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SUMMARY. Muximum likehhood {m.].) edtimalo of the infinite multinomial distribution exixta
with probability 1 nnd is consistent under a wimple condition on the ccll probabilitics. To prove the
contiatency of an m.l. eatiniate of 8 pursmeter it is necceaary to assumo that tho parameler ia a continu.
ous function of the distribution. The existenco of the m.l. estimntes of parumoters and their consis-
tency in establislied under conditions Mightly weuker thun thoso amutanl by eardier writers,

1. INTRODUCTION

The object of this paper is to extend the results obtained earlier (Rao, 1957) in
the prohlem of maximum likelihood estimation for the finite multinomial distribu-
tien (f.m.d.) to the case of a multinomial distribution with infinite number of cells,
which may be denoted by (i.m.g.).

As in the case of the fan.d., the consistency of the maximum likelihood {m.1.}
estimate of the i.m.d. is established firat, and then the properties of m.l. equation esti-
mates are studied.

In tho paramotrio case, it has Leen assumed for simplicity in presentation
that there is only one unknown parameter. DBut the methed of proof given here holds
good for any number of unknown parameters without any modification or without
any extra results being proved.

2. DEFINITIONS AND PRELIMINARY LESMAS

The hypothetical frequencies in the infinito numbor of classes are represented
by (my, my, ...) and the observed relutive frequencies by (p,, py, ...). Al summations
in the following definitions and in the rest of the paper are taken from 1 to oo unless
otherwise atated.

Definition 1: The ml. estimate of the im.d. is a distribution

Aricaihl

class A of distributions

A A oA
= (M, M, ...}, if it exists, belonging to a given
m, for which the expression

Z p, log m; is & maximum o (20)

when 7 is restricted to 4.
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Definition 1.2 a° is #aid to be an npproxi or noar m.]. esti if

Xoplog mp > I%-°+ sup X p, log 7 o 2
wrd
where n in the samplo sizo and 0 <c < 1.

Definition 2: Tho m.l. estiwato of & occurring in tho apecification of the
hypothetical frequencica is a valuo of 6, if ono exists in the admimible set of
valued of 8, for which

X p, log m,(0) is & maximum. . (23)

Near m.l. estimate of ¢ can-bo definod in the samo way as in dofinition (2.2).

Definition 3: Tho m.l. equation is

] _‘{_'[- =
A 0. - (24)

Definition 4: The maximum likelihood equation (or m.).e.} estimaate is that
root (or a root) of tho likelihood equation which provides the maximum of the likeli-
hood when & is restricted to the roots.

The m.)e, estimate ia not defined if the equation (2.4) has no roots.

In what follows, wo shall denoto a sequenes of independent observations from
the given multinomial population by X, = (£, 7y, ...).

Definition 5: A sequenco of functions 1, =t{r,,...,1,), n=1,2, ... al
inf, is said to bo & conaisient roof of the likelihood equation if, oxeept for a sot of sequences
Xa = {2, 2y, ... ad inf) of probability zero,

(i) 1, is well-dofined for alf sufliciontly large »,
(i) 1. ia & root of the likelihood equation for all sufficiently large -n, and
(ili) 24— 0y 08 n—> 0, whero 0, in the actual parameter vatue.

In Definition &, tho phrase ‘all sulliciently large n’ means that for any given

scquence X thero is an m, depending on the sequence, such that the statement
ia truo for all n> m.

Definition 81 For each #in somo index sot let (.5} ho & sequence of estimates
of 0. This family is said to bo uniformly consistent if

Uy = i/r;f {tu} and v, = n;p [()]

are themsclves istont esti of 6.
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Lemma 1: Jf X a, and X b, are {wo convergent sequences of non-negative
numbers such that a, 3 T b;, then

g B <o, - (28)
i

where the summiation T' ia extended over non-zero values of a;.  The equality is attained
swhen and only when ag=b; for all i,

Tho proof of Lemma 1 is similar to that given by Rao (1957) when the number
of elements i finite, following a method used by Kullback and Liebler (1951},
Lemmn 2

If the hypotheses of Lemma 1 are satisfied and if 0, <1, b, 1
for all 3, then

2% a,log ‘;‘. » I afa—bt.
g

. (2.8)
To establish this, we note that for z > 0,
log z = (z—1) ={z—1)}* ‘%‘- withye(l,1).
It follows hence that
. b s . . {b—apr
T glog -t = ' b—%' ay—T'a, "0 {2
a;log a — T a—2a, 5at) 20

where 23 ¢ (af, b2) and henee 1 for ench i, Changing the signs on both sides of {2.7)
and observing that £’ g;—X'b is not less than zero, we obtain

2T g, log Zl > Ta Lb,_;ﬂ > Yagb—a)
3 §

as desired.

3. CONSISTENCY OF M.L. ESTIMATES

Let A be the given adinissible rot of i.m. distributions, & typieal member of
which js denoted by 7 = (m, 75, ...).  We shall make the following assumption about
the true distribution 2°=(n},n},...):

Assumption A,: Zn}lognf > — co.

The istency of the m.l. of the i.m.d. is established under this solo assump-
tion. The consistency of m.l. estimates under the same assumption can bo also
proved by using the arguments of Wald (1049), as pointed out by Kiefer and Wolf-
owitz (1956). Tho proof given here, howover, seoma simpler and more direct,
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It may be worthwhile to note here that Assumption 4, is not necessary for
consistency. For, if we allow 4 to be the set of all possible i.m. distributions, the
assumption 4, is clearly not satisfied but the m.l. estimate, which is then the observed
distribution, is consistent. On the other hand, it is known that m.l. estimates can
be inconsistent when A4, is not true (Bahadur, 1958).

First let us suppose that the m.l. estimate exists and let us represent it by
= (191,1’;,. ...} If p={(p) Py ...) represents the observed cell proportions, thon
¥ p, log 7% < X p,logm < X p, log p,. .. @A)
By the strong law of large numbers
Z p, log 79— L a%log nY, .. (3.2)

where in what follows the symbol—. when applied to random variables, indicates
convergence with probability 1. For any given % and any sample sequence
X, = (%, %3, ..., Z,, ...) we have

&
Zpilog pi < X pilog p;
for every =, and therefore

lim sup £ p, log p, < lim sup b i log py.
n—w n S 1

&
Consequently, lim sup Z p; log pi < £ 7 log #? with probability 1. Since & is
n—yx t 1

arbitrary, it follows that

lim sup I p, log pi < T #%log #? ... (8.3)

"=y
with probability 1.
On the other lhand, X p; log p; > T p, log #? by (3.1). Hence

lim inf X p;log p; > liminf £ p; log #} == Za} log # with probability 1. ... (3.4)

n—pon ndw
From (3.3) and (3.4) it follows that

Z p; log p— = 7% log n%
214
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and using (3.2) wo sco that all the three terms in (3.1) tond to the samo limit. Since
thir common limit is finite Ly assumption 4,, wo have

Lp log Lo,
Pe
Hence, by an application of Lemma 2,
A
Zpi(m—p)*> 0,
hence p; (;,—p‘)’—o 0 for cach 1. This implies that (;r.'—ﬂ?) — 0 for each i for
which n? % 0. Consoquently, ;r;—i 7} for every 5. Thus the m.). estimate of each of

the individual cell proportions tends to tho true value. According to a theorom
of Scheffe (1947), this ia equivalont to

I | a—n% |0 . (3.5)

which exhibits the consistoney of the m.l. estimato of the entire distribution in a
strong form.

When the m.l. estimate does not exist but near m.l. estimates nre considered,
their consistency can be proved by a modification of the preceding argument (cf.
Rao, 1957). The modified argument is presented in Theorem 1 below for the
parametrio case.

As observed earlier (Rao, 1057), the estimation of a p Tp some
difficulty unless it is suitably related to tho admissible distributions. If 4 = { (0)}
is a given parametric representation of the set A of admissible distributions, with
@ a real parameter, and f, is the true value of the parameter, and nssumption 4,
holds, then the consistency of the m.l. estimate of the parameter follows imme-
diately, provided only that tho following continuity assumption holds:

Assumption Ay : 1f {0,) is A sequonce of parameter values for m =0, 1,2,
... such that for esch i =1, 2, ..., 7(0,)-> m(0,) 88 m—> 0, then f,— 0, a8 m—c0.

We shau now provo tho following theorem.

Theorem 1: If A; and A, hold, then the class of all approximate m.l. estimates
(definitions 1.2 and 2) corresponding to a fized ¢, 0 < ¢ 1, ¥s uniformly consistent
(definition 6).

To prove this result, wo observe firat that if 8° = 6,(z,, z,,..., 7.} is any
npproximate m.l. estimato wo have

I plog n{l,) < su’p I p, log m{6)
< =92 1 3p, 1og m0°)

< - %y log
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Hence

Splog ’—";%) + l—‘lf—" € Zp loxﬂ;%.) <o e (3.8)

1t lins already bLeen shown ahove that under A,, T p; log l'l('_ol). - 0. 1t follows
J

hence by (3.6) that

inf X7, log %") -0 . (37

An application of Lemma 2 to (3.7) shows that

sup S i [740°) =P 0. . (3.8)

Sinco T|p;—m(0,)] > 0, it followa easily from (3.8) that
sup Zn(Qe)(md0*)~n 0> 0. . (39)

Wo observe next, in consequenco of Ay, that for any & > 0,

if  Zr0)m0)—m(0))* > 0. o (3.10)
1#-001 28

1t follows from (3.9) and (3.10) that with probability 1, for any & > 0, thore exists

an m (deponding on ¢, 8, and tho soquenco xy, z, ...) such that for all # > mn every

approximate m.l, estimate 0¢ is in the interval (6,—38,0,4+38). This establishes

Theorem 1.

4. PROPFRTIES OF M, L. FQUATION ESTIMATES

In this section, wo state and prove some properties of the m.l. equation esti.
mates and also establish the exist of m.l. eatimates in the p ic case nnder
certain additional ‘assumptions,

Assumption Ay: Thero exists a neighbourhood of g, in which each m(6)
ia differentiable with respect to 0.

Theorom 1. Under assumplions Ay, Ay and Ay, for all sufficiently large
& with probability 1,
(i) m.l. estimales exist, and

(ii) every m.l. estimate i& an m.le. estimate, and ly.

In other words, tho class of m.l. estimates is non-empty and coincides with
the class of m.L.o. ostimates (dofiuitions 2 and 4), It follows from Theorem 1 that this
closs is uniformly consistont,
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T'o establish Theorem 2, chooso and fixa & > O such that ench m,(0) is differenti-
able (and therefore continuous) in (0,—8, 0y +4].  Noxt, choose and fixa ¢, 0 <c < 1,
and consider the class of approximate m.), estimates corresponding to c. It
follows from Theorem 1 that with probability 1, for all sufficiently large »,
every approximate mul. estimato ¢ is in (Up~8, Og4-6). Consider n particular so-
quenco z,, 2y, ... for which this is true, and a particulsr sufliciently largo n. Let
L) denoto the log likelihood at 0. If 8, 0, ... is any sequenco such that
Lh)— s\;p {La(0)), wo shall havo L (%) > li’z.;_s + 6!;[) {La(0);  for all sufliciently
largo k, since 0 < ¢ < 1, and honco Uy—3& < 6, < 8y+8 for all sufficiently lurgo k.
It follows that tho supremum of L) equals the eupremum with ¢ restricted to
[05—8, 0,+8], and is thereforo attnined in the latter interval. Thus m.L. estinates
exist.

Now let # be any valuo of ¢ at which L,#) is & maximum. Sinco then §
is also an approximate m.l. estimato, wo must have 0,—8 < < 0,+38. Hence, as
pointed out by Lo Cam and Kraft (1056), the derivative of L,(0) must vanish at 4.
Thus every m.l estimato is o root of tho likelihood equation, and therefore is an
m..e. cstimate. Conversoly, every m.lo. estimate must be an m.l. estimate, sinco
the maximum of the likelihoud with 0 restricted to the roots of the likelihood equation
has just been shown to equal the maximum likelihood with @ unrestricted. This
completes the proof of Theorem 2.

The assumptions d,, 4, and A, usder which the existence of consistent roots.
and their identification as m.). estimates lias been established here scom to bo consi-
derably woaker than thoso assumed by earlier authors. Also tho argument does
not dopend on tho number of unknown parameters so that the additional difficulty
in establishing the existenco of the roots of the m.l. equation present in somo of tho
earlicr proofs when the number of unknown parameters is more than one is avoided.
However, proofs of other properties such as unigueness of tho m.L estimate, and non-
oxistence of twa distinet consistont roots (Huzurbazar's theorem, 1948) seom to
require additional assumptions. For example, il cortain conditions on the socond
derivatives of 7,{0) aro satisfied, it is possible to dednce that, for some r > 0, with
probability 1,

x  {Luoy<o N
“TZXK'( (0)) (+.1)

for all sufficiently large », where dashes denote differentiation with respect to 6.

Lot {tin} and {t,,} bo two consistent roots. If for some sequonce and somo
n, lyn 7 lga, it follows from L {1,,) = L,{¢,,) = O that there exists a

b3 6 (tys 1) With Lt} = 0. . (4.2)
Y
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Since, with probability 1, tho intervel (1., 4y,) is containod in (0y—7, Ug+r) for all
aufliciently largo n, it follows from (4.1) and (4.2) that wo must have ¢, = #,, for all
sufticiontly largo n. Thus the consistent root of tho likelihood oquation is uniquo
in tho senso that any two istont roots coincido for all sufliciontly largo n. It
follows in particular that tho m.l.e. cstimato is uniquo, and henco so is the m.l.
estimate,

I wizh to thank my colleague R. R, Bahadur for seversl useful discussions
I had with him during the preparation of this paper.
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