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1. To® rROBLEX COSNSIDEAZD

In the usual theory of stratificd sampling desigus, we are generally intercsted in esti-
mating the mean value or aggregate of a character for a finito population. We may,
however, conmo across situations in which the object is o estimate certain lincar func.
tions of the stratum means. As & case in point, wo may require to estimato the arca under
food crops not only for a province as & whole but nlso for a particular group of strata within
the provinco where for instatico famino might have occurred or it is feared that much area
is being divorted to erops of ono typo at tho expenso of crops of 8 more beneficinl type. As
another oxample, wo may wish to estimate not only the aversgo consumption of rico by
all tho inhabitants in a city but also tho averago consumptiona by the primerily rice-cating
classos and primarily wheat.cating clanscs so that Government may bo in a position to find
out how much rice should be procured for the city and in what manner it ehould
bo rationed to the difforent classcs.

2, ESTDIATION OF PARAMETRIO FUNCTIONS
I general, if the population consists of k strata of sizes Ny(j=1,2,...,4)
and moan valucs

Phi=12 0 k). - 2]

wo aro interested in estimating r & & lincar functiona
Li=X f, (i=1,2 4 2.2
= 4 2 2o ?) - (22)

of tho stratum meana, the matrix of co-cfficients (f,) being known.
For a particular distribution ny(j=1,2,...,X) of the total sample of sizo n, obriously
the best unbiassed estimato of Ly is

L |

LmZigy (=12 e (23)

whers g is the sample mean based on r; observations in the j-th stratum.

These estimates are best (Boasu, 1052) in tho senso that for any convex (downwards)
loss function thoy are admiasible L.o., no other estimators having s uniformly smaller risk
fanction exist. Also wo have

V(20 = E1§ 0 (%— )
N
E‘(yn"y "
whore of m T . (24)
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is the variance of the j-th stratum. Further the best (in the senso stated above) unbiasaed

quadratic estimates of l'(lA,,) aro given by

MLy =E tf ("‘_‘_1%‘)

n
Ao

where w1

[X]
P

3. OPTINUX ALLOCATION OF SAMPLING UNITS

An important queation emerges :  How should the total sample be distributul
amony tho different strata 1 Obviously, there would not be a single answer to Lhis
question. In fact, tho anawer will depend on what tho sample in desired to achieve.
In what follows we shall consider some approaches to the problem.

3.2, Minimisation of cosl plus loea: 1f the results obtained from the sample
are going to form the Lasis of some practical action, we may be able to calenlate
in monctary terms tho'luxs’ that will be incurred in a decivion through an error of
amount d in the estimale. For example, if this lws be pd? (ef, Yater, p. 202) and
the estimate Le unbinsswl, the avorage loss in a sericw of samples of the same type

and size will be /:,V(I.,,). The purpose in taking the samplo may be to diminish the
sum of the total expected loms

[ A
L= § w WLy . @LY)
and the total cost (cf. Kitagawa, p. 313)
C =1L ¢n§ (9> 0). . (3.12)
Or, for & fixed cost given by (3.1.2), tho abject may be to diminish the expected loss

given by (3.1.1). The cost function ured here is more pencral than the usual cost
function

C = Zepny,

In the former case, the function to Lo minimised is

0= cuf+E507 ( %_“‘_‘] . (313)

where q -2‘ L. - (314
Tho stationary value of @ is given by

e =02 . (313)
o5
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It is casy to verify that the stationary valuo In an actual minimum of the function.
In the Intter case, the solution is given hy

1
£
= I'(!:—’—:'l-)m . (3.08)

ove
b=y
(zaotoiia]”

3.2, Minimisation of coxt: As an alternative appronch to the problem, we
may consider tho survey to bo uscful if the parametric functions Ly (i =1,2,...,7)
are estimated with somo desireed variances a;(i = 1,2, ...,7). Generally approximate
value of L's arc known on tho basis of wome previous survey and ag's are determined
by the requi that the dard errors of tho catimates aro somo apecificd per-
centages of the mean volues known approximately. Tn such a case, we have toallo-
cate the total aamplo to the different atrata in such & way that tho cost of the survey is
made smallest, We have then to minimise

Jings ny ey mp) = Tepng

where e (3L

A
subject to the conditions ¢ = V(L) =a;(i =1,2,...,7).
The stationary values are given by the equationa

mt = gele]BALI =12,

. (321)
".; Imo) = a;+Ell.7ﬂ,‘I.\', F=12..71 . (329)

where 's are Lagrange’s undetermined multiplicrs and m, is the reciprocal of n,.

These cquations arc not elgebraic in the varinbles involved. It is, therefore,
not possible to provido any cxplicit mathematical solutions for tho general case,
Ono has to solve these equations hy iterative processes, For example, if r= 2, an
approximate solution can easily bo obtained by Newton-Raphson method. In this
method, we chooso A, so that tho difference between tho values of A, ealeulated from
the two equations obtained from (3.2.2) by substituting for m, from (3.2.1) is small
and positive. We find another value of A, for which this difference is small and
negative. By simple interpolation values of A, and A aro obtained which lead to
ta the optimum allocation.

Ono may like to verify that the stationary point obtained in an actual minimum of
f(ny. g, ooy my). Putting f42,84+A,85+... 44,8, = F and denoting by AY the second partial
derivative of & w.r.t. m; and ny, tho condition i that tho restricted Hessian (Chaundy, 1035)

LR I e
Fn pm S I
N X

. . (3.23)
PY B 0 0 .0

PR R 0 0 .0

g d1 .. B 00 .0
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and its principal minors should have the sign (—1). It may also bo noted that the
solution so obtained is formally cquiralent to tho following :

1 (n}, ng, o.vy 1y) is & minimum of £ subject to the r conditions

&= l’(;.‘) ma  (i=12,.,7

it is slso & minimum or maximum of ¢, subject ta the r conditions.
L= fing g e g,
dma (t=1,2,0,0=1 04), 001)

according as A, deined by the k equations

Y LG e B e
A EA MG ENGE =0 G120 b
is positive or negative. Morcover, the minimum or maximum velue of ¢, i8 @, This

means that for a certain cost and some epecificd variances of any r—1 estimates,
we are minimising the variance of the r.th estimate.

3.3. Jinimisation of variances: Another type of requirement may be that
relative precisions of the different estimates be in somo assigned ratios, As a parti.
cular case, it may be desired that tho coefliciente of variation of the different estimates
bo all equal, the common value of the coefficients of variation necessarily depending
on tho cost of the eurvey. In such a situation tho varianco of one of the variates
will bo minimised for fixed cost and for atipulated rclations between the variances.
As an example of such a situation these estimates may be required by different
ageaciea (liko State Governments), and if the precision of an cotimato is judged by
its variance, wo may distribute the total samplo size so that the relative precisions
of the different estimates are all equal.

1€ the relative precisions of the estimates are governed by
A A A
V(L) = 0, P(Ly) = .o = 4, V(L) v (33.0)
and the cost ia given by
LZemy=C w (33.2)

the optimum allocation is the solution of the equations
" (1 £ -2 =12k 2
oy =r:’§,t b E ,‘_la,u‘zf,], G=L2.k A=1 .. 333

slong with (3.3.2) and the r—1 equations given by (3.3.1).

Liko the equationa considered in the previous section, it is not possible to offer
explicit mathematical solutions of theao equations. They have to bo solved by approximate
methods, In particular, if » =2, an approximato solution can bo easily obtained
using Nowton-Raphson method on the lines indicated beforo.
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4, STRATIFICATION AYTER SELECTION
Somotimes it hnppens that tho framo for the entite population is available
but frames for individual strata are not known. Insuch a situation, aince wo cannot
samplo from individusl strata, & simplo random samplo of size n is taken from- tho
entire population., When the sample data lhave been collected the units are assigned
to the atrata by means of the information obtained sbout them. The best unbiassed
estimates are given by (2.3) as before and the expected varinnces aro
A x i 1
vdn=£tn%atnd ”
e =E 21 b= 20y “1
Using Stephan’s (1945) result
1 1 1 1
El—|= — = —— 5
(n,) ey nhy * nha} w2
approximately where 1) is tho relative size of the j.th stratum, we have
A 1 1 1 a
=Ilfot {— — —— +——1—-Z137- e (4
BnL TR {nw‘ n‘w,+ n‘u‘)} 3 4 Ny w3
5. AX ExAMPLE
We now give an example to illustrate the various methods stated above.
The object ia to cstimate the average aren under wheat per village and the difference
in the averages of the two strata, comprising villages with agricultural area below
and above 1500 bighas respectively, for Ghaziabad fahail in Uttar Pradesh (India).
Data obtained from a previous censua (Sukhatime, 1954) are given below in Table I.
Wo will assumo that the stratum sizes N; are exact as obtained from the previous
census. The rest of tho material will be used as supplementary information for
improving the design of the current survey.

TABLE 1. RESULTS OF A PRELDIINARY CENSUS

wrate no, of avorngo standard

agr. aron

in’ bighas villages ara doviation

Ny undor of area
whoat undor
whoat
) (2] (3) ) 18)
1 0- 500 [~ 112 66
3 501-1600 198 277 110
H 1501-2500 8 858 188
4 2501 and above 23 800 0

Let the cost function bo simply the number of villages and the expected loss he the
varianco of tho estimate. Tho linear funetions to be eatimated are

L=y IN?,

./ N p__ N g N
L= gam it wgm b N ¥, L T, fu
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{a) For a fixod cost of 34 villages, the optimum allocation minimising the total loss
is given in column (2) of Talle 2.

TABLE 2. OPTIMUM ALLOCATIONS IN DIFFERENT SITUATIONS

wrata  coso{a) Neyman's cose (b) caso [c)

allocation
{1 @ 3 L} 3]
1 2 3 3 2
2 7 17 11 10
3 8 1 20 1
4 17 7 18 11

The total loss in this case is 3903, The cocfficients of variation of the estimates

A A

L, and L, are R.27 percent and 1246 percent respectively. If we had used Neyman's
allocation based on the estimation of the mean only, the total lnas would ho 4292 and the
indisidual coefficients of variation would bo 6.29 percent and 13.77 pereent respectively.

A
(b) If it bo desired that the c.v. for L, be 5 pereent and that for i. be 7.6 percent,
we have to minimise the cost mubject to the conditions

(L) = 280,77,

(L) = 1130.60,
The optimum alloention ia given in column (4) of Table 2.

{¢) Tn caso it ia desired that the c.v. of i,, be approximately 2/3 c.v. (I::) and that

A
the cost of the aurvey be 34 villages we minimise ¥(L,) subject to the conditions
Eng =34,

VL) = 25T(Ly).
The allocation iu given in eolumn {5) of Table 2. Tt ia found that
(AN (2.) =T.11 pereent,
ov. (i,) = 10.77 pereent,
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