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Chapter 1

Image Compression: an
introduction

1.1 Why Image Compression

A simple gray level tmage can be defined in a very simplistic way as a function
f : R? — R with the function value f(x,y) giving the brightness value ( or gray
level may be with change in scale ). When this image is to be represented on a
computer screen ( which has finite resolution ) image is discretized both spatially and
in amplitude. Then image can be considered as a matrix ( of points ) whose rows and
column indices identify a point in the image and the corresponding matrix element
value identifies the gray level at that point ( the point is called pizel or pel).

Now suppose the size of the above mentioned matrix is N x N and the number
of gray levels available is M then the number of bits required to store this image is
N x N x log(M). Even for moderate resolution {/N) and number of gray levels (M),
the size of the image is too high for its practical use. Today’s computing requires a
constant image processing, storage and retrieval of imnages and that too with the least
possible delay. This fast processing of images requires the image size be as small as

possible. So the image compression is the need of today’s computing world. With
this we start our discussion of image compression.
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1.2 Image Compression Fundamentals

In a digital image, there can be three basic types of data redundancies, coding re-
dundancy, inter-pixel redundancy and psycho-visual redundancy. An image

compression algorithm must identify these and exploit them to achieve good image
- compression. For more details one may refer to [1].

An image is said to have coding redundancy if the gray levels of the image are
coded in a way that uses more code symbols than absolutely necessary to represent
each gray level. This can be avoided if the coding of symbols is done depending on
their probability of occurrence. Huffman coding reduces coding redundancy.

Various relationships among the objects in an image leads to inter-pizel redun-
dancy in the image. Because of these relationships value of some of the pixels can be
‘estimated from the pixel value(s) of its neighbor(s). 1f such estimation is possible then
coding of each pixel is not necessary. This redundancy can be removed by certain
applying certain transformations on the image. These transformations can be very

complicated like Karhunen-Loeve transforms or very simple like taking difference of
successive pixels on each scan line.

In normal visual processing, certain information in an 1mage simply has less rela-
tive importance than some other information. This information 1s said to be psycho-
visually redundant and can be eliminated without introduction of noticeable visual
distortion in the image. Elimination of psycho-visually redundant data results in
a loss of quantitative information, it is commonly referred to as quantization: the
process 1s irreversible and results in a lossy data compression.

50 a general model for source coder is as in figure (1.1) and that of decoder is as
in figure (1.2).

Mapper (Quantizer Symbol encoder
fz,y) — (inter-pixel) — (psycho-visual) —  (coding) — channe]

Figure 1.1: Source encoder

After looking at the encoders in general, we classify them into two categories,
lossless coders (whose decoder can reconstruct the original image with no loss of in-
lormation of any kind) and lossy coders (reconstructed image contains less information
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channel — Symbol decoder — Inverse mapper — f (z,y)

Figure 1.2: Source decoder

than the original). Lossless compression is useful when loss of information can not -
be afforded (e.g. medical images, satellite images), but compression ratio that can be
achieved by these coders is limited. The lossy coders try to discard the psycho-visual
redundancies and need not have to reproduce the image exactly; this makes themn
more efhicient in compression of data. For more information about various image or
in general data compression refer to [2] or [3].

All lossy coders, at some stage apply quantization process. Quantizations are of
two types:

1) Scalar Quantization: In this, the range of the pixel values is divided into fixed
number of intervals and all pixels having pixel values lying in same interval are as-
signed the same value. While quantizing, we would like to minimize the error dne to
quantization. A quantizer is specified by its input partition and output reproduction
poimts. Optimal quantizers satisfy the following two conditions:

1. Given the encoder (input partition) the best decoder is one that puts the re-

production points on the centers of mass of the partitions. This is known as
centroid condition.

2. Given decoder (reproduction points) the best encoder is the one that puts the

partition boundaries exactly in the middle of the reproduction points. This is
known as nearest neighbor condition.

2) Vector Quantization: In this, instead of quantizing pixels individually, a group
of pixels (vector) is quantized. During the decoding the decoder needs a code book
(a lookup table). Let D(z,y) be an appropriate distortion measure and { P} forms
the partition of given source image. Then the optimal vector quantizer satisfies the
following two conditions (modified versions of above mentioned two conditions):

I. Nearest Neighbor Condition: If the given reconstruction values are {#:} then
the optimal partition is given by

P, = {:I:D(:r:.*ilk) < D(z,%;) for j # k}
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2. Centroid Condition: Given partition Py the optimal reconstruction values are
given by |

ITx = arg min/pm(z)D(z, T )dz

Theoretically, a vector quantizer captures maximum possible compression, but it can
achieve it only asymptotically as its dimensionality increases. Also for design of op-
timal vector quantizers the knowledge of underlying probability density function of
the image is required, which is more and more difficult to obtain as dimensionality
increases. Also computation cost and delay increases exponentially with dimnension-

ality, limiting the practical applicability of vector quantizer. So most practical coders
have chosen transform coding as their basis.

'The basic structure of transform coder is as follows:

transform _ \ quantized s encoded
fl{z,y) T domain quantization coeflicients coding image

Figure 1.3: Transforin coder

The efficiency of transform codeis depends on the way their basis function repre-

sents the image. The efficiency increases with the transform coders ability to decor-
relate the immage data points.! Thus transform coders enable us to obtain some of

the benefits of vector quantization with much lower complexity. So now we will
concentrate on transform coders.

1.3 Karhunen-Loeve Transform

Also known as Hotelling transform, the Karhunen-Loeve transform is the optimal

transform in the sense that it completely decorrelates the input data values. We
briefly describe this optimal transform. -

suppose the input data is in the form of vector, say #. Let T be the transformation
matrix and let ¥ be the transformed vector. Our aim is to find the conditions on

1The nearby pixel values are not indepen'dent but are highly correlated. This correlation hinders
the efficiency of representation (inter-pixel redundancy).
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matrix T, such that the components of § are completely uncorrelated.? The problem
can be reformulated as follows:

Given a random vector ¥ = (2(0),z(1),...,z(N — 1))7, find a set of basis vectors

®is,i=0,...,N — 1, such that the error of a truncated representation is minimized
1n the mean squared error sense,

1.e. we want to minimize

/N—-1 D-1 21
c=EB[# -2 = B|( X X~ ¥ Xﬂn)
i=0 1=0 1

This problem of optimizatioun directly leads to eigen-value problem. Let
[(I)] — [(bﬂi (I)I: Ty (I)N-l}

where ©g, @y, ..., Ppy_, are eigenvectors of variance-covariance matrix (which is pos-
itive definite) of input signal & ( given by E[(Z ~ Z)(Z — )7, where & is the mean )
corresponding to eigenvalues g, £y, -+, tiy—1. |

Then it can proved that the required K-L transform matrix is given by {®] and
the mean square error is given by

N-—-1
cE = fhi
1= I

and note that ¢ is minimized if we arrange eigenvalues ji;’s in a descending order.

50 to summarize, K—-L transform is optimal in the sense that:

/

1. It completely decorrelates input data values.
2. 1t minimizes the mean square error in data compression.

3. It contains the most of the variance (energy) in the fewest number of transform
coefficients.

?To encode a sinusoid, the number points that are to be encoded is proportional to the accuracy
of reproduction. But if we know its magnitude, phase, frequency, starting time, and the fact that

it 1s sinusoid then we can reproduce the signal exactly. So these 5 completely uncorrelated values

have same information as the original waveform. So complete uncorrelation of data values will give
liigh compression. |
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4. It minimizes total representation entropy in the sequence.

But practical implementations of K-L transform are far from efficient, for the basis
vectors of K-L transform depend on the input signal. To calculate them we have
to first calculate the variance-covariance.matrix of input signal, find its eigenvalues
and corresponding eigenvectors ( matrix eigenvalue problem ). This dependence of
basis vectors on input and the complexity of eigenvalue problem makes K-L transform

unpractical. But theoretically the transform is the best and can be used to benchmark
the efficiency of other transforms.

Now our aim is to find a transform whose basis vectors can be determined apriori
and which can approximate the K-L transform reasonably well. In the next chapter

we will look at the Discrete Cosine Transforms (DCTs) which will serve our purpose.
We end this discussion on K-L transform by looking at a special case, in which the

analytic solution of eigenvalue problem mentioned above can be obtained. We will
use this case in the next chapter while proving the efficiency of DCT.

A special case:

Let the variance-covariance matrix A of the input = has a special form as
Al = p"M i k=0,1,-- N -1

for 0 < p <1 and p is adjacent correlation coefficient. ( Such a signal is said to be a
statwonary Markov-1 signal).

‘The solution in this cra,se?is provided by Ray and Driver ( see ({4])) as:
[#)nm = P(n) = n’th cotnponent of m’th eigenvector
- | 11/2 " | -
2 N+1

-t

where m,n = 0,1,---,N — 1, and p,, = (1 — p?)/[1 — 2 cos(wy,) + p?] are ﬂigenvall__ies
and wy,’s are the real positive roots of the transcendental equation:

B (1 — p?) sin{w) .
tan{Nw) = [cos(w) — 2p + p? cos(w)] (12)



Chapter 2
Discrete Cosine Transform

The Discrete Cosine Transform ( hereafter referred to as DC'T } is one of the most
widely used transform in signal processing because of its various useful properties.
In this chapter we will derive few important properties of DCT and then prove the

asymptotic optimality of DCT ( convergence to K-L transform )} under certain as-
sumptions.

2.1 Fourier Cosine Transform and DCT

FFor an input z(t) with —oo <t< o0, its Fourier transform is given by

1/2 %

X(w) = Flz(t)] = (%r_) / a(t)e It (2.1)
and the inverse transform is given by
1\ 1/2 o0 | |
o(t) = F X (w)] = (2—) [ X(@)etdu (2.2)
_ T
Now if z(t) is defined only for ¢ > 0, we can construct y(t) as
y(t) = z(t);  t>0
= z{(-t); t<0

[
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Then
| 1\Y2 [ F . ; -
Fly(®)] = (—2?) {/ﬂ:(t)e"”tdt*I— /:r(—t)e"Jwtdt}
0. ~o0
B (“21?)1/2 Zj x(t)[e™7*" + e7"]dt
= (%) v jm(t) cos(wt.)dt

Now we define the Fourier Cosine Transform as:

Xelw] = Flz(t)] = (;—)1/2 fa:(t) cos(wz?)dt | (2..3)
and 1tS Inverse as:
B 9\ 1/2 P |
o(t) = F2'Xe@)] = (2) [ Xelw) eoswtdw (¢ > 0) (2.4)

From equation (2.3) it follows that the FCT is an imtegral transform with the kernel
Ke(w,t) = cos{wt) up-to a normalization constant. Let |

Wn =20m0f and t,, = ndt
N

be sampled frequency and time, m, n are integers. Then we can rewrite the cquation
for the kernel as, assuming & f6t = 1/(2N):

K(wm,t,) = K (2nméf, not) = cos(2rmnd f§t) = K.(m,n) (2.5)
Tmn |
K (m,n) = )
(m, n) COS ( ~ (2.6)

Now we define various forms of DCT as follows:
e DCT-I:

2\'2 1 ' |
[C}{J+1]mﬂ — (—N") l:kr}lkn COS (Tn;ﬂ-)] m,n = U, 1, P N.
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e DCT-II:
| 2\ [ 1/2
[Cﬁ]mn = ('j_v"“) [kmCUS (m(n-;v ! )ﬂ')] m,n = 0: 1, IV — L.
e DCT-III:
/27T 1/2
[CH N mn = (%) -kﬂ CoS ((m-I-N/Q)?m)] m,n=01,---, N —1.
o DCT-IV: |
2\!? T m+1/2)(n+ 1/2)n |
[C}?"]mnz(-ﬁ) cos(( /)]g /2) )] m,n=0,1,---, N — 1.
where |
ki = 1 ifj#00r N (2.7)
| , )
= — tf1=00r N. | 2.8
7 fi (2.8)

2.2 Properties of DCT

I. Unitarity of DCT

We outline the proof of unitarity of DCT-I. Let gx denote the k’th column vector
in (N + 1) x (N + 1) transform matrix C,_,, then

(yh grn)
= Lo (Fz.,?) kikom k2 cos (%—E) cos (”"‘“)

— (E%*-) [}:f;ll [cos (”“(ﬁm)) + cog("“(;m))] + 1+ (—1)””‘]

— (ﬂ}jﬁr_m) [ fz—ﬂl COS ((!*:::;)mr) T pr:rzl COS (_(‘I-I-ﬁ}u?r)]

- () R [ W 1 W4 )

where Wy is primitive 2N’th root of unity. Manipulating the last equation it
can be proved

(91 9m) = Otm  (K(roneker delta)

which implies the unitarity of DCT-1. Similarly the unitarity of other DCT’s |
can be proved in similar manner. For detail proofs refer to So we have following:
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® :C;Hl]_l — [C:{HIIT = [Cff+1]
o [CN)™" = [CHIT =[G}
o [CH'=[CH')F =[CY

o [CV]T'=[CN T =1CN]

This immediately gives us the formulae for forward and inverse DCT transforms:

e DCT-I1
Forward:
9\ 1/2 N
XU (m) = (_.__) km Y knx(n) cos (mnﬂ) m=20,1,..-, N;
N a N
Inverse:

9 1/2 N
.:1:_(?1) = (-—ﬁ) kn > kn XM (m) cos (m;ﬂ") n=01,---,N.
m=0

e DC'T-11
Forward:

2\ A ‘m(2n+ )71
X3 (m) = (-—N—-) km Y z(n)cos m ;; )™ m=0,1,---,N —1;
n—=() " i

Inverse:

9 1/2 N—1 ] 9 1 T
#(n) = (ﬁ) | mz::gkaC(l)(m) COS _m( ;N )?T_ n=0,1,---,N —1.

Forward and backward transformations for DCT-II1 and DCT'—IV can be ob-
tained similarly, (compare the kernels for the transforms ).

. Scaling in time
Since DCT s deal with discrete sample points, a scaling in titme has no effect

in the transform, except changing the unit frequency interval in the transform

domain. Thus as 0t changes to adt, §f changes to &f/a, provided N remains
saine. |

. Shift in time - . |
Let Z = [2(0),---,z(N)]T and &, = [z(1),-- -, z(N -+ 1)]? be two sampled data



CHAPTER 2. DISCRETE COSINE TRANSFORM 1

vectors in dimension N+1, with . denoting the one sample shifted data vector.
Then it can proved that

e DCT-1
X{P(m) = cos (n:) X“D(m) + ki sin (ﬂ;ﬂ) X (m)
. (%)1/2 b [(;;) cos (m?r) :r:( ) (\}§ 1) :r:(l)_
-+ (-1 (1 \}5) COS (?z’a\;r) x(N) + (-— )" U\j/; 1)-
where

2\ /2] N
Sy — (2 - _
XY (m) (N) ) sin ( ~ )H:.':(n)

n=1

which is actually Discrete Sine Transform of type-1 (DST-I).

e DCT-I1 |
Xf(2}(1n) = CO0S (%ﬁ) XD (m) + sin (?;L:T) X‘q("!)(r{;)
2 1/2 -
+ (-—h—[) km|(=1)"z(N) — 2(0)} cos (z;) ,
where

X® = (cix and XS = (CY

and X5@ (DST-II) is defined similarly as X5 ( with appropriate in the kernel).
For time-shilt formulae for other DCTs, refer to

Ly

4. Convolution Property Instead of taking conventional linear or circular con-
volution we take convolution of even extension of the given sequence as follows:
If the given sequence is f(n) for n =10,1,---, N — 1 then we construct f(n) as

f(n) = f(n) for0<n< N -1
= f2N—-n—-1) for N <n<2N

Now the 2N point DFT of this extended sequence is given by

1 \.2N-1 o 7 -
Fi(k) = ( ) Z f(n) exp 322?::” (2.9)
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Using symmetry in above equation we can write it as

N-l —2mkn 2T k(n ‘
Fe(k) = (\/;_N) Y f(n) {exp J;Nk ]—I—e}cp [‘?2 o -I_l)f } (2.10)

=0 2N

Introducing shift and a weight factor in the above equation we get

kpFp (k) exp ";;k] — \/ (%) g ki f(n) cos {’“ (n +;/ 2)m } (2.11)

where

K, m = (0

H
m

l<m<«<N-—-1
= (0 otherwise

Note that RHS of above equation is the DCT-I1 for sequence for f(n). Therefore,
using F“1?)(k) to denote the DCT-II for the sequence we get

. -
Fc(g)(k) = kk eXp ;;Vr_ FF(!’») k = 0,1,*",N — 1. (212)
From DCT-1I transform the original sequence can be obtained using following
cguation
2\ (2] ik 2jmkn
N R k, FC2) (L A 2.13
1= () Re{ X brOmen | Tlap[ 200 o

where n = 0,1,.--, N — 1.

Now we give convolution theorem for DCT-II ( similar to convolution theorem
for Fourier transform ). Let F¢® and G¢® be DCT-II transforis correspond-
ing to f(n) and g{n) respectively. Then by equation (2.12) we get

— ik ]
WC(Z) (k) = ki exp [ JNH Fp(k)Gp(k), (2.14)

Now applying equation (2.13)} and using convolution theorem for Fouricr trans-

forms we get .‘

w(n) = h(n) x f(n) * g(n) (2.15)
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where

2 22 _ 4N
. [(2n—1)x
=1l —
X = :(2njl}1r } / 2N
5111 | N

S0 the convolution theorem is

FEO[h(n) % f(n) * §(n)] = FCD(K)GD(k), k=0,1,---,N~1. (2.16)

This completes our discussion of some important mathematical properties of DCT.
In the next section we look into the asymptotic optimality of DCTs.

2.3 Asymptotic Optimality of DCT

In this section we will derive the asymptotic optimality of DCT-I and DCT-I11, in the
sense that both of them converge to KLT under certain conditions. And then we will
see that by a generalization of the framework used for above proofs, we can prove

asymptotic convergence of DCT-II to KLT for the Markov signals of all orders. So
we start with optimality of DCT-1.

2.3.1 Asymptotic convergence of DCT-I to KLT

In the previous section on Fourier Cosine transforms we derived formula DCT-] using
discretized Fourier DCT. But the original derivation by Kitejima was motivated by an
attempt to approximate KLT basis by some simpler functions. The derivation is based
on recursive relation of the Tchebyshev polynomials of first kind, the diagonalization
of tridiagonal matrix, and its asymptotic equivalence ( as N tends to oo ) to the
inverse of the Markov-1 auto-covariance matrix. The derivation is as follows:

Symmetric Toeplitz matrix [A] for the auto-covariance of the Markov-I stgnal has
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an inverse in tridiagonal form given by,

[ 1 -p 0 0
—p (14 p?) ( "'Pz) o .-
1 _ (1 *a-1] O —p 14+ p —p 0
At =a=o D I e Dy e
v e .aow e (1+p2) ..-..ﬂ
R

Then we decompose [A]™! as [A]~! = [B] + [R] where

(1+p°) -2 0
-V2p (1+p%) —p
Bl=1-p"| o0 AP —p (2.18)
~VI5 (1+p%).
and ~
(\/:Pz | (VZ-1)p 0
1 7 — 1 0 0 ‘
[R]=(1+P) P () (\/i—l)p (219)
i (\/§_1)p —p?

Note that [R] is very nearly equal to zero. The matrix B can be further decomposed

8=\ fm+ s fin .

where
g 1
IO 75 0 0
= 0 1 0
[Bi=]0 & o L ... ... .. (2.21)
1
0 5 0

From equation (2.20) it follows that the transformation that diagonalizes [B,] will di-

agonalize [B]. The diagonalization of |B1] depends on recurrence relation of Tcheby-
shev polynomials of first kind, which are given by

T.(z) = cos(nf); cos(@) =z, n=0,1,--. (2.22)
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and the relevant recurrence relation is

1 1 ,
'Q'Tn—l(x) + 5 n+1(z) = 2T, (z) | (2.23)
If first N polynomials are considered at the discrete values of z given by
k
:L'k:COS{(le)}, k=0,1,---,N — 1. (2.24)
then
1 1
"2"' n—l(mk) + '2'Tn+l($k) - $an(Ik): n — 11 21 Ty N — 2:
Tl (.’Iik) = :I:kTﬂ(.’Bk)
and
Tn-a2(zk) = 21 Tn-y (24) | (2.25)
Above equation can be represented in matrix form if we define an N —~dimensional
vector given by |
To(zr) Tn-(z) )
Vi = Ty(zk), -, 2.26
k { \/5 l( k) \/E ( )
‘Then |
[Bi)vk = zxve, k=0,1,--- N —1. (2.27)
Hence |
[B]Vk — WV}, k:U,l,“-,N— 1. (2.28)
where the eigenvalues w;, are given by
i - kr
wg = (1 —p*) 114 p® - 2pcos 2.29
k ( p°) { P pD_(N—l)_} (2.29)

Note that in equation (2.18) as N — oo, [B] should asymptotically approaches (A}~
This 1s valid in transformn domain at least as proved below: Lot

[V] — [ﬁ{]:ﬁla e :ﬂN—I]T

where 9 is normalized eigenvectors in (2.28). Since ;. are real, the matrix (V] are

real and unitary. Thus [V][V]T = [Iy]. Applying similarity transform to (2.18) we
get

VAPV = VIR + R
diag(wo, wy,- -+, wy-1) + [V]T[R][V] (2.30)

1
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By direct multiplication it can be shown that

(IVITIR][VDam = 0, forn+m = odd _
(-—-p + (2 — v?2) [COS (%) + CO8 (J,:,‘_"_"l)])

= Kpkm?2
wimer (N =1)(1 = p?) _
forn+m = even (2.31)
where
kin = ! 'fm—(]orN-—ln
m \/§ - .
= 1 otherwise. (2.32)

For p # 1 (2.32) vanishes as N — o0o. Therefore we get as N — oo,

EE B r 1
[V]I [AJ[V] = diag[po, 1, - - -] where jy = :!;;
and
i 5 11/2 nmm |
V]am = knkm (N -1) COS (N -1) n,m=0,1,---,N - 1. (2.33)
L — ) - -

Note that this above equation gives us asymptotic equivalence of DCT-I to KLT as
N — oo. But note that as p — 1, (2.31) becomes indeterminate, even as N — oco.

This predicts that the decorrelation power of DCT-I decreases as p — 1, even when
N is large. '

2.3.2 Asymptotic convergenée of DCT-II to KLT

Now let us look at the asymptotic convergence of DCT-II to KLT. For that look at
the equations (1.1) and (1.2). As p — 1, we have for the trascedental equation (1.2)

tan{ Nw) = 0

thus giving
km
N

Wi i(ﬂTk=U,1,...,N—1. (2.34)
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The eigenvalues p,, vanishes when w,, are nonzero. For ji, it appears that it should
approach infinity. But, the invariance of the trace of a matrix under similarity trans-
formation, we have

N1 N-1
Z: [A]mm — Z Hm

yn=(} m=0
and since diagonal elements of [A] in Markov-1 signal are all 1’s we have g = N.
Combining these and substituting into (1.1), we obtain

=1
[@]“0 = \/N

and

/2 T W
—-ﬁ) sin [m(n+1/2)-ﬁ-+§]

2 T

= (I_V_) v COs [m(n +1/2) N] m # ()

Thus upon simplification we get,

|
PN
DO

[P ]nm

1/2
(D] m = (%) / K, COS [m(n+ 1/2)—;—[—] , mn=0,1,... N—1 (2.35)
and
1
km — —\/—5 fOT m = ()

— 1 otherwise.

This gives the asymptotic convergence of DCT-II to KLT for Markov-1 signals as
g — 1. Note that this is independent of N. Also note that whern p = 1 all eigenvalues

except jio are zero, giving least possible mean square error, which increases as vaiue - |

of p deviates from 1. This equations also tells us why DCT-II performs well when p
1s near to 1.

2.4 Use of DCT in JPEG

The most widely used standard for image compression JPEQ ( Joint Photographic
Iixpert Group ) uses DCT-II as a part of its encoder. These standards are for Con-
pressing still images. Standards are for both lossy as well as lossless Image compres-
sion. Lossless image compression standards are further divided into basecline JPEG
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and progressive JPEG standards. In baseline standards, Hnage is compressed in a
one go while in progressive JPEG image is first compressed too coarsely ( by taking
very less number of transformed coefficients ) and displayed and then progressively
its quality is improved. Both methods give nearly the same compression. For de-
talled discussion of JPEG standards refer to Wallace’s paper ([5]). Here we give brief
overview of image compression method described by JPEG standards.

The encoding process consists of following steps:

. Conversion of RGB(Red/Blue/Green colors format) image to YUV ( luminance/

crominance ) image, this is because human eye is more sensitive to changes in
the intensities of the light as compared to changes in colors.

. Image is then divided into blocks of size 8 x 8. The size of these blocks is so

chosen so that the computational complexity is reasonable ( The computational
complexity increases rapidly with the reduction of block size, because then the
number of blocks to be processed increases ) and to avoid the rapid changes

In the image pixel values within a block ( edges are good examples of rapid
changes in pixel values ).

. After the division of image into blocks, each block is transformed using DCT.

Still the process is lossless ( ignoring the loss due to finite precision-arithmetic ).
This standards does not mention how the DCT transformation should be im-

plemented and in what should be the precision of the transform. It is loft to
the implementor.

. After the transformation, the resulting coefficients are quantized using quan-

tization tables: ( thiése tables are predefined in the implementation according
to the psycho-visual response of humans to images or the user can provide the
quantization tables of his own ). JPEG puts no restrictions on that.

. Depending on the user’s choice of desired quality, the number coefficients to be

retained is decided ( 100% corresponds to preserve all coefficients etc. )

. After the quantization process, coefficients are arranged into a zigzag sequence

so that the sequence of zeros ( corresponding to high frequency components of
image ), can be replaced by a single block symbol EOB.

. Finally this sequence is coded in a lossless manner ( this lossless coding method

1s not specified in the standards, generally it is arithmetic coding }. This stan-
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dard requires that the DC and AC coefficients be coded 991}.:11:1“*13: DC coelli-
cients are coded by differential encoding.

Decoder operates by following all relevant steps in opposite direction. The lossy

coders differ from lossless coders only in the quantization step ( theoretically only the
quantization step introduces the image energy loss ).

But these standards give good results for the images which do not have abrupt
changes in their pixel values ( no edges or corners ). Because, the presence of an edge
gives rise to high frequency components, which are ignored because they represent
relatively small portion of the image. This leads to blurring of the edges. So these
JPEG coders perform well on natural images but fail completely on line drawings.

Another situation in which these coders fail is when the number of pixels repre-
senting higher gray level values is very less ( but they represent important information
in the image ) as compared to other pixel values. An example of this is a photograph
of a wild cat taken in the night. The beast’s shiny eyes are represented by very less
number of pixels with higher gray level values ( but they represent very important
information, namely the eyes of the beast ) . As a result of the quantization strategy

adopted by JPEG, these pixels will not be present in the encoded i unageq leading to
complete alteration of the image.

Because of these inherent problems in JPEG coders, we need to study other i 1mnage
coinpression method that can overcome these prol)lmm and one of them is Fractal
Image cotnpression, that will be the topic of our discussion in the next chapter.



Chapter 3

Fractal Image Compression

In the previous chapter we described JPEG image compression scheme which uses
Discrete Cosine Transform ( DCT ). One major disadvantage of that method is edge
blurring . This defect arises because the edges give rise to high frequency components
in transformed domain, which when discarded, lead to edge blurring. Any compres-
sion scheme, based on spatial to frequency domain transformation will give rise to
edge blurring defects. Instead if we use compression scheine based on geometric trans-

formations, we can avoid the problem of edge blurring. One such method is Fractal
Image Compression (FIC).

Transtorm coders, as described in previous chapter, take advantage of inter-pixel
correlation. Fractal coders are motivated by the observation that straight edges, and
constant regions are invariant under rescaling. These coders take advautage of this
scale invariance by using coarse scale image features to quantize fine scale features.
They perform vector quantization of image blocks but unlike vector quantizers, the

fractal coders do not require separate storage of fixed vector codebook. In this chapter
we will learn more about fractal coders.

3.1 Introduction to Fractals

Almost all natura objects show fractal structure. But, precise definition of the term
fractal is still elusive. Roughly we can call a set to be a fractal object, if typically

20
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shows one or more of the following properties:

1. I has details at every scale.

2. F is exactly or approximately self-similar.

3. Box dimension of F is grater than its topological dimension.

For more detailed discussion on this refer to [6] or [7]. The third property is the most
rigorous and sq we define the terms it uses:

1. Topological Dimension: Topological dimension of a totally disconnected set
1s always zero. The topological dimension of set F is n if arbitrarily small
neighborhood of every point of F has boundary of dimension n-1.

2. Box Dimension: For F C R", let N .(F) denote the the smallest number of
sets with diameter no longer than ¢ that can cover F. Then Boz dimension of
I 1s NAF
lim (F)

e=0 — Joge

when limit exists.

A simple example of fractal object is Cantor’s (middle third) set . It can be con-
structed as follows:

1. Let Sp = [0,1] and let fi, fo:]0, 1] — [0, 1] such that

L

fi(z) = = and fy(z) =

2 +

Lol bo

T
3

2. Let 51 = f1(So)U f2(Ss). In gglleral Snt1 = f1(Sp) U f2(S5).

Then the cantor’s set is
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Then 1t can be proved that the set is totally disconnected, so its tnpulugi’;ﬁal
dimension is zero. But its box dimension is Eﬁ. Now look at the functions f; and

fa, defined aboye.

If we define F:P[0,1] — P[0,1] such that F(A4) = f1{A) U f2(A) where P[t, 0]
denote power set of [0, 1] and fi{A),71 = 1,2 is image of set A under f;. Then it can
be seen that C = lim F™([0,1]) where F™[0,1] = F(F"1[0, 1]).

n—00

In general system of functions {f,, fo,... , fn} is called iterated function sys-
tem, which or their generalizations form the basis of Fractal Image Compression.

3.2 Theoretical Foundations of FIC

‘The theorem which lies at the heart of FIC is called collage theorem. We will state
and prove this theorem in this section. Let {X,d) be a complete metric space, then
we will concentrate on the space of non-empty compact subsets of X, denoted by

H(X), where
H(X) ={S C X:S5 is compact, S # d)
It A € H(X), let e—neighborhood of set A is

Ag(e) = {2:d(2,y) < € for some y € A)

Then we define the Hausdorff metric, denoted by hy, as

tf A, B € H(X) then hqg(A, B) = max{inf{e: B C Ay(e)},inf{e: A C Ba(e)} )

It can be checked that (#(X), hy) is a complete metric a metric space.

Note: When the metric d fimder consideration is clear, then we will denote e-neighborhood
sunply by A(e) and Hausdorff metric by h.

Now let’s look at the function f defined on reals, such that f(x) = Via. Let y
be any real number then lim,_,o f*(y) = 0, also note that F(0) = 0. These type
of functions are Lipschitz functions and if the space on which they are defined is

complete then they have a unique fixed point. In above example f is Lipschitz on R
( with contractivity factor 1), and 0 is its fixed point.

Sk

Definition: Let (X,d) be a metric space. A map w: X -— X is Lipschitz with

Lipschitz factor s, if there exist a real positive value s such that
|

d(w(z), w(y)) < sd(z,y) Vr,y € X
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If the Lipschitz s < 1; w is said be contractive with contractivity s.

An immediate consequence of the above definition is that if f: X —s X is Lips-
chitz then f is continuous. Another useful consequence is the following theorem

Theorem: Let w;: R* — R? is contractive with contractivity factor s;,i = 1 to n

then |
W:H(R?) — H(R?) where W(A) = | Jw;i(4) VA € H(R?)
| =1
1s contractive in Hausdorff metric with contractivity s = max s;.

t=1,...,n

Proof: We prove it for n = 2. By induction the general case can be proved. Let

A, B € H(R?) and h(A,B) =¢. Then A C B(e) and B C A(e). Let s = max(s;, s;)
and

A; = wi(A), B; = wi(B) and A' = W(A) = CJ A; and B’ = CJ B,
Then note that - -
B; Cwi(A(e)) C Ai(sie) C Ai(se) and A; C w;(B(e)) C Bi(si€) C By(se) Vi
= taking union over i's we get |
B’ C A'(s€) and A" C B'(s¢)
1.e. h(W(A),W(B)) < sh(A, B).

Note: As a consequence of this theorem, an IFS is contractive if all its component
functions are contractive.

Now we state an important tool in FIC.

Theorem: (Fixed Point Theorem) Let f be contractive on a complete metric
space (X, d) then it has a unique fixed point z r = flzy) = lim f*(z) Vr € X.
n—0o0 g

Proof: Let x € X. Then for n > m we have

d(f™(z), [ (2)) < sd(f""H(z), [ (3)) < s™d(f*"™(z), z)
Apply triangle inequality repeatedly we get,

dz, fz)) < d(@, (@) +d(f(z), f2(2) + -+ d(f* (), f*())
< (1+3+32—|:--~+3k_1)d(:1:,f(:r))
< lisd(:v,f(&r))
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= {f"(z)} is Cauchy sequence Yz € X. Then by i:mnpleteness of X, it has a limit
point say x;. Then by continuity of f :

zy = lim(f*(z)) = f(lim "~ '(z)) = f(zy)

Thus z; is a fixed point of f.

Uniqueness: Let y be another fixed point. Then d(f(y), f(zg)) = d(y,z;) < sd{y, z/),
a contradiction. This completes proof of the theorem. |

Take the limit as k — oo in above derivation then we get

Theorem:(Collage Theorem) Under the hypothesis of Fixed point theorem,

d(r,2)) < ——d(z, /(x))

3.3 Fractal Image Compression

After the theoretical foundations, we move onto actual fractal image compression.
Central problem of FIC is image encoding problem also called the inverse problem:
Given a set S find an IFS whose fixed point is 5. No completely general solution to

this problem is available but the fixed point theoremn and collage theorem provide
some insight. By fixed point theorem we have

Ty = W(zy) = Lﬂj Wi(zw)

,.-f i=1

le. the fixed point is constructed out of transformed copies of itself. By collage
theorem we have |

d(S, 1) < T
l.e. we can construct S by pasting its images under certain contractive transforma-
tions and by uniqueness of the fixed point, it follows S = W(S5) then S = z,,. Also
note that better is the fit between original set S and the collage, W (S), closer will
be the attractor to S. Even though this method can be applied to many naturally
occurring objects, the class of images those can be encoded satisfactorily is restricted.
50 we neced to generalize this method. It is more reasonable to assume that a part
of image is similar to another part of the same image, and image compression is

d(S, W(5))
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achicved if we are able to remove this kind of redundancy in representation of parts

of the image. This generalization uses partitioned iterated function system, defined
formally as:

Definition:(PIFS) Let (X, d) be a cbmplete metric space, and let D; C X fori =1
to n. PIFS is collection of contractive maps w;: D; — X, fori = 1 to n.

Now we very briefly describe FIC method proposed by Arnaud Jacquin. Rough
outline is as follows:! |

e Design of the fractal coding system

The three main issues involved in the design and implementation of fractal block
coding system are as follows: |
1. (Image dependent) partitioning of the image.

2. Choice of measure of distortion between two Limages.

3. Specifications of the class of discrete contractive image transforms.

Jacquin has proposed following method of dealing with these issues.

1. Image Partitioning

Image is partitioned into non-overlapping square cells of two types and of
size B x B (parent range cells) and size B/2 x B/2 (child range cells), thus
forming two level partitioning. Decision of whether to split the parent cell

or not 1s made by the coder so as to adjust itself to varying complexity of
image structure.

2. Distortion Measure

To measure the distortion between two tmage blocks, one from the original

image and the other from approximating image, mean square distortion
mean is used. So

d(Iﬂrign: Iupprﬂ) — Z (Iﬂrig(iﬂ + 'b:, Yy -+ j') — Inr.ppr(-fl: + ?:1 Yy + J))z
0<1,3<B

where I,.;,, is the block B from the original image. Similaﬂy Loppry, 18 the
block taken from the approximation to the original.

!

'For further details refer to [8]
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Distortion between two images is measured by Peak to peak Stgnal to Noise

Ratio (PSNR), define as:

d?'([ﬂrri )2
pSNRZ].OIOglU (d([ ‘ I 7 )/1‘2)
‘Ntorigs Lappr

where dr(I) denotes dynamic range of the image 1.

3. Class of Discrete Image Transforms

The transformations are of 2 types: geometric and massic.

— Geometric transform: Let D > B. Then averaging and sub-sampling
of D x D block results into a B x B sized block. For a simple case of
D = 2 x B, this transform can be defined as ( for simplicity assume
both the blocks have their left hand bottom corner at origin. This can

be easily generalized ):

' _ P2:::,2y + P2:1:+1,2y P?r,2y+1 + P2:1:+1,2y+1
Quy = ;

where P and () aie blocks of size D x D and B X B resp.

— Massic Transformations:

(a) Absorption at gray level g: All the pixels in the block are assigned
same gray level value g..

(b) Gray level shift by dg : For all pixel in the block the gray level
values are shifted by gray level dq..

(c) Contrast scaling by « € [0, 1]: For all pixels in the block the gray
level values are multiplied by «.

(d) Isometries : Fight isometries of a square. They are identity, ro-

tations through 90, 180, 270 degrees, flip about the two diagonals
and mid-horizontal and mid-vertical axes.

4. Overview of Encoding Procedure

Following is a brief description of encoding procedure.

(a) Partition the image into range blocks as described as mentioned above.

Classify each range block as either a shade block, mid-range block or
edge block.

(b) Choose a suitable domain pool and classify each domain block into
one of the three classes mentioned above.
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(¢) Do the following for all range blocks

if (range block is a shade block)
Store mean pixel value for the block.

if (range block is mid-range block)

Search only the class of the mid-range domain blocks. Find
contrast scaling factor o € {0.7,0.8,0.9, 1.0} and gray level shift with
appropriate domain block so as to minimize ms error describod above,

if (range block is an edge block) |
Search only the class of the edge domain blocks. Find contrast
scaling factor a € {0.2,0.3,...,0.9} and gray level shift with appro-

priate domain block with appropriate 1sometry so as to minimize ms
error described above.

We have slightly modified the above mentioned FIC method. Here are some of the
differences:

1. There is no 2 level classification of range and domain blocks. Also the image is
not subdivided into any sub-blocks. There are two reasons for this modifications:
1) This will give us more compression as we will not have to keep track of the
size of the range block. 2) This will simplify the encoding algorithm.

2. Instead of classifying blocks into 3 classes: shade, mid-range and edge blocks,
we divide the blocks only into 2 classes: smooth and non-smooth blocks. Two

classification criteria are used for this classificatior. Again, the above stated
reasons motivate us to do this modification.

(a) Variance of the block: For each which is to be classified, we calculate
| its variance and it is compared with certain predetermined threshold value
(THR).
If (variance of the block < THR)
then the block smooth |
else the block is not-smooth.

When there is an edge in the block, then there is sharp variation in gray

level values which will get reflected in the high value of variance. So
variance can be used to detect edge block.
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(b) Sobel operator method: First 3 x 3 Sobel’s gradient operator is applied
to the image ( to find gradient value at boundary points image is padded
with one layer of pixels ). Its output image is, say, gradimage. Then
3 X 3 averaging operator 1s applied to the image. Its output image is, say,
avgimage. 1T'wo parameters a and 3 are used in the classification.

« measures relative deviation of a pixel value from the average pixel value
at that point.

G quantifies the degree of roughness of the block.
So criteria for smoothness of the block can be described as

count = ()
for all pixels in the block
do o 21041

- radimage|i]|]

lf( avgimage[i]|f] > Ci.')

then count = count + 1
done
if { count < ()
then block is smooth
else block is not smooth.

BBy this method we are trying to detect edges comnparing the gradient value
against the background ( average gray value at that point ). The use of
Sobel’s operator is preferred for its simplicity.

3. Computation of bit rate:

e Since blocks are divided into 2 classes, to indicate the class we require 1

bit.

e If block is smooth then we need to store the average pixel value of that
block, which can be in the range 0 to 255. So we require 8 bits for that.

e If block is not smooth then we need to store following:

(a) Contrast scaling coefficient: requires 2 or 3 bits. We have used 2 sets
from which the contrast scaling coeflicient can take values. Observa-
tions are obtained when o takes values from the set having 8 clements,

In that case we require 3 bits, and when o takes values from the set
having 4 elements, we require 2 bits.

(b) Gray level shift: can be in the range -255 to 255, so requircs 9 bits to
store that value. |

!I.
(c) Isometry: Requires 3 bits to store 8 isometries of a square.
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(d) Domain block corner points : abscissa 8-bits and ordinate 8-bits.

50 the bit rate in bits/pixel is given by

(Nﬂxg) +(DNUM ~ N,y x 31
r2 X 8

(3.1)

where N, = number of smooth blocks, DNUM Total number of range Llocks
r = image width = image height |
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mhi—

30

Original Image
Resolution
Gray Levels

Range Block
Domain Pool

Block Classification
Transformations
for smooth block
for rough block

Lenna

256

256 (glmin = min gray level value = 0,
9lmax = max gray level value = 255)
size 8 X 8

Domain block size 16 x 16

Vertical shift = Horizontal shift = 4
Smooth and rough

Absorption at mean gray level of range block
Contrast scaling by :

(Group A) a € {0.125.0.25,...,0.875}

or (Group B) a € {0.7,0.8,0.9,1.0}

or (Group C) a € {0.4,0.6,0.75,0.875}

| Gray level shift by : 6g € {glmin, - - -+ Glmax}

isometries: {0,1,...,7}

3.4 Results

Table 3.1: Design specifications

e Specifications of FIC method used

Specifications of F 1C method are as given in the table 3.1.

e Observations when variance is used to classify the blocks

‘I.

For observations on the resultsof the method that uses variance as classification
criteria. and corresponding remarks refer to table 3.2 and figures from 3.1 to

3.3.

Remarks:

1. Blockyness in the decoded image decreases with the decreasing THR value.
( Refer to figures 3.1 to 8.3 ). Note that the decoded images for THR
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CHAPTER 3. FRACTAL IMAGE COMPRESSION

THR value | Group A { Group B | Group C | % smooth { comp. ratio
(db) (db) (db) blocks |
100 25.95 20.68 26.27 47.26 . 24.85
o0 26.20 26.97 26.51 36.43 22.27
25 26.25 27.08 26.61 27.14 20.33
20 26.38 | 27.15 | 2664 | 23.82 19.88
10 206.39 27.19 26.19 15.72 18.59

Table 3.2: PSNR values for variance method
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value less than 25 are considerably less blocky. This indicates that in an
image a deviation of 5 gray levels from the original gray level value may

not be noticeable but beyond that it becomes noticeable and gives risé to
plockyness in the decoded image.

. Even though there is not much increase in PSNR values from THR = 100

to THR = 10, the quality of images is quite different. This indicates PSNR
1s not a good measure of image quality.

scaling factor need not necessarily improve the image quality.

. 1t has been observed that using more number of bits to represent contrast

| g
o 0.2 . 0.3 0.4 0.5
Group A | Group B | Group A | Group B | Group A | Group B Group A | Group B
0.1 | 2614 | 2689 | 2613 | 26.98 | 26.12 | 26.87 26.0 26.73
0.15] 26.12 | 2684 | 26.07 26.75 25.90 26.53 25.40 26.06
0.2 26.00 - 26.66 25.87 26.59 25.39 26.15 25.01 25.72

Table 3.3: PSNR values for Sobel’s gradient operator method

¢ Observations for method using Sobel’s Gradient operator

Remarks:

For observations refer to the table (3.3).
!




FHS
pArELHE)
LR
s
..n.......n

SR
R
L) Vi

o R

By

= oy -
e A ) HEF oAy HESH
e L, Sl LU St

I S ST
i B

i A

g
3 TEE
Fod it AT
LR e
-

i i by ST SRR
AT T HeEHER e, Pt
S e

L A [T . ke -
ety k) ,..r,,.,,....,....n"......,.,"...,.,.,,....,..,,.s,. .

,.
L R
SReNERGRR

gxH

i
W
s Gy
L
i
HTY -
P T A e T
S
Fri
.,..,,..,...n.x,,..m."......m.“.
T PRI
S i R R
i
o
R
RS e h e
o Ly b o
R S
SR .... = 4 i ...........,.,...,...,..
A ..:.n.,..,."...u.,.... i -
e e e
AR B
R HEH
oy
.......:.".........H.?
; i
FHHEHETE
et d o

e
o

A

£ Lty
i e
S
PR,
R
FHA

o,
i

H R ]
FLEy o L L A

]
L

-

5
L
L -r.r-r
..........,n..,...,..nm....,..,......u.,.
R
A Eh
TR

g
e
L
o A
s A h o i R R R
TR EARTIEN
g L3 - S
AR
dmai
: ST A
r e
Y
e H
X : i
A AN
Sk st
LY e -
i
Lt o
%
R G A
N o e e T e
G SR R
Rt o HEH R e
A R LR
. I i e
L e e
g e i e A o R
ﬁ%ﬁﬁﬂxﬂ%ﬂ? L ,..M;. -.......,.,.".,M........._n...nh.....n,.. R
] ey o]
ettt et e
o, ey
xx...u....mﬂf..?ﬂ Eo
S i S
e
e

-
o
L]
S

Sl
] I ]
e o i " .,
R ..s.".......,.””..".“,” SR
: e A
-,
e Lo H ]
P e
; R
Lt
e SRR S Y
e RO b T RPN AR PR
e s e S EEYOER R H
AR e b R R F R
S AR :
o i L S E
; il R i s
: Ry s R
o R e R
i R e,
S ahindienie e i
g e ; FT
% kA S
e.m,}...mwﬁm..ﬁ..?..,.,.a.w.s.. s
e -
e .,,u,...,...?,.,..
e
S

T
oy
o
gLl s
Eret e
iR
Wy
o pry
i
;/%/Mf s
]
HI

L

o

A
b

R
G i
A EEEY
T AT N T A, R

e A AR D e L Lo

aEaenis
-
e
i,
R ;
R )
.......:w.",:n,..,...n.n.ﬂ:,.
3 E T L
AR

Lo LR
v o v
i

AT Erte
L4tk o

e
Pk
A A AT e

m A

P

i.
i
T

i
s

£
n

EH R o
I
e
i 3 RO Loy
;#R,v.n...m.mu..,..y 5
o
i R
o
B
EA e L
H T -
L

K

5
e T
A
e S v e ph
S e ey
L L S A S T S T
T i
H P 0 H
T T i :....u.“,”...:
i HRT Y Lt PG
S A T
S e R
S : SRS
% ..........r,.,........;f
e o
- o,
iy
o
P T
AAT, L,
e
I o L Ry
et LA,
e e
e e,
HRc b
e e
i
5

b
i
:}'\.

i

] =
S

.r.r...r.r.r-l
Wt
R SRR
ahanan S
i
I R C A, el ",..m.u::r PR : it PR T [t
e .r.a..nﬁ....".h,“,.x.n.“ﬁ...ﬁxﬁaﬂ o S A T T s L T S e LT LT SRR
o I e e L e S D LY e T e Lt e e e S e e T H e e e e e -,
e SR ﬁ%ﬁ%{hﬁv AR e R o
SRR A e e T e T i S o A A A
e S 2 e b N
) R A e ) " e R
o o o e, e e e T M o ] o A R R e e e
SR ] ey e T e T e e T
AT P A R R e R R e e
% L i b L S }sﬁ«%ﬁ,ﬁ%xf&{ i e T D R
e - L e
e i o ....f.r.,. =
..r.._.uu...r.n....... oL 2 ..,//«.4
SRR S
.-.-lﬂH..-.
: e T,
C R R L
o e e e e LT
PR e R F
S S
A i e A R
S S s
; e TR
R R
S S
R e iy S R )
i S A -
.,,..f.n{,....,...?-fr}-,.......u..wvﬂ,... vy
A e R
R He ey
T
i 2
T
R

5
H =y .n,...,..n..,...,,......
S
ff.ﬂr@ﬁxﬂ/ﬂ e
S
S S

L5

e RO
...,..Nr i ,....“...,._.-.....,......"..,....m.. .....................n.n...........,..m
e
= o+ e

R
PR

I
S e
5 hﬁf&ﬂ.ﬂﬂhﬁﬂ.ﬁ.ﬂ
LA
S o
Ak H.
Hrb e v a......,ﬂ,.ﬂﬂw. 5
R
G i
: o Bt
R
.........n.....,..............m”m.."......,...w..
bt
R
EET

.....
....v."...“.....mﬂ v

L
ety
T,
AT
FEOR
i
i H H
N ]
by N N
....._.n.".......r“,.....,............. e,
St
R
P

3
Hed
GRS
Y
A
:

FA
R A
AR
R
: j bt
: S
ARt
e g - L
L
b
#
FR
Y
.r.r;.

Py
T

'\."'.-a
5

A

L3
R

o
Hi) .“...,..n.....,...,.

i
d e R
P R P
e AT St
P e S
e .r..,.“:...n
b Yy
=
SR
M
P
o
San
e
.
S
R u....m."..u..m..“..um“:
5 i ﬂ.,n............n.m," Sy
5 TR SR S
H) H fe
e P e e L
e ) "....L..."..........:.r...."....w i pact .....n.... ...r...“m.“....
S AR FE R
i s Y
R .
i ..u..x.,..“..w".

=i
W
Ha

-

o
e
e,

A
R
g
.............,w. ..,..Nﬁ,......,.{
gt H
D T L
..,,...........................u. LH
S
T
H
o
:
.r.r...rn.-
H e N
Ly iRl
G
o
X
e
AT

s
FEE Y !
e %aﬁﬁfm%mﬁ.&..qw
R T

o ]
e He

At .,..m....v...".,.. T
e M
o e

Hh

-
¥
A
...,..n
AT
SR N
ety HEY
> v e
o et
e e T
e
Sr AT T e P
e e R ?...ﬁ...ws... T e
oA T e e
s T el Rttt 1
S R Mmﬁ,«%%}ﬁ

e
e
pri % e
A g R I

g H
R T,
i
-
12
HEeH

S H AT
PR
..n..n..,..".........

,p 3

Guilaniean

o
R T R
s = Etiny i i,

Aaaag - e N

S
i
SR
e
-,
i Sndi
S ﬁﬁf

I
Bl

Ry
H

e
AR A T
P R e R e
I S
R ket i e
T ) R xf,u.,f
S [ A
L] e,
.u.f.r...r-
R
o b
o
< ] e
S o )
..u.p."..?.,r”“.wm.."w.,w.w..m. .c.a..,“...M....,.,Mm".. R ,“”..w..”w,%.m...,.m
: R e e
R A R T PR
e s S
N ﬁwﬂé{ L o -
; 5%«/@/»/}
R s R P




- H PR o b
A A N A L S e e R i : 5
e e e : S : : : R
,.,.....,,.,.,.,,,,.nf,,..,......,,.ﬁxx{.. .,,...,........,.,........,..“. PO ....n...s,......a,.......n A A Vol H : LY ey
. . W L ] N .,
L H 3
ety
RE RIS
T
T
::
ST e . 3 o
e s L e ; : T
B : - H t t - ; 11 T
Py
i ,.
e, ¥ .
R 3 k ey
R S
{:.nefa.a."nfwx.“.ﬂ.“.,..".w..,“.}e e b L
P ] .....w.w.m.q 2
. " FHEE R R " A - e H H
H H H . g : ; H H H L 4 ; e ! H
if L " H 2T Y v - : H H ] e : ; H A, e, : s e ot S et : HiH : : d EEA it H
i o ; " " TR ; .,........,{."n.n........p.",."..n,;.... it At b H v H v ; e, 5 LR, .
e S e S L . H . H o He e ey H H L H e e AT AR T
5 : : : : . : : : : R ey O A e s
. 3 H - H HLWH H n H RS ] A 3 PR b, e .?....E?.ﬁ.u.nu.?u..n,.....ﬂ.rx H b et G e H AL Eb
- : Stk 4 t i H ;

Rt
H Ho ey

: o T

i i ] ; % i

: s "
H H : : H ¥ . e Ltk
"t 3 : g : H s ST Ry i ; Pt : ! " e T
A i = H ; it : ; I ; R ; RN T ; ; : : PR ) : R PR PO :
L P e ; : ; ; ; ; ; ; ; ; ; ; T i : ) R LR i
R ] H - v - i .M,.n,..“.nv,..v.g,..?... A R
SR T T RS
7 t v DS i.w.m.%,m...nm..",. P
o 5 H " ! Lo H - ! H : H H Hh o HEH H HRrr ot H
I i : " : : ; R R g ; ; R ; SRR ; ST :
e s T H : H : A H H : HE Ly H H H H o et ]
: .,.u.....m,.........ﬂ.....,......,............ H : iy ..,.....;..n.....n f ......"..........},.....n.”.......,.. Saer i H e
S T

w
X oty T
h T A PO
LAt Sy
e .
e ; B o
e R

N

o A
R
et

s
T T i

e B ..-.......................“Mw........w ; P %

: 5 PR

i - LR e . H H H - e B - . H - H -, H K -
s L pEcr H " H H o,
" o ! ] f 7 : - ! H " v T = HoAE)
exm.,ﬂ..“ﬁmﬂ"“.&.mﬁ..w. ; : : i : BN : : H S e e e IR
: : TR, e S ; P R ; ; ; A ; e
i 2 v .n.#ﬂ.n m.,“..,. H . et 3 : 7 H H H : it FiE Ha H .........w,w. SR ....u._n.",....?......{nw L A e
R : ; ; ; ; it : ; ; i
THER : SRt r ; ; S ; 7 : :
......r.{....n.....n,. i L H H
i A i v R S e, i
S, R LA H T - i H - ;
i At ; i R x ; : ; ; I FEESY e
o, & 5 . -
2 e 7 ey R, ; ; ; .. TR e R ; ; ; i)
93:&@@?%??;&:5» Y i ..n.“....,,m ek " S oo Ty ¥ : : : TR s s j R it e R R R % H : ey S
T e S e ot Tt e L o St A HG L e H H " 3 : : Horah : H : T P L e L H H : H h e T S A L H S e R e h H y . MRt
T L : R By ; : ; : i ; : e : R el : T S i L oh s e LA : R s Ty il : LS ;
e L D S R ] ; I : it T TR ; ; ] e e e T R e L ;
; gﬁ?ﬁﬁﬁ&sﬁ*ﬁ%ﬁ?ﬁ%@% ; ; : ; ; ; ] e e e : B e e e T
ﬁﬂ;#?ﬁ%i&i&fs R e e ; ; ; Ry T e e R e Y e A ;i S T m
; At b, [t A A - H H H H H Ny H
R A R L L " t
) D e T -
}ﬁ.wfﬁmffs... T

Py

s T " H Sl

i P N LY R A : FELRy
R R TiPoh
kbt .r."...,..m.m,..,“ o

Pt A : ¥ SR : iR . i . : A e R R - ) = LR et
e, Ry t 4 ; L LGk " d v v 7 T e T H v A A A e
.n.ﬁn......”u...;. .M........M,.,... .nm..r,.....p,..".n 5 : m{&..}.ﬁ}.ﬁfﬁa?a?ﬂk ; H v e e H o e e s A T L Lo S B e

~ . £y AR L
AR SRR
i ...m...,..n.,,..u..,.,...”.....na......“......u..u....m. oty

etk : : 2 : ! i ? R PP T
H v St H Sl e g A g R e EHH A e P S A P
T R R 2 S R e s A LR I A R ; ; T 0 SR
S o S /,mmm? iﬂ; R ; S g - e 3 ﬁ..@;&%ﬂ%ﬁﬁ%ﬂ&ﬂ? ; S e e
-, L) Ll - ] s o L LN L) e,
e S e ?E S : S : i A o
i 5 S e R
ey 7 i ; o e, ; R T e S R e
A ; . : T R . . h 3 = T A o - -
e e v, e e e D - i -
i

o H
L Hhaaitih e, R R A R H
s SR Ty o S S ; S SR
A e X >ﬂ/f¢ SRR L A B . LR H
A R 4 e e i ; : ; i ; : L 5 R Y "
e e : : : : : e N 3 : e e : : s e
S Jf L S . % L A 5 . ; % i o R b e
T .

S - ' . B . S : T i
....,..,..;."n..".....,.,".&.. . . . .. H . . . H
T, .

% ] ;

R ¥ O
SR R

R i RS e
; ; e T
H - e e

S 5 e S e e
R TR TR 5 PR
e ;

e
o
: i

-\. .::-:_:;'.-'

:
i3
¥

R A

R

A
S

it

i

i
it

s‘?
.

e
=
-?.‘:-

i
v'::'-i'

e

3

:

5
i

o
7.
ks
PR
. . . . H i 2 H - AN HE e
- . . .
e

ha H
LLpE
AN

LT o, ...r.,.....r.:.. g
A Y
R
St ,....."“r.".....g} o

H

,.
ey
B
e
RS
HHGY L v
s

H .,..r...r

e
X
!

ol
o

Rtk

5
i

I

R
FiLL e
-:"'5-:'_‘:
S
<
i
Eoe

AR
i
T
s

o
i
£
.

o o
e
HE ..."..".".u.,... Ao

HH el
s o,
H L N H , ﬂv%.va% e

= H H i LR

. s -
R
b
A
R

[

o

s
S
.,..............!.,,. &%ﬁxfﬂffﬁﬂrﬁ{

Hp
S R

H A T, H : _-...H..... i
. L
S .

R
%%%%? S

{..."n....,,..n...ﬁ.,,?ﬁfu.i.....{...m.. . . R - o " y . N i :

i .
ELH ;ﬁﬁvmﬁﬁw@#@ : Zos
SR T s :

o e I e S bk

. R
i L H ey o i : i : : ; ; A H E ; i J..._....._.... #M........Jh.. /AOU/
e T R : ; : ;
4
!

S
e

e
2 R dﬁ
H ; : e > s . E: 5
e S f«ﬂ,.........f......m.... " > ! H i H " ) ] af?..ﬂ##f{ . h =,
Pt H i b e H H E : o 3 . . .
S : : : e : ; i ;

N L R
ST, H T
et k)
e, H S e o H - - H
S : IR e R i
e : e S Ny e e
T ALt Can e
o o e e vy L s
S A ST

AR e e e
,,ﬁxmwhwv? : ﬁéﬁﬁw
e

S
o
n

‘;%:
i

g:-

e
Hee bty
o

L]

i
$
i

o
L

R

- .SI
".n,..,......... .. . .... .... -..,.,...,.........,..,,.......,....... . . .".
.....,.....,...q".u.. ..,...x..... . . . . : ..,....,..f....,....n. . : ; ;
AT N it AT oo T LA H : o bt =
e S T A i v ... o
R b R : : = : i : N
e e A A e R T e * T Yo Lt - vt o r
e L e T e H A e R L
o i e HE e H H e e e e SR Lt e
H R e v iy
Hoy e " e e L T T : L - e e pHp % :
R S S s T 2

. |

T
e

Rhrts

5 ﬁ%{ 3




:r.r . . . . ... arema :. .. : ..:....: e e SR P At
AL TNT : ] ; H 3 AN d h : et LA ."...w..,.......,“..u.....,."..n,.ﬂ..r....
J R T T RS ", LE Y Dy
PR e A H ! e AT EHOTTHE % H - H
EE e e : ; P LR : :
HEH i Y b ) H H
Fc R e Fh HEE
DS T AN A
PN Rttt
T R e et R 'y
;ﬁ.....ﬂ.ﬁ..aﬁ.;ﬁw.. EL e P
R e oy

-
g Lo H H H s e
L A L St e o H H s H . - . - H H H S A e
s S : SR : i : S R S
e ; o A ot H ¥ ; H H H H H
e R ﬁﬁﬂﬂfh ...,.........n.x...,n."........m.......n,“...."n - H ’ 4 : e : ; ke
o e iy ot H
R H i
TR R
....,............n"................ﬂ.n..,.. H 5 !
|
AN
Rty e
SRR
fﬁ.fw... A
H s

T

i)
LYy

: ! P R
T SN 3 P T
H H . o HEH o H L, e 2, H o o,
. Sl : Soimain S i
: A LU, H HEH a H He o i - e e HH L e T T " Y HL
: S : : : s . R : : : A S

SiF
L

y v . S i H H H H H e . EH
i+ H H H o o H - L H H o e T e H H s H P et L, i1
e H H H H h H " H H e HHE o e S H i, Lt Tt ettt

A i L) e i S i S H S ; i%;«mﬁt%w.w.wu%r ; ﬁﬁ....ﬁn ...,,r..."...w....m.r i ﬁa?w;:ﬁh.”..,..".;,..“m ; Rt .n.n.,.n.".#.“...s;..r},.. 2o L TR : r...“.,.“.w.ﬁ,. .ﬁﬂfsﬁwwrhxmﬁhh 3
:; et e A - Lo H L L, By - - H 5 HE H 3 o P e et e
e A ] o A LR LR - ke  a m : : o e =
HH : v e St CLEP A CECR ] v H o e £ s e e ey T NI D M Y
" i H it : H HH H .M...... .._,..m”:.,..,.. .._n......:...........ﬂ. ...:..r..hm.r .._,......,..,....n.n ............,....n.r f#ﬁ.ﬁad..wr?f.....r v : H H O e e
; ; ; ; R ; ; ; ; : e o i A ! ; i)
H A R T s L e e ol H H H H
o gt ...wﬁﬁ;.bﬁ?w..m... o ¥ : v H H o R e TN ey : : .
R : AR ;. e T e L
R e A o H H e AR e H H i H 5 b . T e

i

K
:

3

Tt e
kgl H o e i i H H H HE L iy B - e 5 iy iy A R ....rﬂ fes T ik, H H Y
B R : : s ; T AR : i b SR f??mﬁﬁﬁmﬁ R PR ; i o
o : : : : e R 2 i : S S i S i ST )
AT k s VR ; e e T R 2 i : b et L S !
s A e . - H e i St e e L i . P R et . T H ey S e T H : LT . L L e e e : e ' HEH : H FEG R
R . H g S v H A e o : : Hed] e I R R e e R e St T
f!ﬁ:ﬁexf..."...”wc * : S X : e L e e D EeH H H H it PR, PR * H 2 ﬁﬁf?&?#{x:ﬂﬂ%iﬂﬁ&b:ﬂhﬁx. H H ¥ - i) v LEe ) ...W,.,.....“.M......,...}n..
TR e R + T v PRy T : SR Yooy ¥ i ot S 5 H " s AN A S N " : R
A : N i T e : L S R i i R R e i R
: : o
=
e

,
a o t
) . e s Rt 5 R -
S T > PR A #Jssz%xﬁ;xﬁ{ o e fw,.,..m..,...y.. A ; ; . : i s
A T éfﬂ{raa,xié T A.wﬂf,. 9%9{;% ’ ; G R e R ; R ] S R : : e ; e R N e I e T e e
g% : gm%;ﬁfm»? ; M%ﬁmﬁ. T aEWUf LY e ; R i e e A e e R : : i P L i ; ey T
cEeLh 3 L

Y
3
i

o
.

H H ........:".. H H H ¥ L H H =, .
FHOH :
e By Lo

...
i

) W

; oy TN T ; - ; e LR P : A S T

ooy S Ay T R ..n.....u.,..m.,.,.&..,.. ; i : ; ; ; : ; f.?,,..."...vac.n..,..ﬂ..m.?.."...".......w ; Pff;ﬁc&.xxwac}hwn&swﬁwﬁ&wﬁ. S Ly

[ nate e ity ] H - HE e PN H LR R ey H - g,
R H .w&.pni.ﬁnﬂwmv A o R

LRy A : Sl Y I ; .n....“n.."."...&.....ﬁ : ¥ F i L A T L A i : 5
AN : ; £ i : ; : R A : i fu........“........ffx. éﬁt ...."..“;,..;.M,,... i ; . A TN il
...3:3;& ik ; L . ¢ .,E.,...,.w.“..,,..,u..nw..,u,?..,.. S éﬁiﬂfﬂsﬁ; {xgs.}ﬁ..ﬁw«ﬂ#ruv .%%% ; S by B e ; " i PR : ; : : 0 i 7 e : >.
e et H A H H H- H H

o H - 4 s B % -- iy Lo
B o ELER H S . H - A H = H o o, A FH i e HH . H e,
L HHH S . ) . oL T - - ) e o . T "o H SH H . H H R = s e e " e 2 CHO " vy oy e Hed . L - ot
e H T SR R e v . H : ] S R T T T s : R T 4 o - AT e
: i e ; Ry : TR et S N o ; o e a e i : ; T R T o S L i e o ST At B et ; R
S T L A H Y I : H H H Horth s - : H H R A H e Fbitd H ¥ e e e e S, : SR e s e e L e A o s s e A T S L AT T, H i HeH
H HH H 5 Y v H H H H Vi e s H H . H H xfﬁ..:.n.u;nﬁ..;fw..n.ux. AR O s S T iy H e e AT v et et T A Er A T e T H o
H H " ; : . ; A T et R, A Bm.fxmmmﬁ.{s{s.ucfm.{? i T .n,.....m.....,..v.ﬂ? ey o ; : e aﬂm.aﬂﬁ«ﬂ.ﬁasasaﬁw.}?...m. L R R P ; PP
S ' AT, : i ; [ . i ; £ R it .na...{f{.axﬁ..qﬂ,.. A T R : L e e e
E Pt H H H H H H 5 H L g Lt Ty i e e e e L A T T T ve LT R i L A T e T L e e
T e e I H v H H H H H - s S T L ..,.;f.,:...“....wn.. o L A S A R o e o E e : H
N T e e ; ; : H : AR e ,, e T e e L : A e e e St o e e A iR A e it i
e A SRR d t : " DA ety ....,ﬂ,ﬂ..".“.....,.".. SNl e bR o A d o h e AR R A L v AN
R : : : ; ; : ; TR : : : : S S s e e S RS : y S T Err R
e v R o ST AT, ,,Mm..f; Pt o Y ¥ H H H T EE A Ao L TN A SRR R e
p ! S ; ; e St L Fapie p : i A e i : : AT Or 3
s i iR - : AR R - W ) :
btttk H e e g I D D d A e S H LR \f,..n,wﬁ.fi? v H H
S N H e b A L A o o ;. T H ; HotE ", :
o R T e T Kt PR LR L HHC " i : ! A H H L H H B :
."..,........H.sx,“m.s.u..,.éﬂ..... e e ; fwﬂﬁxéﬂ.&ﬁuﬂ?x{ fe REAEE : R ; L : ; AT T . : L L, ; ; )

e

e
et H H H e A )
R, v Va : LRy .ﬁ,,.."u........"w.r
et

i
o
i

S
s
)

i

b
.,

mﬁwwﬂ..".. .n.ﬂ....,.,.}..,.

=
Heoyt) .

et
e

A e

e
o

A
i e e
i,

=)
>

: H e v n n A X A, v H H o H 5 ] v
S SRR : e R i SR e S : : : LT R : i i S e
S, : E R B ey ;
% .....M.,, . ,,,..,.?

HEGR e i Lo R AR e A e 8, H - , v v e A
ST e T ] fﬁ,vﬁﬁ..... : 3 ,,..,.“.....,n.m...n&..,w.m......"......"s mﬂ«%ﬁé
; i : R T

R,
ey ..,.....,..“....,.,.,..w.n...,. L, ,.....n,.x.“......,.,.n,,,,..r..vrﬁ,.."r.... v : Ay T
e D e e o L e s p R A R i : ;
i %&ﬁjg {/)ﬁw%ﬂ;@f@«/fw f%%ﬁx%?wﬁ% fﬁﬁ@%ﬂ%ﬁ%ﬁ;ﬁi@hﬁ,ﬁgﬁ% e : i ; R : S S e
s -

e T AT xﬁ.afs e - H = S b i i A ;. SR ; - pe
! H H el o e ] b S H - s 5 Lx ot . H " e i Eaty e ot " " ST " 7 ooy : HAH
S R S S R R e if%ﬁ%f@ s@%ﬁ %ﬁ@%%ﬁ : e SR 3%& 5 e : .. e e EE il ; : FRh
Saninden S wf.g/;v/ //V/ e e R : S : % : s R R e S i :

....w.v,ﬁ,..f..,.,.f ST :

G

5

o T

i

L,
HE AR e LS o : o Y : ] ;
.“.m ...”...............n...n.... %ﬁ? ....u.u ....mn... ﬂ .......,....u........n.u..“.:.;.,“... ....u.."n R A - ; e 13{..%.&.&,.”# b ¥ {Wﬁ%ﬁﬁ%ﬁ?&%ﬁﬂﬂ ; v e Rrpi Lo ..M}Meﬂr}a.}f}{i.ﬂmﬂﬁ#ﬁ? - ] H . A"..n,..,.......”..,.ﬁ.n i . ........n... st ﬁ.ﬂ. .m.“.."...,........n -
b ! : ¥ o e fad b iy A A 5 FoHy O H by - H : R A e s A . e o A
b . s ot ey 3 H g bt HLL e iy S 5 - H oy H H H e
s R ST R P e ] T

- i

z
s RO B .”“.....n....... o : ; : 5 R
r o H - ] LR T H ", H 3 t 3 B = H
3 hﬁﬁ#&%&rﬂi g R 3 s e : ; . i H T SHFH a}ﬁﬁ”@ﬁﬁ St .n.r..._,.n....nu.n.v,.. ; %Mﬁxﬁg&aﬁ}ﬁ e ; oy
e B ; ; ; : ; A R :
H AL A o v 5 A E oy LS
S e Sa : : : : i :
-+ - o - 1 -t -t -t o " o oy -, H - I
ﬂ{a?e{?s.v{e.w{a : i t..-.........._..,_._...... .-...a.,...{.....u___../.#..“..m....rf . : * h : ......_.... - X - = : : = ) ..un.:...u o A A ; 0 - ;! . . i . i b S : y H T R " v - H HIA
A ; b e ; : i : : : i AL ) - R RV . . ; ; : s ; e,
: o : - o e . : sl : . - : - ; : : ; ; IR ? I
. - ; o : . . . ; ; T i : : S
. o

<
Rty R

by H-L3
R T
i it

.... .. .
A o W H H H ; i : T

7

{gg%y
s

i
o
:.b_?

A e L T el
i e o
S 2

- ....".v.n.................n.”...,.;,. A

... sy

:
H T

",
o
o

AR R T R
W T i
e ;
A R
o A 2, Y e
i, H e, ........_,..u...."n.n;u.
. .. 3 T T
. . . . . s T e
. - - H H g e e e e e R e
e o . . : ; ; ; o
Rty PR : ) . . ) i . i 5 e S e et o
heEH e H . - H e -, o

i
1

o
T

T

.

o

-

T fEH AT - )
Lk Hrd Rt it e Dbt
o e HH A Fro R et e
i S ] A
R ST e bt
o A s o, L, EL o
T ! e R AT
LRy H LY H
R R
e e e S e e L
S R

e
S
.
i

- EYHH
A
R S e AT
R

BT R

x
.,H.f...,..n....,.....
PaE

HE

i
'y
i

"
5
':‘\.-'

S
v

-

k2

-H

s
]
é'i
.
i

-

2
£

cj’%{
.
s
i
.
ta E-\.'\g

]
R
oy H ! - : - H A
T H % . - - 3 H - H : H H ity
e, : : : T
i ..........“..“.}.....”...w". e ..............,“.....n by B H) Heth
i b

i
-
i %’,.
i
ELH
i

e
T
R

o e
AR
e
e
o S H
o -
#ﬂ.ﬁh....

et 3 . . :
ST ) ; : i :
.......r.ﬁ..““..,.m.n..xﬁ. : yh : i : . 3 : e sl : . i . . . e E v .

o A A r L. .. . . . . k e

: i 2 : SR . . S : Py ; e

SN ...........,...........n........."......,.n.-....".r ; 3 Lo oLt ", . ) - : H Tenil y : . . R ’ ) .”.,..m........,...m. h«ﬁﬂnﬁwﬂwﬁ?ﬁ??i..ﬁ et dkamﬁdw.%ﬁﬁ..h

i Ery : : SR eI SRS = . . . SRR : N e

R HEioH iy ki . . .. e .t Lo . . . P . i e f

S Y : R A . : : : . : : . R
..s?.....ﬁ,.,. e % e i - . . A . : . AP e o

g

T e S S EE ] B 5

A S IR . : : ; = : i
ot 5 A H H Y " e e e e L
- b iy S i M R

"
H s
LR S H 5 H * e L A e

L A : . . .
f}.rxa.,ﬂ..”.”"..mn.mh.,..mdm... ..s... H - ; . . - . . N - T : . - o - PRI : : ; S . S " T
Pro LAY 7 ¥ . . ) i+ . : . KR el . . : . i X ¥ R A
B - H . . . . A . . . . . . . . . . H H - ~ et L rp e L
ST : : : . . L : . : e : . h . KRR z . . L : X S ﬂ?xﬂmﬁﬁhﬂﬂhﬁf
R . . . : . . . . . . . : . . . ... i
AR . B . . . . [ . . ; . i 7 3 - LR L
i R : ; R
N, 1 H : " ...........n....,......r“...n."......

ey
At
A
pi
Re b

H
ol

L i
S Tk p ERE e . . - : : : . . Y - AN i aetet : ; : ; : L
: HE . . . . . . . H ; : ! H : WA,
i, T . : 4 s : el e ot
A H H - H H H Y
g L H g H H 0
S H ,
' w..............,.n.,,..,.,.
o o e o e e
rd R
AR
e
R
Ryt ey
ST ook T
e e O P b, : J i : RE AR o : S : : ; : L
e T o S : : LS . . ol i a PR T
R e TR ) R
e L L e T E . o R R e E
bt o~ a -3 H H . d m«...ﬁ,.?ﬂf.?x.wun&m H
H ........ o e
R
L :

e R

o

LR
W
o,
PR
T

S
S

oy

EEEir
i’:“-:}‘i.'-’.b

g
.
i

R
T

i
P
T

Sk
B
¥

3

- .

i

I T, A v . h . T . . . B Ao . L L v T 2 v 7 : ; ;
o T et : > 3 : R S e S iﬂa/@\ﬁﬂ%ﬁﬂﬁvﬁf@?/ : ; : : 4 e o
i S S : : S : : : M//.ﬂf S S : : o ; : ; SR : gt
23 i : : Ne@ﬁ%ﬁi?. SN Sl : : : 5 : : i B : : D
. e S e . s - .
R b5 ; ; ; : D e e : T P o S R TR G o H Lo
s ; : : A ; : ; R e e D L T S e
e ? gL L R R e
S : : : fm%”.fw%{i}ﬁ@ﬁw e S e T

s

.r.rr-.r-
S

R e,
P R
; : : L h,ﬂ,.,.....,.;........,..,...n s ey ] d - 5 : H H H .......,.,:.:...,,........ H
H i ) : d ; : : it s : ik e ¢ ; { R o e e

i : : ; k et ; R ST ; : : ; ; ; ; ; : B S

AR H HHh 3 E 3 ¥ ; H H 9 " . : i i 7 T 5 H ; 3 H ; FbA e

B

,
? FER
e - E ~ AT -
R i i : o R : Ay : S : R A
o s LAY g ﬁ.ﬁﬂsaaa.h.hm...:".?..h?a. ] = ] ped] o H H h H e s ; TN H 7 " .n......m.v...n..“.v S T A
L L T S e ! ey ! ] ! ! T : e : Ry : T
e R e e ! bt 3 i T i b ; ST S i i e o T : A

i T : : : . S : : ey : : R : S A

H ety R H R ; d e
- R H H B > SN H H HLEH H gl A ey s - iy

G
G %‘; :
A
.

L
iy

=
A
oo

b
-,

ix]

S
b

'

:
ran
5

X

ey ] . i “..U..n............. P
S
]

o .........m.......
R : e : R : ; : : : prss - ... e e
. - e e
A R e e e ;fa& L e

v et v frr Y : oY AT ke T
LN et (e ; 28 s TR A ¢+*....:_... R T

b
L

;
23
]

)
%

]

2
o

b
: AR I EHEEY L H : L b Sl
S : : : S :

5
..w-...a"ﬁeﬂ”h."rv....u.....x..m{.ka}nﬁ SR 5 i p H o A R L) 2 L + .._....u..ﬂf
5 S, ; S S :

S R i i T R e i
SR T i ﬁﬁ?é f@éﬁ:ﬂwwﬁﬁi Jﬁw@ ,,wwé/ S : ; e e e s : S S P S
R i fxﬁw;..;..f..ﬂﬁr g/{ﬂiﬁﬁ (/ﬁ/ ﬁ/..m/.wfcwﬁ.. fﬂ.ﬂ,m.vf ; b : B . : : ; L : : S ; 3 e

H bt - - Y

R % R
; o e it H LT et e H R e S o
LHELriy H o T : : el st e o o e £ e " . LA A L

R R T T e e r;ﬁ:ﬁiuﬁﬁ..v."@ : SR




CHAPTER 3. FRACTAL IMAGE COMPRESSION 38

1.

2.

Of the two parameters «v and 8, « is more dominant since change in alpha
value changes image quality perceivably. ( Refer to figures3.4 to 3.6)

Decreasing the o value too much does not improve the quality of decoded
image much. Also comparing the best outputs given by above two methods
we can say that variance method is better than the Sobel operator method.
Further investigations are needed to justify this observation.



CHAPTER 3. FRACTAL IMAGE COMPRESSION | 39

¢ Results when range block size is 4 x 4:

To obtain this result we have used THR = 25. The PSNR value for the décaded

image is 33.7 db and compression ratio achieved is 5.23. The output is as in
figure (3.7).
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