v;) = 6’, the zero element of W, for i = r + 1, ..., n. Hence, find the matrix of
the transformation with respect to these bases. N
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1. Explain the meaning of the following terms, clearly pointing out the differences
between them: (i) randomized study, (ii) observational study. Why can causal

inference not be drawn from observational studies? [10]

2. Given n random realizations zi,...,Z, of a random variable X, show that the
difference between the sample mean and the sample median never exceeds the

sample standard deviation of the variable (with divisor n). (10]

3. In class we have talked about the raw moment and the central moment. In practice,
there is no conceptual difficulty in determining the moment against any value
of interest (other than the mean). Thus, given the sample X;,...,X,, the rth

moment about the value a is:

SR

il(Xz — CL)T.

Now suppose that the first four moments of a distribution about the value 4 (i.e.
Lsn (X —4),r=1,...,4) are —1.5, 17, —30 and 108, respectively. Find the

n =1

first four raw and central moments. [10 + 10 = 20]

4. Suppose that the probability distribution of the number of customers entering a
store by time ¢ has a Poisson distribution with parameter At. (For definiteness, we
consider the time when the store opens to be t = 0). Show that the time of arrival

of the first customer has an exponential distribution with mean 1/\. [15]

[The probability mass function of the Poisson random variable with parameter 6 is
flz) = iz—!‘ﬁ, r=0,1,...,and the probability density function of an exponentially

distributed random variable is f(z) = %e“l'/ ko> 0]

0. T.0



5. Suppose that thirty six heat lamps are connected in a greenhouse so that when
one lamp fails the next one takes over immediately (only one lamp is turned on
at one time). The lamps operate independently, and each has a mean lifetimie of
50 hours when turned on, and a standard deviation of 4 hours. If the greenhouse
is not checked for 1850 hours after the lamp system is turned on, what is the
probability that the lamp will be burning when it is inspected at the end of the
1850 hour period? [15]

6. Let (z1,v1),...,(Zn, yn) represent n bivariate observations. We are interested in

the regression of ¥y on z.

(a) Derive the least squares estimates of a and §, the intercept and the slope

parameter of the regression line of y on z.

(b) Show that Var(Y) = r?s2, where r is the sample correlation coefficient be-
tween x and y, 513 is the sample variance of y, and Y is the predicted value of
y based on the fitted regression line in (a).

(c) Show that Cov(Y,e) = 0, where e = y—Y is the residual (error) in pfediction.

(d) Using part (c) or otherwise, show that Var(e) = (1 — r?)s2.

(e) Show that Corr(y,Y) = |r|. 6+4+3+3+4=20]
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Answer as much as you can.

1. a) Let the function £ be defined as follows:
int £ ( int n )

int t;
t = 100000 * (n ¥ 10) + (n / 10);
return t / n;

What is the value returned by the call £ (142857) ? Briefly explain your answer. “

b) The following function expects a non-negative integer argument.
unsigned int doit ( unsigned int n )

unsigned int i, s, t;
8=0; t=1;
for (i=0; i<n; ++1i) {
s=8+1+ n;
t=t * 2;

}

return s * t;

What value does doit (4) return? Describe as a mathematical function of n the value returned by the
function doit (n).

2+4=6

¢) How many bytes are allocated to the pointer p after the following call?

#define MAXSIZE 100
P = (long int *)malloc(MAXSIZE * sizeof(long int)); @

d) What value will be stored in count after the execution of the following code and why?

int count, n = 100;
count = printf("\nn:%d\n",n); €)

2. a) Complete the following program that reads an integer n > 2 and prints the smallest integer d > 2
such that n is an integral multiple of @>. If no such d exists, then print —1. For example, for n =
49, n = 50, and n = 51, your program should respectively print d = 7, d = 5, and d = —1. Do not
make any function calls (including math library calls). Use built-in arithmetic and conditional

operators only. Do not use any variables other than », d, r. You may use ¢ as a temporary
variable. (10)



b) Suppose that an array A of size n> 1 is passed to the following function?
void someFunc ( int A[] , int n )

int i,3,k;

for (i=0; i<n; ++i)

for (j=1; j<=i; ++j) Alj] -= Alj-1];
for (k=j; k<n/2; ++k) A[k]l += Alk+1l];

Which of the following is a proper estimate of the running time of the above function? Explain your
choice.

(A)O(n)  (B) O(n.log n) (C) o) (D) None of the above ®)

3. a) Divisibility of a number by 9 is defined recursively as follows: 0 and 9 are divisible by 9, any other
number is divisible by 9 if and only if the sum of its digits is divisible by 9. You are required to fill up the parts
of the code that are left blank so that the overall code tests whether the given number is divisible by 9.

#include <stdio.h>
int main ()
{
int num, digitSum;
scanf ("%d", &num); // read num, assume num =0
// reduce as per recursive definition, if necessary
while (: )
{
// find the sum of the digits of num
: ; // initialise
L )
{ /1 digits remain
;o // add digit
; // drop digit
} // end-while
// prepare for next round of reduction
} // end-while, reduction complete
// now test the base cases
if )
printf ("given number is divisible by 9\n");
else
printf ("given number is not divisible by 9\n"); ®)
return O;

b) Write an iterative C function void append (char *s, char *t) which appends the string t
immediately after the end of the string s. For example, if 8 and t are passed respectively as

"mumbo" and "humbo jumbo", then your function should change the string s to
"mumbohumbo jumbo".

Da not use any string library functions. )



4. a) Express f(n) as a function of »n, where f is defined as follows. Show your calculations. ®)

unsigned int £ ( unsigned int n )
{

unsigned int s = 0, i, J;

for (i=1l; i<=n; ++i)

for (3=i; j<=n; ++3)

s += 1 + j;

return s;

}

b) Write a suitable typedef for representing ordered pairs of integers of the form <x,y> as a
structure. 2)

¢) Suppose we would like to represent a real number x x 10” as an ordered pair < x, y >, with the first
member satisfying 1000 < lxl <9999 . For exampie, 6.023 x 10¥ is represented as <6023,20>

whereas —1.6x10™"° is represented as <-1600,-22>. Write a C function which takes two real
numbers represented as two ordered pairs as given above and returns an ordered pair representing the

product of the pairs passed as parameters.

Do not use any math library functions. %)

5. a) Given a polynomial of degree #,
p(z) = apa™ + 12"V + . 4+ izt + ag, an # 0.
it can be rewritten as:
ple) = (({(apx | an—1)z | ... | @)z | 0g-

This is the Horner’s scheme for evaluating p(x). The advantage of this method of evaluation is that

explicit exponentiation is avoided. Let the coefficients for the various powers of x of p(x) be stored in
an array (say) P{ ], as floatP{ 1= {a,,a,_,,....4,,a,} .

Write an iterative C function based on the above scheme to evaluate a polynomial. The function
should be declared as:

hornerpoly(float P[ ], int n, float x) (6)
b) Write a recursive C function char *lastOccur (char *s, char c) which takes & string s
and a character ¢ as input; it returns a pointer to the last occurrence of ¢ in s, or NULL if the
character ¢ does not occur in s. Do not use any string library functions. 6)
¢) Briefly distinguish between structures and unions on the basis of their memory usage. Q3)
6. a) Consider the following definition:

int **B;

Based on this definition, dynamically allocate memory for a two dimensional array that will have
n rows and m columns where 7 and m are variables to be taken from the users. 4)



#include <stdio.h>
intt=10;
main()
{
it x = 0;
void functl();
funct1();
printf(" After first call \n");
funct1();
printf(" After second call \n");
funct1();
printf(" After third call \n");

}
void functl()
{
static int y = 0;
int z=10;
printf("value of y %d z %d",y,z);
y=y+10;
3 4

c) A two-dimensional character array is used to store a list of names. Each name is stored in a row. An
empty string indicates the end of the list. Complete the recursive function printNames () to print
the names stored in the two-dimensional array supplied as p. @)

\{roid printNames ( char (*p) [100] )

void main()

char names[20] [100] = { "Anurag", "Nilashis®, "Anamitra", "Sarthak",
"Arnab", "Dheeraj®, "Sagnik", ""};

s’rintNames (names) ;
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¢ There are three problems each carrying 10 marks with a total of 30 points. Solve as many as
you can. Show all your works and write explanations when needed. Maximum you can score is
30 marks.

¢ You are NOT allowed to use class notes, books, homework solutions, list of theorems, formulas
etc. If you are caught using any, you will get a zero grade in the course.

1. Consider the following schematic diagram of a drainage network model, where each of Paths 1 - 7 (as
shown in the figure below) behave independently of each other. Suppose that each of the odd-numbered
paths is open with probability p, € (0, 1) and each of the even-numbered paths is open with probability
pe € (0,1).

Layer of Quartzite

Layer of Sandstone

Recall that water will be able to pass through o particular path if and only if it is open. If it is given
that water has passed through the layer of quartzite to the layer of sandstone, calculate the probability
that either Path 6 or Path 7 is open. [10]



2. A closet contains 13 different pairs of gloves. These twenty six gloves are randomly arranged into 13
pairs.

(a) Find the probability that each pair contains a left glove and a right glove. (5]
(b) Find the probability that all the gloves are paired correctly. (5]

3. There are two books, say A and B, and you would like to choose one of them randomly with probabilities
1/3 and 2/3, respectively. Suppose you have a coin for which the probability of obtaining a head in
one toss is unknown but constant. Assuming that various tosses produce independent results, design
an algorithm for the random selection mentioned above. Justify that your algorithm works.  [2 + §]

Wish you all the best
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