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1. StmMary

Partially Balanced Incomplete Block (PBIB) designs with two associnto
classes and involving a few replications aro of practical importance. Boso (1851)
obtained the complete class of two associnte PBIB designs involving two replications.
Bose and Clatworthy {1955) recently derived all such designa with k > r = 3 and
Ay=1and A;=0.

In the present paper two associate PBIB designs involving three replications
aro completely enumecrated.

2. IxTRoDUCTION

PBIB designs were introduced by Boso and Nair (1939) and extended by Nair
and Rao (1942). Recently for PBIB designs with two associate classes a less demand-
ing definition has been given by Boso and Clatworthy (1955) which is as follows: An
arrangement of v treatments in b blocks each of k plots is said to bo a PBIB design
with two associate classes if

(i) each treatment occurs in r blocks and no treatment occurs more than once
in each block.

(ii) any two treatments are either first or sccond associates.

(iii) each treatment has n, first associates and n, second associates.

(iv) for any pair of treatments which aro i-th associates the number p}, of
treatments which are simul ly the first iate of both the treatments is
independent of the pair of treatments with which we start; i = 1,2,

(v) any pair of treatments which are i-th associates occur together in exactly
A; blocks; i =1, 2.

In such a case it has been shown that the number pf, of treatments which aro

1 ly the j-th jatea of a treatment 0 and &-th nesocintes of a treatment

¢ where @ and @ are themsclves i-th associates is independent of @ and ¢, These
parametcrs satisfy the following conditions:
=0k

v=m+n+1 e (20)
Ay +Agng = rik—1)
Phtphtl =phtr=m
Pletple = pletplitl =y
mply = nyp}y
mpks = ngphy
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To avoid triviality, we shall take n,, ns > 0 and A, # A, or, without loss of generality,
A > A

For a PBIB design with two associate classes, let the ‘incidenco matrix’ be
denoted by N = (n;) whero n; = 1 or 0 according as the j-th treatment occura in
the i-th block or not i = 1,2,..., 4 j=1,2,...,v. It has been shown by Connor
and Clatworthy (1054) that

[N | = rh{r~x,) " r—2,)" e (23)
_L
whero =3 [N H-DVE] 2
a; = [e—){—Vy+vB+1}—2n]/2vE o (28)
(=12
where y =12k
£=rhtrh . (28)
A=y42p41

The numbers «,, a; must be positive integers and in general

r>a>n - (27)
butif b <v

r=2 w (28)
and b> v—ay=a,+1. e (2.9)

For designs with b < v tho relation r = z, may bo written alternatively as

Ay =A){(r=Ag)pls~(r—A,)p}} = (r=A,)(r—2,) o (2.10)
a result first obtained by Nair (1943). In general, we have however
(r=2)r=24) > (A, =A){r—As)pls—(r—A,)pid} . (211)

A two associate PBIB design will be said to be ‘connected’ if the matrix
1
C= rI—-L;N'N is of rank (v—1)., Since the latent roots of the matrix C aro 0 and

‘{1 —1/k}+x,/k of multiplicity a, (i = 1, 2) it follows that a necessary and sufficient
condition for connectivity is

rk=1)42,>0 fori=1,2 . (212)
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3. TUREE REFLICATE TWO ASSOCIATE I’BIB besiaNs witi &> 3

For threo replicate two axsocinte 'BIB dexigns the parameters (A,, A,) can
take only the following different paim of values: (1) (3, 2) (i) (3, 1) (iii) {3, 0) {iv) (2,
{v) (2, 0) and (vi) (1, 0). Of theso six l) pea (iii) ia not conneeted and (i) and (i) ean bu
derived from corresy g Dnl I pleto Block (BIB) designa by replacing
cach treatment by o group of treatments.  This is discussed in sub-section 3.1 If we
consider designs with k > 3, then of tho remaining possibilitica (iv), (v) and (vi), the
type (vi) has been completely enumerated by Bose and Clatworthy (1933). Thero
it is shown that:—Three replicate two associate PBIB desiyna withk > 3and A, =1,
Ag = 0 muat belong lo one of the following classes:

(8) Designs obtained by duvalising BIB desiyns with paramcters k® = 3 qnd
At =1

(b) Lattice designs with three replications

(¢) The design with paramelers

v=45,b=27r=3k=6,n=12,n,= 32

Ph=3 php=18 =3 P}:=91
1 2 29

Pla=7 Py === -
Wa shall show in sub-section 3.3 that tho case (v) is impossible and oblain in sul-
section 3.2 all designs of the typo (iv).
3.1, Designs with A,;=3. It is well-known that if in & BIB design D* with
parameters
vt=m b=br=3=p A =2=12)
cach treatment is replaced by a group of n treatments the resulting design D is a two
associate PBIB with the following parameters
v=mnb=0br=3 k=pn
A=324=2A
ny,=n—1,n3=n(m—1),pl, =0
Conversely, it can be easily verified that any two associate PBIB design with r = 3
and A, =3, A, = A (A = 1, 2) can alwaya be obtained in like manner from a BIB

design of tho type D®. It is also cosy to check that any two associato PBIB design
with r =3, A, = 3 and A, = 0 is disconnected.

It is also known that there aro only threo BIB designa of the type D*. Namely

=4 =6 ,=2r"=32"=1 - (3)

== k=t =3 A% =] v (3.2)

and Vel t=rt=3 =2 we {3.3)
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Thereforo wo have the following:

Theorem 3.1, All two associate PBIB designs with three replications and
Ay = 3 are derivable from the BIB designs (3.1), (3.2) or (3.3) by replacing each treatment
by a group of n ireatments.

3.2, Designs with A, =2 and A= 1.
From (2.1) we get bk = 3v = I(n+n;+1)
3(k—1) = 2n,+n,.
Eliminating ny we have

b=0-¢

v +(34)
v=3b=ki3 . (3.5)
where ¢ is given by
ny = kt3—2. - (38)
Since k> 3, that is b < v, we have from (2.10)
2pls—ph=2. e (30)
Using the relations
ple=nphim and pfy=n, —p,
and substituting in (3.7) we get
?-=‘&k:,—:?))- - (3.8)

From (2.4) and (2.8) we get

Smr=z= _;(a_y.h/z)

8o that VA =34+7.

Substituting in (2.5}, we got

But 347 = 34+ph—pls = pli+1  becauso of (3.7)

= nphim+1
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and substituting the values of n,, ny and p},,

_ oke—ap
o et = o= =4 @0
Let us write
k3 =wu, or, k=3ufl, w {3.10)

Sinco n, is & positive integer, from (3.6), we find that u must be a positive integer greater
than 2. From (3.8) we get, in terms of u

_ fu—=2)_ 2—u_ 2u=2)
Fh= 36—y 3 | 6=t @i
Since 3p}, is a positive integer, s0 must be
6(u—2) _
= = 1w, (say.}
Then u= w+2—%” . (312)
80 that
Ph= ;i;- e (313)

We also find from (3.8) that the only admissible valucs of t are 1, 2,3, 4 and 5. For
each such value of ¢, 10 must make w#{18 positive integral, and the corresponding
value of u given by (3.12) should make

@ = et
U7 w0t —mt

(3.14)

a positive integer which Lecause of (2.8) must not be greater than b—1,

Let us take up tho different possible valuea of £ one by ane.  Consider tho case
t=1. In this caso p}, = w18 = a (say), so that w = 18a. Thercfore we get
o= 15a+2 and k= 3¢ = 3(15a+2) so that

oy = 10l15e12) _, , 16(lla+1)

Tat2 Tat2

But here b = 8 and a;>b—1 for all positive values of a. Hence no design is possible.
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For the caso { = 2 wo have p}, = w/0 = a,8ay. Then w = 0a, x = Ga+2,
k = 3uf2 = 3(3a41) so that
_ 243a+1) _ 4%

Gatd o+ Sat4

But hero b =7 and a; > b—1 for all positive values of a. Hence in this caso also
no design is available,

Now tako the case { = 3. Here p?, = 1/6 = a any, Then w = 6a, u =3a+2,
k= u=3a+2 so that

3(3a-+2)
a+2

=

Here b =6 and sinco

b=l—a, = 42—1)

1z

has to bo non-negative, the only permissible value of gisa = 1. Fortunately this
valuo of @ makes a, = 6 a positive integer. For this value of a, we have k=5,
v=10, n, =3 and p}, =1. We havo mercly proved that the above pnrnmclers
satisfy all the known nccessary restrictions for the exi of the p
design, This design however does exist and is listed in Bose, Clatworthy and Shn-
khande (1954) as Design number T9.

For ¢ = 4, p}, = 2w/9 which must therefore Le an even integer = 2a, say,
Then 1w = 9a, u = 3a+2 and ¥ = 3uf4 = (92+46)/4 = 2a+14(a+2){4. Since this
is integral @ itsclf must bo of the form 4c+42. Thus p3, = 4{2c+1), 0 = O{dc4+2),
u = 4(3¢42) and % = 3(3c+2). Thus

= %312
' Tocds
~10c .. .
Hero b =5 and therefore b—1—a, = %+ 3 which is non-negative only when

¢=0. If ¢=0, & =4 is integral. For this case, wo get k =6, v = 10, n=2=8
and p}, = 4. This design is known to exiat and listed aa Design number T15 in Bose,
Clatworthy and Shrikhando (1954),

When { = 5, wo got p}, = 6w/18 which must be divisible by 5, p, = 5a say.
Then =182, us=3a+2 and & = 3u/s = (0a+8)/5 = 2a41—(a—1)/5. Hence
@ must bo of the form a = 5¢4-1 8o that & may bo integral. Then i = 5(5c+1),
w = 18(5c+1), ¥ = 5(3c+1) amd k= 3(3¢+1) so that

3(3c+l)
—bc
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The only valuo of ¢ for which this is positive integral isc = 0. Butifc =0,k =3
which contradicts our assumption that & > 3. llence no such design exists. Wo
may summariso the results of this section in tho following.

Theorem 3.2. There are only o PBIB designs with hwo associate classes
and r=3,A, =2, 3 =1 and k> 3, namely:

TO:v=10,k=06,n,=3,p}, =1
and TI5:v=10, k=0, n, =6, p}, = 4.

3.3. Dinpossibility of designs with Ay =2 and A; =0. Supposo that such
a design exists, Then from (2.10) wo get

23ple— i) = 3.

But since p}; and p}, aro non-negative integers, clearly such a thing is impossible.
Therefore, we get the

Theorem 3.3. No PBIB design with two associate classes and r = 3, A =2,
Ay=0 and k>3 exists.
4. THREF REPLICATE TWO ASSOCIATE PBIR DESIONS WiTH k= 3

4.1, Thecase A, = 2,, = 1. Here, wo got from (2.1) 2u,4-n, = 6 and there-
foro there nre only twa possibilitics namely (i) n, = ny = 2 and (i} n, = 1, ny = 4.

In caso (i), if we sct ply = ¢, we get from (2.2)) pl, = 1—1 and p, = t—1.
Hence the only permissiblo value of 2 is # = 1. Then we have v=b =5, =1
and a, = 2 which is integral.

Writing the digits 1,2, ..., 5 for the treatments, a plan for the design (4.1}
obtained by taking the following triplets as blocks:

(1,2, 3); (1,2, 4); (1,3,0); (2,4,6); (3,4.5 e (41)

In easo (ii) wo have from (2.2

Plitriy =0
Thereforo Ph=rla=rh=0,
and wo get v =b = 6 and a, = 2 is integral. A plan of the design is

(1,2, 3); (1, 2,43 (1,6, 0); (2,6, 0% (3,4,8); 3,4, 6) ()
whero the triplets form the blocks.
Wo may summarise theso results in the following
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Theorem $.1. There are only tio hro-associale PBIB designs withr = k =3
and A, =2, A; =1 namely
v=be=0, 1m0 =2, ply=1
and v=b=0,n=1m=4p}4=0

with plans given in (4.1) and (4.2) respectively.

4.2, Thecase Ay =2, Ay =0. lere wo get n, =3 and from (2.11)
%3pls—pl.) < 3 so that the permissiblo values are 3 ply~phy < 1. Sctting ple = ¢, wo
get from (2.2) p}y = 3—‘%‘_. Henee 3t (141/n,) < 4 and tho only possibility is ¢ « 1

1
andny = 3. Thisgivese = b = 7 and a; = 3—3/2y/2 which is not integral. Hence,
the

Theorem 4.2. There is no tiro associate PBIB design with v =k =3 and
A =2 2=0.

4.3. The case A;= 1, Ay= 0. Here n, = 6 and from (2.11) we get 3p},—2p3, < 6.
(]
Setting pj, = & wo get from (2.2) pfy= 6—;—‘ and therefore the following res.
triction on ! and ny.
Ki+4/n) <0 e (4.3)
Sinco pl) = 51, the permissible values of fare 0, 1,2,3,4 and 5. Let us take up
theso values of £ one by one.

Ift=0, write ny=a. Then wo get v=74a,y=0,f=0and /A =7
do that a, = af7 on simplification, Since this is integral @ must be a multiple of
7, a = 7(c—1) say. Then v = & = ¢ and the valuea of x,, 7, defined in (2.4) come
out to bo —6 and 41 respectively,

But r=k=13

and therefore rk—1) 4 2, = 04(—6)=0

which contradicta the condition (2.12) for conncetivily. Therefore there is no con-
nected design in this cnse.

If ¢ = 1, since 6 must bo divisiblo by =,, the permissible values of ngare 1,2, 3
and 6. ‘Tho only value of n, that makes a, integral is ny = 1 which gives » =& = 8,
ply=1,ply=0. This design exists and is listed as Design number RS in Dose,
Clatworthy and Shrikhande (1954).

If £ = 2, we get from (4.3) 4/n, < 2 and sinco 02 = 12 must bo divixible by
n, the only permissiblo valuo aro n, = 2, 3,4, 8, and 12, Amongst these, the values
of ny that make a, integral aro my = 2 and ny = 3 respectively. 1l ug = 2, wo got
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v=>5=90, p}y = 0; this is a triplo lattice design. If n, =3, we get v=b=10
and this is listed as Design number T6 in Bose, Clatworthy and Shrikhande (1954).

When £ = 3 we get from (4.3) 4/n, < 1. Sinco 6/ = I8 muxt be divisiblo by
ng, permissible values of n, aro 2y =6, 9 and 18. For ny = 6 and 9, «, is integral.
When n, = 6, we get v=b =13, p}, = 3: this hna tho Design number Cl in
Bose, Clatworthy and Shrikhande (1951). When ng =9 we get, v=154 =16 and
p3y = 4. This design exists and is listed as Design number LS14 in Boso, Clatworthy
and Shrikhando (1954).

When ¢ = 4, we must have 4/ny < 1/2 and ny must bo a factor of 24, Thus
ng =38, 12 and 24; Thus n; = 8, 12 and 24; of thexe the only value that makes a;
integral ia ny=38. When n,=8, we get v=>5=15, p}, =3, This is Design
number 123 in Bose, (latworthy and Shrikhando (1954).

In the case ¢ = 5, 4/ny < 1/5 and n, must bo a factor of 30. Thuy ny = 30
but this value does not make a, integral. Therefore there is no design in this class,

Wo may summarise our results in the following

Theorem 4.3. The class of two-associale PBIB design with r =k =3 and
Ay =1, A, =0 contains only the designs numbered 15, T6, C1, LS 14 and T28 in
Bose, Clatworthy and Shrikhande (1954) and the triple lattice design with v = b = 9.

It is interesting to note that Bose, Clatworthy and Shrikhande (1934) give
another design, namely Design ber Sit with | v=b=19,r=k=3,
A=1,A4=0n=06n=12

[P{|=1 P=:=‘“] [Pfl=2 Pf==4:l

Pi=8 Ph=1
and two other designs numbered S12 and S13 are derived from it by respectively
duplicating and triplicating thia design. This is not covered by our theorem, That
a two associate PBIB design with these paramefers is impossible can bo easily demons-

trated by calculating the value of a, which terms out to be &, = 9+3/4/17 which
is not integral.

5. THREE REPLICATE TWO ASSOCIATE PBIB pEsiexs witn k= 2

5.1. The case A, =2, \;=1. In this case we get from (2.1) the relation
2n,4ny = 3, so that tho only solution is n; =ny =1 and thereforo v = 3. But
b = rufk = 9/2 becomes fractional. Hence no such design is possible.

5.2, The case A, =2, A, = 0. Such designs are clearly impossiblo sinco
(2.1) leads to n, = 3/2.

5.3. The case A, =1, A, = 0. In this caso we get from (2.1) n, = 3. Set-
ting ply =1, we get from (2.2) p}, = 2~¢ and p}; = 3—34/n,, Therefore tho per-
missiblo values of ¢ are 0,1 and 2. But from (2.11) we get on simplification

H142/n,) € 4. e (8)
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Thus if ¢t = 0 we get on simplification a, = g — 1 and therefore v must be a multiple
of 4, v = 4a, say. Then n, = 4(a—1) and the values of z,, ; defined in (2.4) turn out
to be —8 and 1 respectively. But this makes
rk—1)+2; = 3+(—3) =
violating the condition (2.12) of connectivity. Henoce no connected design is possible
with ¢ = 0. If 1 =1 since »n,divides 3., 2, = 1, 3, but none of these makes o, an
integer. If¢ = 2, n, must divide 6 and at the same time satisfy (5.1). Thus n, = 2,
3 and 6. Of these values only n, = 2 and n, = 6 make ¢, integral. If n, = 2
we get v =6, b =9, p}, = 0. This design is immediately recognised to be the dual
of the simple 3% lattice design and the blocks are given by the pairs
(1, 4), (1,5), (1, 6), (2,4), (2,5), (2,6), (3,4), (3,5) (3,6) e (B2)
where the integers 1, 2, ..., 6 denote the six treatments.
If ng = 8, we get v = 10,5 = 15, p¥, = 2. A plan for such a design is given
below:
(1,8), (2,6), (3,5), (4,8), (5, 10)
(L9}, (2,7), (3,7), (4,8), (6.9 .. (8.3)

(1, 10), (2, 10), (3,9). (4,8), (7,8)

where the treatments are indicated by the integers 1, 2, ..., 10 and the pairs are the
blocks.

We therefore have the following

Theorem 5.1. There are only lwo two-a sate PBIB designs with r = 3 and
k= 2 namely

v=06,b=9. A4 =1,2=0 1n=3mn=2 ph=0

and v=10,0=15 A, =1, =0,n =3, rn, =86, pf,=2

with plans given by (5.2) and (5.3) respectively.
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