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AGENDA FOR

SECOND_GONFERENCE ON _ACCURACY AND PRECISION

' OF CHEMICAL ANALYSES

by
Walter A, Shewhart

Conference with<Messrs; L. A, Wooten of B,T.L., W. B, Tall
of W. E. Company and members of their staffs to be held at
Murrey Hill early in November, 1946.
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INTRODUCTION

Object of Investigation

The original object of the investigation is well

stated in a letter of November 18, 1944 from L. I. Shaw to
B. L, Clarke as folldws:

"Our main concern is to flnd an acceptable measure
of the overall preclslon of the complete analytical
process, as performed in practice in our laboratories,
rather than the best precision obtainable by a certain
method, under ldeal conditions, In discussions with
our inspection organizations or other interested persons,
we would then be able to state that if a particular
result, for example, which was near the specification
limit, were to be checked by additional analyses on the
same sample, these could be expected to agree with the
first result to within certain limits. Also in comparing
a number of analyses made over a period of time on
different lots of the same material, we would be able
to state that a certain variation in the results did or
did not indicate an aetual variation in the material,"

Conference on February 22, 1945

The first conference between representatives of
the W, E, Company and B.T.L. was held at Murray Hill on

February 22, 1945. The first three pages of the agenda for
that meeting outlined briefly the problem of measuring over-
all precision, and suggested some steps that might be taken
in ecarrying out a cooperative program of measuring such pre-
cision and of using the results in routine chemical analyses
of materials. The suggestions therein set forth were consi-
dered in some detail and it was informally agreed to use them

as a guide in making a study of the methods of chemical



analysis of some material to be agreed upon later by B.L. Clarke
and L, I. Shaw, Shortly'thereafter, 45°% permalloy was chosen

as the material, In what follows, the results of the statistical
analysis of the chemical analyses of 45% permalloy for manganese,
iron, nickel, carbon, and silicon are set forth in accord with
the outline given in the previous agenda,

Sample of laterial

As a matter of record, it should be st=ted that the
sample of material was (as I understand) collected at Hawthorne
in the form of drillings and turnings, This material was

placed on a large sheét of paper and an attempt was made to

mix it thoroughly. Then approximately one-half of the material
was sent to the Laboratories and the othef half was kept by
Hewthorne, Subsamples for‘éhemical analyses were taken from
these two portions of thevoriginal sample, It 1s my under-
standing that the sizes of the particles present in tﬂe original
sample varied ofer a wide rangee.

Results of Chemical Analyses

Most of the results of the chemical analyses are

shown in Table 1. _ﬁach analysis was repeated eight times and
the sequence of values thus obtained is shown in the table,
reading ffom top to bottom for each set of eight. The BTL
and the fourth set of Hawthorne for iron shown in this table

were made with a 1 ml. indicator, whereas the other three
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Hawthorne sets for iron were made with & 10 ml.Aindicator. The
BTL results obtained with a 10 ml., indicator are not shown in

the table but are given in Fig. 6y

ANALYSIS OF DATA

Problem from Viewpoint of Analysis of Data

In order to answer the questions raised in the para-~

graph quoted above from Mr. Shaw's letter of 11/18/44, it is

necessary to analyze the total variance of each of the sets of
48 measurements on each of the chémical constituents Mn, Fe,
Ni, C, and Si. This involves the following two steps:

Step 1., Breakdown of total variance into components
attributable to known factors or sources of
possible verietion such as:

1.1 Differences betweeh repetitive observations

made by an observers

1.2 Differences between observers.

1.3 Differences between laboratories.

Step 2. Detection of the presence of unknown factors
or sources of variation within each set of
repetitive observations,

Stated in another way it is apriori reasonable to

assume that the estimated total variance

48 s
z (xiux)
i=1 *
v = 48-1 (1)




for a given determination may be contributed to by the three
kinds of factors listed above. In this sense these three

factors are "known" as possible sources of variation. For
example, it is quite likely that if two observers were to
teke an indefinitely large number of observations, the averages
of their results would differ by more than might be explained
as a random fluctuatlon upon the assumption that the expeocted
values for the two were identical. This is particularly true
in experiments where volumetric and/or ﬁcolor-end-points" are
involved. Likewise differences may be introduced by different
laboratories through differences in chemical reagents,and
equipment«as well as difference§ in minor details of conduct-
ing a chemical analysis.

It is but natural therefore to start with an enalysis
of fhe overall or total variance to segregate the components
of variance attributable to such "known" factors and to deter-
mine if the dbServed differences between these ocomponents differ
by more than mAy reasonably be attributed to chance. The
statistical methods of carrying out such an analysis are those
customarily deseribed in statistical literature under the head

of "analysis of variance".

" We must not stop, however, with such an analysis to

check whether such known potential sources of variation do in
fact contribute measurably to the overall variation (or pre-

cision to use the term introduced in Shaw's letter) because



there may and usually does exist one or at most a few unknown
faotors. For example, let us consider any one of the sets of

eight repetitive measurements by a given observer., It is
customary in the analysis of variance to assume that such a
set constitutes a random sample, Work within the Bell System
has shown, however, that this assumption is seldom justified

except as a first approximation. 1In other words, there usually

exist unknown assignable causes of variation.

For example, attention has already been directed to
the fact that the sample of meterial weighed out consisted of
some fairly large particles of material, Unless, therefore,

permalloy is a strictly homogenous material it is possible that

the percentage of a given component such, for example, as iron
may vary from one weighed out portion to another by an amount
greater than éan be reasonably considered as a random fluctua-
tion., Perhaps also it is possibie that some of these small
particles may have picked still smaller particles of iron that
did not come from the permalloy. That is to say, if the total
sample of permalloy collected at Eawthorne could have been

put into solution and then samples could have been weighed out
and distributed to the six observers at both laboratories, the
variance between samples might well have been less than exists

when test samples of comparatively large pieces of solid material
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are weighed out and distribated. Other poésible sources of
variance may readily suggest themselves to the reader,

Then too it is possible, in some kinds of chemical
analyses at least, that the reagents used and even the material
under test may change during the time that the series of
repetitive measurements are being made., Likewise, the suc-
cessive results obtained by an observer may be correlated
because the observer allows thé measurement made at any point
in the series to influence him in making the next measurement,
This may happen particularly in volumetriec methods and perhaps
in certain others,

| In general, two tybPes of statistical méthods are
required in analyzing a sequence of repetitive measurements

schematically represented by
Xl’ Xz, XS’ ooy Xn (2)

where the order in the sequence is that in which the observations
were made, These two types are:
" A. TFExamination of certain characteristics of the dis-
tribution of such numbers irrespective of the order
that they occur in seguence (2).
B. Examination of certain characteristics of the
sequence (2) taking account of the order in which

the observations were made.s



We shell see in what follows that the analysis of
variance reveéls that some of the known potential factors do
contributé to the variance and that the two types of statisti-
cal analysis considered in the previous.péragraph do reveal the
existence of at least two kinds of unknown factors,

Had we, for example, found no evidence for believing
that known and unknown factors contributed to the total variance,
the answer tO IiT. Shaw's questions would have been quite simple,
For example;.the best estimate of ~™verall precision” would
simply be the total variance given by (1) multiplied by a con-
stant, How this énswer is modified by our findings will ap-

pear later in this memorandume

ANALYSIS OF VARIANCE

Variance between Observers and Variance within Sets of ghservations

Let us first consider the breakdown of total variance
into'two parts, namely, that between observers and that within

sets of eight repetitions,

Let ¥ = total number of observations,

n = number of obsérvations per observer.
m = number of observers.

vy = variance within sets of observations.

Vo = variance between observers,



v = total variance,

Xij = jth observation for ith observer.

X = average for all of observations.

j. = @verage for n observations for the ith observer.

8o = estimate of standard deviation of differences

. or

m n
z 2
1=1 j=1

shown in T
Source of
Variation

Within sets of
n observations

Between
observers

between observers,

e T estimate of standard deviation within sets of

Oobservations.,

Then (N-1l)v = m(n—l)vl + (m.~l)v2

=

-2
ij = %)

n

m
z 2 (Xij

i=1 §=1

- .2 o
- X +n 2
) i=1

(3)

(xi‘ - f)z

(4)

In terms of this nbtation we then have the breakdown

able 2,

Sum of Squares

Degrees of Freedom Variance

m n

2 (x, .~

2z
i=1 j=1

m — S
n E (x4, - x)

1d

X

2
1

2

Table 2

m{n~l) = N-m

me- 1

mp-1 = N=-1
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Table 3 gives the components v, and v, for all six
observers considered together,

Interpretation of Results

The gquestion of primary interest at this point is

whether the variance between observers is significantly greater
then the variance within sets of observations. To answer this

question we may make use of the so-called F test where F is
defined by

F = (5)

assuming that vg > vy and that all of the sets of repetitive

observations have the same variance. In Table 3, wvalues of F
for all observers are statistically significant at either the
+01l or ,05 levels {represented by the double asterisk for .0l

and the single asterisk for .05).

In terms of this snalysis it eppears that, at least
for Mn, Fe, Ni, and C, the observer variance 502 is of the
same order of magnitude as sez or that contributed by differences
between repetitive observations, and hence should be taken into
account in estimating the overall precision called for in the
paragraph quoted above from Mr. Shew's memorandum,

It is my understanding that a single observation is

made on a sample at Hawthorne and if we were to base our
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estimate S ve of overall precision on the two components s

and 89 including both Laboratory and Hawthorne observers,

we would get

oe =/ %o * 5 (6)

We shall return later to a consideration of the use of this
overall estimate in setting tolerance limits,

Differences between Laboratories

In the preceding analysis any effect of existing
significant differences between the two laboratories appeared
in the two components vy and Voe - In other words, the estimate
of overall vagriance given by (6) implies that the differences
between BTL and Hawthorne are negligible. Likewise the analysis
of the preceding paragraphs rests on the assumption that, for
each component, the variances for different analysts do not
differ significantly. We must therefore investigate the valid-
ity of these two assumptions,

First let us apply the "Student" test to the differences
between averagés. This is doné in Table 4 and we see that for
Mn and Fe the differences are significant on the .00l level.,
That is to say the difference in level shown in Fig. 1 for these

two components is greater then can reasonably be attributed to

chance,
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Hence let us consider the breakdown of the total
variance for each:laboratorj'intq two. components Vi and v,
as shown in Tables 5 and. 6. . We see that for both Mn and Fe,
the BTL data do not -reveal any evidence of significant ob-
server variance. Likewise for Hawthbrne, there is no indi-
cation éf significance for ln; however, for Fe a significant

difference is indicated. This means that we are not strictly

Justified in using equation (6) as an estimate of overall
variance in the case of Fe and Mn if we are to allow for the
indicated significant differences between laboratories.

However, if the values of soz and sez for Mn and Fe are taken

from Table 6, and used in equation (6), the values of 8, Uhus
obtained for Mn and Fe might be used as estimates of overall
variance for Hawthorne provided we do not find below any
evidence to indicate that the variancgs for the individual
observers are.significahtly_different among themselves,

For Ni, we see that Vo is significantly large. than
vy for BTL but not for Hawthorne, However, in this case we
shell see in a later section that the lack of indication of
significant difference between Hawthorne observers is prob-
ably caused by the effect of 6ther factors or assignable causes,

Much the same type of story applies in the case of C and Si
]

and hence we shall return to a consideration of these in a

later seetion,

W, A, SNEWHARY'S COLLECYIOR
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Differences Between Variances for Individual Analysts

Table 7 gives the estimates of variance for each
set of 8 repeated measurements., Let us consider, as an ex-
ample, the six sets of 8 observations for fron. Let us
assume that each set is a random sample from a normal d4is-
tribution of error of measurement and that the true standard
deviations are o4, Teor e Tgpe The hypothesis to be

tested is that

del = Gea = see T 086 (7)

There are two reasons why the results of such a
test are important, In the first place, the method used above
in breaking down the.total variance into two components Vi
and Vo, involves the assumption that (7) holds. 1In the second
place 1t is desirable to know if the errors of measurement
differ significantly from obéerver to observer.

We shall make use of the Bartlett test.l Table 8
gives the detailed computations for iren. If the ratio B/C
is greater than Xz at the chosen level of significance, it
is unlikely that the six estimates of variance would have
given the observed value of B/C if the hypothesis was cor-
rect that the error of measurement was the same for all six

~.

observers.,

—-.—---.--—--—-----.n.-n-——-———-----‘

lSee for example, Properties of Sufficiency and Statistical

Tests by M, S. Bartlett, Proc. Roy. Soc, Lon. vol 160, 1937,
pp 268-282.
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golumn 3 of Table 9 gives the values of P(B/C) for

all five elements for six observers. We see that the results

Bartlett's Ratio and Associated Probability P(B/C)

All Observers BTL Observers Hawthorne Observers
Degrees . Degrees Degrees

B of B of B of

¢ Freedom P(B/C) C Preedom P(B/C) c Frecdom P(B/C)
8.920 5 J116 4,799 2 ,093 36 603 2 «172
3,978 2557 0,828 2 666 3,078 «217
25, 84 6*** .001 1,836 412 14,460%** <001
16,979% 007 0,457 «800 2,906 239
9,940 L081L 4,024 142 24325 <314

Table 9

for Ni and ¢ are significant at the .00l and .0l levels. This
table shows similar computations for BTL and Hawthorne analysts,
and only one étatistibally significant value of B/C appears,
namely that for Ni at Hawthorne,

Stated in engineering language (leaving out all ifr's
and but's as symbols of caution) my interpretation of these
results is as follows, There is no evidence that the six
analysts differ in respect to precision of their repetitive
measurements in thé case of Mn, Fe, and Si., TFor C, the
significant aifference for the case of all six observers is
apparently attributable to the fact that all observers at
BTL appear to have a higher precision than those at Hawthorne.

For Ni, we shall see later that the large dispension at
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Hawthorne is likely produced by assignable causes. A glance

at Fig. 1 will reveal that these conolusions appear quite rea-

sonable,.

ASSIGNABLE CAUSES OF VARIATION

Thus far we have considered the breakdown of variance
to see if known factors such as differences between labora-
tories and}differences between observers do in fact contribute
in a significantly measurable way to the overall variance. 1In
this section We are to see if we can find any evidence of the

influence of unknown factors or assignable causes upon the

variance for each of the sets of eight observations.

P(\) Test
Let us assume that a sample of n has been drawn from

a normal universe with standard deviation o. Some types of
assignable cause may produce one or at least a few large devia-

tions. For example, if a few small particles of iron had been
picked up with the sample of permalloy one of these might have

gotten into one of the subsamples and produced an abnormally
high observed percentage of Fe. It is therefore often worth
while to test the observed difference dl between the largest
(or’sméllest) observation and the one nearest to it or the

difference d, between the 2nd from the largest (or smallest)

2
and the 3rd. Let us call

a d
1 = 2



Irwin* has given tables of the probabilities P(\,) and P(\,)
of getting values of xl and kg as large or larger than that

observed,

In the present case, we do not know o and hence we

take est;mates Se given later in Table ll. In Fig. 1 certain

N .

points are circled in red and the values of P(\) are indicated.
- This test gives evidence of the presence of an as-

signable cause of variation in the results of {i.
a. The second BTL ocbserver for Mn.

b. The second Hawthorne observer for Ni.
c., The first and third BTL observer for Si.
For several reasons I am inclined to believe that in each
instance the assignable cause lies at the door of the analyst
ahd is not attributable to lack of homogeneity in the sub-
samples,.
n_Test
We shall now lock in on additional evidence of the
presence of an assignable cause that may be laid at the door
of the analyst -~ evidence to suggest that an analyst is in-
fluenced by the results of his previous measurements{ The
tool for doing this is the n test.
Let Xy, Xgy ea xi,ﬁ,.,, x be a sequence of n
analyses on a cdmponenﬁ such as Fe, by one analyst, and let

X be the average of these n observations. Then

-*-’....""'-‘” _______ - e @ A e & @ W W™ & - W e =

*Biometrika, Vol, XVII, PP 238-250.
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n 2
iél (Xi g Xi+l}
. n - 1
n = -— > (8)
151 (xy = %)
n

The distribution of w for samples of n from a normal universe

was recently derived by Von Neumannl and has been tabled by
Miss B. I. Hart.z

Values of m for each of the. samples of eight are
given in Table 10 and are plotted on the n charts of Figs. 2
and 3, The expected value T and three probability levels are

also given on the m charts as a function of n, -

We note that in general too0 many values of m fall

below the expected value - in fact seven fell below the 95%

limit. This effect may be produced by either of the following

two kinds of causes: 1) a trend in the successive values such
a8 that shown in Fig. 1 by the second BTL observer for Fe,

2) abrupt shifts in the averages of subgroups of the n observa-
tions. . For example, the eight analyses of each observer were

for the most part carried through in four groups of two each,

end if the averages of these pairs differ by more than is

l"Distribution of the Ratio of the Mean Square Successive Dif-
ference to the Variance", Annals of Mathematical Statistics,
Vol., 12, (1941), pp. 367-395,

z"Significanoe Levels for the Ratio of the Mean Square Successive
Difference to the Variance", Annals of Mathematical Statistics,
Vol. 13, No. 4, December, 1942.
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attriﬁutaﬁle to chance fluctuations of a constant chance cause,
system, we would get values of n that are on the average smaller
then they would otherwise be. I suspect that this is the as-
signable cause,

If the avérages for pairs of values do not dirfer‘
significantly but there is a tendency for an analyst to be
influenced by his first value when teking the second, then the
‘value of n will tend to go outside the higher limits. From
this viéwpointi it is interesting to note that three of the

four highest wvalues of 71 belong\to Hawthorne observer JD. It

is interesting also to note that the tendency toward small
values of mn exists for both BTL and Hawthorne.

it is possible, of course, that a tendency toward
correlation between pairs of measurements may be partly attri-
butab}e to the faet that when two subsamples are carried
simultaneously through thelsteps of the analytical procedure,
involving heating, cooling and the like, these steps may intro-
duce correlation. It is to be hoped that time will be available
at the conference to explain in some detail the practical signi-

ficance of the assignable cause revealed by the m test,

DISCUSSION OF RESULTS

Let us first consider the bearing of the results

upon the questions raised in Mr: Shew's memorandum.
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+ Overall Precision

Mr. Shaw says:

"O0ur main concern is to find an acceptable measure of the
overall pre0151on of the complete analytical process, as
performed in practlce in our laboratories, rather than

the best pre0131on obtainable by a certain method under
ideal conditiouns.

An answer to this gquestion, based upon the results of chemical
anelyses shown in Table 1, is given in Table 11, and will now

be expleined.,

Estimates of Overall Precision

Soe single Soe paired
ig def. fg d.f. observations observations
-anese .0155BH 42 .OOOlH 2 .0156 .0110
, kK ’
n .O9BSBH 42 .1505H 2 L1773 1644
kel .OV?QB 21 .O935H 2 . «1217 +10895
‘bon L0075, 21 L007LEF 2 0104 ,0091
s *k
icon .0095BH 42 ..OOSEH 2 0124 «0109
Table 11

We should néte first that Mr. Shaw was interested in
the overall precision for his owﬁ laboratory, and not in the
overall brecision allowing for differences between laboratorles.
We must, however, allow for error of measurement and the dif-

ferences between observers., Estimates s and S, Of the standard
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deviation of repetitive measurements and the standard deviation

of differences in expected values for different observers are

given in columns 2 and 4 of Table 11, Columns 6 and 7 give

estimates of overall standard deviation (or measure of pre-
ecision) for single measurements and for the averages of pairs

of measurements. These are respectively

'~ 2 2 2 S
8 8 /
¢// o * %S¢ . and / So + se
v 2

- Pirst let us consider the estimates of sez given in
Table 11. Siﬁce the Bartiett test does not reveal any signifi-
cant differences between the individual observer variances
for Mn, Fe, and Si, it seems reasonable tc pool the results
for the six observers in ohtaining an estimate of Be in these
instances, One way of¥doiﬁg that is to take the estimates

based upon 42 degrees of freedom as given in Table 3. We

have seen, howéver, that for both Ni and C, the Bartlett test
indicates significant differences between the observer vari-

ances when all six observers are taken together but not between

the three observer variances within a given laboratory. In

the case of Ni, however, there is, as we have seen, an indica-
tion that assignable causes are present. In fact, it is
quite likely that the Hawthorne value of S, = ,2273 for Ni

in Table 6 is affected to a great extent by such causes all
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of which should be removed from the Hawthorne technique, For
example, Table 5 shows that the correspending BTL value is ‘

only 0779 or about one third of the Hawthorne value. When
the assignable causes are removed at Hawthorne, I sh;uld ex-
pect their value to approach that of BTL and therefore I
suggest using the BTL value., The s_ for C is taken from the
Hawthorne Table 6,

For one reason or another it appeérs desirable to
take the estimate of So for each of the five elements from

Table 6 showing the analysis of variance for Hawthorne. It
' v
will be noted in Table 6 that the ratio ofﬂvé = ¥ for Fe, C,

and_si is large enough to indicate that differences between
expected values for observers are significant. Although F
for Ni in Table 6 is not significant, this fact is largely
explained on the basis that the assignable causes present
at Hawthorne helped to produce an abnormally high value
Sy = «2273. Had it not been for the presence of these as-
signable causes, it is reasonable to believe that F for Ni
woula also have been significantly large.

If we look at Table 11, we'see that the values of
Sy except for Mn are either of the same order of magnitude
or larger than the corresponding values of 8. Hence in all
cases except for Mn it is important that we take the factor

8, into account in estimating the overall varience or pre-

cision,
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2. Tolerance Limits on Single Observations

_Mr. Shawt!s second sentence reads:

"In discussions with our inspection organizations or other
interested persons, we would then be able to state that
if a particular result, for example, which was near the
specification limit, were to be checked by additional
anclyses on the same sample, these could be expected to

- agree with the first result to within certain limits,"™

Let us next see what can be said on this comment by Mr. Shaw.

First let us look at Fig. 4 . Here the observed

range in each of the five sets of 48 observations is shown
alongside the specification or tolerance range, (These toler-
ance ranges are taken from Mr. Kott's memorandum of 4/22/486),

For Mn and C some of the observations fall outside the toler-

ance limits and for Fe, Ni and Si some fall near s specification

1imit in the sense implied by Mr. Shaw.

Now let us consider the situation that arises in
practice, As I understasnd, it is customary practice in routine
énalyses conducted at Hawthorne to make only one analysis on a
sample of material anddfromlday to day such analysis may be
made by several different observers. Assume that on a certain
day some analyst is instructed to take a sample from the pre-
vious day's produétion of permalloy and to analyze subsamples

for each of the five components. For convenience let us con-
sider only one of these analyses, let us say for Fe. Suppose

that the single observation for iron lies just above the lower
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tolerance limit Ll' Mr. Shaw raises a very simple question -

one to which an answer will be suggested shortly - what would

we expect to get if additional analyses on this same sample
were to be made?

Since he does not specify how many additional
analyses, let us assume that this is a very large number just

in order to increase the precision of this average so that
for the sake of the present discussion, this average may be

assumed to be the "true" value, Would you expect this average

to fall within the tolerance range?

It should be noted, of course, that Mr. Shaw does not
indicate by what method these additional analyses are to be

made nor does he state that they shall be made by an observer
from the same laboratory., If the check analyses may be made
byidifferent methods, accuracy as well as precision must be

taken into account, and if the check analyses may be made by
another laboratory we must also consider the component of
varianceqattributablé to differences between laboratories.

The practical problem, however, is much more in-
volved, because we are not commercially interested in where
the true iron content of the sample lies but instead we are
interested in where the true iron-content of the entire lot
lies. To get at the basis for attacking this practical problem,

we would need to consider the following factors or sources of

‘variance in addition to those already considered:
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1. Differences between iron content of all possible

samples from the given lot,

2. Differences between methods of measurement. This
brings us face to face with the problem of dqtermining how the
original sample should be taken from the lot, This is a big
and somewhat involved subjest and should be given careful con-
Sideration at our conference in November, The importance of

solving this practical problem is obvious if it is desirable
that the quality of product as represented by chemical pro-

perties be kept within tolerance limits.

Now let us return to the simpler problem posed by
Mr. Shaw in which it is supposéd that the additional analyses
are to be ﬁade from the’same sample, Let us also assume ‘that

such anslyses are to be made by the same method and by ob-

2
o

302 given-in Table 11 are the true components of variance,

servers at Hawthorne, Assuming for the present that s and
let us see withipn what limits & single routine measurement

would have to be held. The probability of acoepting a

sample of tolerance quality in which the % iron is less than

the lower tolerance limlt L, and the probability of accepting
a sample of tolerance guality in which the % iron is greater

than the higher tolerance limit Lz are each not greater than

.0l. For this purpose, let us take the following values of

L, and L, suggested by A, E, Kott in his memorandum of 4/22/46.

1
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Ll = D3.,3 % iron
L

]

S 55,3 % iron

Fig. 5 shows two sets of limits, namely L), end L,,
and Lzl and Los 1n addition to the tolerance limits L, and L,
for iron. If it were not for the fact that observers differ
significantiy among themselves, we could get along with the
limits Lll and le but if we are to allow for both components
of variance present it would be necessary to reject whenever
single observations by a given observer fell outside the limits
le and LZZf In other words, single observationswould have to
lie within the limits le and Loo in order that the chance that
. the material under test lies below L, and the chance that the
iron content of the materiasl under test does not lie above
L2 ére each not greaterrthan Ol.

We mey, of course, look at this situation in another
way. S0 long as we allow single observations to fall any place
within the limits Ll.and L2 instead of le and Looy We are
giving at least 99 percent assurance that the true iron con-
tent of the permalloy does not fall below Ly - 04133 = 52,89
and at least 99% assurance that the true iron content does not
.fall above Lo + +4133 = 55,71, )

Table 12 gives similar values of s, se,'and qxsfor

Mn, Fe, Ni, C, and Si. In the last four rows of this table
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vglues are also given for the limits L, and L, together with
le and Los from which figures similar to Fig. 5 may be con-

structed.

It should, however, be kept in ming that, if we
were to allow for differences between samples as ﬁe should
do in the practical case but cannot do without further data,
we should get even a narrower range within whicﬁ single ob-
servations must lie in order to give the assurance herein
assumed.,

3. Application to the Control of Quality

Let us now see what can be said on the point made
by Mr. Shaw in the third sentence of the paragraph quoted
above, viz,

"Also in comparing a number of aﬂalyses made over a
period of time on different lots of the same material,

we would be able to state that a certain variation
in results did or did not indicate an actual variation

in the material."

Fundamentally the problem here involved is one of control.

A. Accuracy

First let us consider the following question: How

can we be reasonably sure even when no variation in results is

observed that there is no "actual variation in the material",

to use Mr. Shaw's words? This is a particularly pertinent

question in the case of Fe.

First of all, we should note that we have good

evidence to indicate that there is a significant difference
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between‘observers at Hawthorne. This means that even if an
observer could and would take an infinite number of observa-~

tions, we might expect that the average of these would differ
from the actual Fe content by what is customarily termed a

constant error. To complicate matters, we should recall also
that the BTL and Hawthorne averages were found significantly
different. If we look now at the Fe data in fig. 1, we see
that the second Hawthorne observer, to speak in engineering
terms, seems to be quite like the BTL observers. In fact,

the observed significant difference between BTL and Hawthorne

is largely attributable to the fact that Hawthorne observers

one and three are much lower than the other four observers,

Another troublesome fact is that the three analysts
at ETL had great difficulty in carrying out the analysis with
the 10 ml. indicatar used by Hawthorne. As evidence, I gilve
in Fig., .6 the final set ¢of BTL observations with the 10 ml.
indicator alongside the final BTLrset with the 1 ml, indicator.
For the 10 ml. indicator, the observers Aiffer significantly
and the average of the 10 ml. datae is significantly higher

than for the 1 ml, data, Even for the 1 ml, indicator the
| second observer shows a significant trend., In fact the m for
this set is .634 and falls below the .0l level on the n chart.

Finally let us look at the difference between the

results obtained by the two BTL observers using the KS-4574
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method (see Table 1) of analysis and the other results shown
in Table 1. 1In the first place, we find that on the Fisher t
test, the chance is less than onme in a thousand that the

average of the 48 BTL observations (using the Hawthorne method)
shown in Table 1 would differ from the average of the 24

observations made by method KS-4574 if there were no "true"
difference in the methods., It is also interesting to note

that the first and third Hawthorne observers (see Fig. 1) are

down on about the same level as the two sets of BTL date taken
by the KS~4574 method.

In the light of all of these significant discrepancies,
what is the "actual"'Fe content of_the sample? If that question
is not a sufficient puzzler let us consider this one which is
still nearer to the practical problem. In the course of routine
inspection, what assurance does one observed value give you
about the "actual" Fe content of the lot of permalloy from which
the sample was taken®

If we are concerned about the‘"actual" Fe content
of 45% permalioy, it would appear ﬁhat further work 1s required
in order to discover the assignaeble cause that produces the
significant differences indicated above..

B. Problem of Detecting "Actual Variation in the Material"

Of course the solution of the problem of deteot?ng

'&ctual" variation in the quality of material as posed by



Mr.“Shaw does not demand that the accuracy be known, but it does

demand that the accuracy thdugh unknown.be kept constant. It

also imposes the condition that the precision of repetitive mea-
surements on a given sample be kept constant, In the light of

these requirements let us see what could be done to meet them.

@+ 1In order to insure that the accuracy of an observer

be kept eonstant it seems desirable to have a standard sasmole

of material constantly on tap, It would be sufficient to cheok

from time to time to see that the average of a set of n observa=-

tions on this sample by a given observer 4id not vary more than
it is reasonable (at some prescribed probability level) to at-
tribute to a sampling fluctuation. This could be done at #she

start by standard control chart methods or perhaps more easily
by a run chart metiod that I shall discuss at the conference.
b. In order to insure that the precision for repetitive

measurements be kept constant it would be possible to make use
of the repetitive measurements made from time to time (see pre-

ceding paresgranh) on the standard sample by some statistical

procedure, the simplest though not necessarily the most efficient

being a control chart on variance. It is, however, of great
importaﬁce to check the precision of the actual observations
made on samples taken in the course of rqutine inspections. 1If
a pair of observations Be taken on eabh such sample, then the
circle control chart discussed af'the prev;ous conference could

be used.
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¢. Let us assume that repetitive observations on the
standard sample by a given observer fluctuate in a random
manner and are distributed normélly about an expected value
X' with a standard deviation o'. Note that this expected
value X' need not be the true Fe content of the standard
sample,

It would then be possible to draw a figure like

Fig. 7. If the given observer were then to take pairs of
observations on the standard sample and plot each pair as

indicated in Fig. 7, 99% of such points would be expected to
fall within the circle, so long as his accuracy and precision
did not change significantly. If a point representing a pair
of observationé on the standard sample falls outside the circle
but within the dotted limits this could be taken as indication
that his aceuracy had changed. If such & point falls outside
both the circle and the dotted lines, this fact may be taken
as indicating that the precision has changed and, under cer-
tain conditions tc be discussed at the conference, it may be
taken that the accuracy has also .changed.

If pairs of observatlions on samples. taken in the
course of inspection are plotted on this chart, the probability

would be .99 that all points would fall within the dotted

limits 1f the precision remains unchanged. Hence if a point

falls outside the dotted limits, we might take this as an

indication that the precision had changed.
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O0f course we do not know either the true Fe content
of the sample of permalloy or the true variance cez of repeti-

tive measurements. We have seen, however, that s 2

e
taken as a reasonsble estimate of dea. The circle in Fig. 7
2

may be
makes use of this estimate s, and the center of the circle

is arbitrarily placed at the average Fe content as determined
by the 48 observations shown in Fig.l. Just for illustrative
purposes, the 24 pairs of points determined by these 48 ob-
servations are plotted in Fig. 7. Ve note that all points are
within precision limits but five points fall cutside the circle
but within the dotted limits thus indiceting that it is un-
likely that these pairs of observations could have arisen as
random fluctuationS’from=é normal populatiop of measurements
having an expected value of 53.70% and a standard deviation

S This conclusion is, of course, consistent with our pre-
vious findings that there exist significant differences between
observers gnd betwéen laboratories. One interesting feature

. of this circle control chert is the fact that when once set

up, all that an analyst has to do is to plot each point cor-
responding to a pair of observations on a given sample.

This circle chart is interesting in still another
way., It will be noted that 15 points fall below the diagonal

Athrough the center of the circle and only 8 points fall above.



Here we have a slight indication at least that there is a
tendency for the second observation in a pair to be less than

the first. Also it should be noted that the points tend to

hug this diagonal and this is consistent with the information
previously revealed by the m test that pairs of observations

appear to be closer together than would be expected if the
observation in each set of 8 were not correlated serially,

In other words, this simple chart is very helpful in suggesting
changes in average and precision as well as suggesting the

presence of correlation, that the more efficient but more

involved methods show up in a quantitative way,

If in routine control of permalloy each observer makes
use of such a circle control chart as well as the customary
control chart, the indications given by the customary type
of control chart may be taken as en indication of an actual
change in the quality of pérmalloy provided pairs of observa-
tions on routine samples fall within the dotted 1limits on the
circle control chart and provided pairs of observations taken
from time to time on the standard sample fall within the circle,

What has been said in the last few paragraphs is
offered as one way of checking on the actual change in quality
without knowing what that actual qﬁality is, It is essential,
however, that such charts be kept for each observer, because:
as we have seen, observers at Hawthorne are significantly dif-
ferent. Much more needs to be said at the conference on the

different topics considered in this section.



SOME QUESTIONS AND COMMENTS FOR CONSIDERATION

l. Assume that the sample of material taken at Hawthorne
nad been put into solution and one half of the solution had

been sent to BTL, would you expect the precision of repetitive
measurements as measured by Sg to have been materially reduced”

If it is not feasible in such an instance to put all of the

material into solution, would it be possible to grind or pul-

verize the original sample, before subsamples were weighed out?
Some of the observed variance in repetitive measure-

ments as conducted is attributable to the differences in the

composition of the subsemples and therefore the observed varlanoce

is presumably larger than that contributed by the method of

analysis. In any work that may be done to compare accuracies
as well as precisions of different analytical methods it would
be well to eliminate the effect of differences in the chemical

composition of the samples used.,

2. Are the tolerance limits now implied in the specifi-
cation of permalloy éoonomically sound?
3. How should a sample of material from a lot be taken?
The answer to this depends upon the meaning of the
specified requirements., For example, do tne specified 1limits
Ll = 55.5‘and L2 = 55,3 on iron apply to the content of the
whole lot? If so, some form of representative sample may be

desirable., If, however, the specified limits imply that the
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iron content should not vary outside these limits from point
to point, the method of sampling should be different.

4. 1In order to set rational and economic tolerance limits
it is desirable for é specification engineer to have data on
the variance of each of the chemical components of the material.
. Would it be desirable to get\such data on permalloy for the
use of specification engineers? If such data were made availe

able might it not lead to changes in the specified limits?

mn.mnmm
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