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Introduction

The main theme of this thesis is the study of exceptional algebraic groups via their
subgroups. This theme has been widely explored by various authors (Martin Leibeck,
Gary Seitz, Adam Thomas, Donna Testerman to mention a few), mainly for split groups
([26], [27], [28], [60] ). When the field of definition k of the concerned algebraic groups
is not algebraically closed, the classification of k-subgroups is largely an open problem.
In the thesis, we mainly handle the cases of simple groups of type Fy and G2 defined
over an arbitrary field. These may not be split over k. We first determine the possible
simple k-subgroups of a fixed simple k-algebraic group of type G5 or Fy and then, find

conditions for a simple k-algebraic group to embed in a given group of type Go or Fj.

One knows that a group of type G5 over a field k arises as the group of automorphisms
of an octonion algebra over k and similarly, groups of type Fy over k arise from Albert
algebras. We exploit the structure of these algebras to derive our results. On the way we
also obtain some results on these algebras, which may be of independent interest. For
example, we derive a group theoretic characterization of first Tits construction Albert
algebras (Theorem 10.2.3). We also prove a group theoretic characterization of Albert
algebras A with f5(A) = 0 (Theorem 9.1.2). Other than these results, we prove some
results on generation of the groups discussed above by their simple k-subgroups and
k-tori, determining the number of such subgroups required in each case. The results in

this thesis have been partly published in ([10]) and partly under submission ([9]).

We now sketch below an outline of the work done in this thesis, introducing some
notation on the way, which will be necessary in the Main results section. Let K be an
algebraically closed field. The classification of semisimple algebraic groups over K is

well understood.

Theorem 0.0.1 (Chevalley Classification Theorem) Two semisimple linear algebraic
groups are isomorphic if and only if they have isomorphic root data. For each root
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2 Introduction

datum there exists a semisimple algebraic group which realizes it.

The simple algebraic groups have irreducible root systems or equivalently, have con-
nected Dynkin diagrams. Irreducible root systems fall into nine types, called the Cartan-
Killing types, labelled as A,,, By, Cy, Dy, Fg, E7, Fy, Go. The first four types exisit for
each natural number n, while the remaining five types are just one in each case. Simple
groups with root system or Dynkin diagram of types A,,, By, Cy, D), are called classical
groups and the simple groups with root systems of type Eg, E7, Eg, Fy, Go are called
exceptional groups. Let G be a simple algebraic group over a field k. By the type of
G we mean the Cartan-Killing type of the root system of the group G ® k, obtained by
extending scalars to an algebraic closure k of k.

Let G be a simple linear algebraic group over K. Then corresponding to any subdiagram
of the Dynkin diagram of GG, there exists a subgroup of G' which realizes it, i.e. has the
subdiagram as its Dynkin diagram. But this fails to hold for a non-algebraically closed
field. For example, over a non-algebraically closed field k£ a connected simple algebraic
group GG may not have any subgroup of type A1, though the Dynkin diagram of G always
has A; as a subdiagram (see Remark 10.2.2). Hence over a non-algebraically closed field
k, it is important to know what are all simple k-subgroups of G. In the thesis we answer
this for groups of type Az, G2 and Fy. We prove that when G is a k-group of type Fj
(resp. Go) arising from an Albert (resp. octonion) division algebra then the possible
type of a simple k-subgroup of G is Ag or Dy (resp. A; or As). The knowledge of these
simple k-subgroups is a useful tool in studying these groups. This motivates the
Problem : Find conditions under which a given simple k-group of type A1 or As embeds
over k in a simple k-group of type Go or Fy.

In the thesis we study conditions which control the k-embeddings of simple algebraic
groups of type A1 and As in simple groups of type Gy and Fj as well as k-embeddings
of rank-2 k-tori in simple groups of type As, Go and Fy. This is done via the mod-2

invariants attached to these groups.

Let us briefly recall the mod-2 invariants of these groups. To a given simple al-
gebraic group H of type Ay (resp. Aj) defined over k, one attaches an invariant
f3(H) € H3(k,Z/2Z) (vesp. fo(H) € H?(k,Z/2Z)), which is the Arason invariant
of a 3-fold (resp. 2-fold) Pfister form over k, namely the norm form of an octonion (resp.
quaternion) algebra (see Remark 7.1.2 of the thesis and [19], Thm. 30.21). For a simply

connected, simple algebraic group H of type Ay defined over k, there exists a unique (up
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to isomorphism) degree 3 central simple algebra with center a quadratic étale algebra
K and with an involution o of the second kind, such that H = SU(B, o). We call the
involution o as distinguished if f3(H) = 0.

Let G be a group of type Fy defined over k. Then there exists an Albert algebra A over k
such that G = Aut(A) = Aut(A®y k), the full group of automorphisms of A. Given an
octonion algebra C over k, it is determined by its norm form n¢, which is a 3-fold Pfis-
ter form over k. The groups of type G defined over k are precisely of the form Aut(C)
for a suitable octonion algebra C' over k. These are classified by the Arason invariant
es(nc) € H3(k,7Z/27). To any Albert algebra A, one attaches a certain reduced Albert
algebra H3(C,T), for an octonion algebra C over k and I" = Diag(y1,72,73) € GL3(k),
called the reduced model of A, such that for any reducing field extension L/k of A, we
have A ®y L = H3(C @ L,T') ([37]). The reduced model of an Albert algebra is unique

up to isomorphism and defines two mod-2 invariants for G = Aut(A):

f3(G) = f3(A) = es(nc) € H*(k,Z/27),
f5(G) = f5(A) = es(ne).e2((1,77 "2) @ (1,75 'y3))

= es(ne® << =y e, =74 13 >>) € HP(k,Z/27).

Let G be a k-group of type Ay, G or Fy. Then the invariant f3(G) as defined above is
a 3-fold Pfister form which is the norm form of a unique octonion algebra C over k. We
call C' the octonion algebra of G and denote it by Oct(G). Let G be a simple, simply
connected k-group of type As. We will refer to G as arising from a division algebra if
either G = SU(D, o) for some degree 3 central division algebra D over a quadratic field
extension F' of k, with an involution o of the second kind or G = SLj(D) for some
degree 3 central division algebra D over k. Let G be a k-group of type Fy. We will refer
to G as arising from a division algebra if G = Aut(A), where A is an Albert division
algebra over k. Let G be a k-group of type G2. We will refer to G as arising from a
division algebra if G = Aut(C'), where C' is an octonion division algebra over k.

In the thesis we derive a necessary (resp. necessary and sufficient) condition for a k-
group H of type A; or A to embed in a k-group of type Fy (resp. Ga) over k, in terms
of certain factorization of f5(G) (resp. f3(G)) with a factor the mod-2 invariant of H.
Owing to these results, importance of groups of type Ay, Ay becomes evident in study-

ing exceptional groups. The theme of irreducible subgroups and Ai-type subgroups of
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algebraic groups has been thoroughly investigated by several authors over algebraically
closed fields and finite fields, see for example ([24], [55], [56], [59], [22], [23], [62], [25]).
Since the Galois cohomological invariants of any group of type G2 and Fj over finite
fields or algebraically closed fields are all trivial, our results are valid also over such
fields.

The next topic of interest in the thesis is the generation of simple k-groups of type Go
and Fj by their k-subgroups over an arbitrary field k. As an easy consequence of sim-
plicity we prove the following:

Let G be a simple algebraic group over a perfect (infinite) field k and X be a fixed type.
Suppose G contains a k-subgroup of type-X. Then G is generated by all k-subgroups of
type-X. Moreover if G(k) is simple then G(k) is generated by the groups of k-points of
type-X subgroups. Hence, over a prefect (infinite) field k, a simple group of type Fy or
G- is generated by all k-subgroups of type Ay and similarly Aj.

This motivates the following

Question: What is the number of k-subgroups of a given type required to generate G
over k?

We answer this for simple k-groups of type Aa, G2 and Fy (see the table below), in fact
we exhibit explicit subgroups of each type generating the group in question. We shall see
that the behavior of the D, type subgroups for groups of type F} is somewhat analogous
to the behavior of the Ay type subgroups for groups of type Ga, as far as generation of
these groups is our concern.

We also calculate the number of rank-2 k-tori required (in fact exhibit such tori explic-
itly) for the generation of groups of type Aa, G9 and Fy arising from division algebras
and subgroups of type Dj of Aut(A), for A an Albert division algebra, over perfect
fields (see the table below).

These results motivate the following

Problem : Find conditions so that a rank-2 k-torus embeds in a k-group of type As,
Gy or Fy.

We give a solution of this for some special rank-2 tori which we refer to as unitary tori.
We describe these below:

Let L, K be étale algebras over k of dimensions 3,2 resp. and T = SU(L® K,1® ~),
where ~ denotes the non-trivial involution on K. Then T is a torus defined over k, re-
ferred to in the thesis as the K-unitary torus associated with the pair (L, K). For this
torus, we let gp :=<1,—ad >= N 5 ., where Disc(L) = k(v/9) and K = k(\/a).
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Such tori are important as they occur as maximal tori in simple, simply connected groups
of type Az and Go (cf. [52]. [6], [4]). We derive conditions under which such tori embed
in groups of type As, G2 or Fy defined over k. We shall see that these embeddings are
controlled by the mod-2 invariants of these groups. The behavior of the invariant f3 for
groups of type Ay and G is somewhat analogous to the behavior of the invariant f5 for
groups of type Fy, as far as embeddings of unitary tori in such groups is our concern.

Towards the end of the thesis, we calculate H'(k,T) for a unitary rank-2 torus 7" and
see some applications to algebraic groups and étale Tits processes. Let L, K be étale
algebras over k of dimensions 3,2 resp. and let (E,7) = (L® K,1® ~), where x — 7 is
the non-trivial k-automorphism of K. We define étale Tits process algebras J; and Jo
arising from the pair (L, K) to be L-isomorphic, if there exists a k-isomorphism J; — Jo

which restricts to an automorphism of the subalgebra L of J; and Jo (see §5.3).

We establish a relation between H!(k, SU(FE, 7)) and the set of L-isomorphism classes
of étale Tits process algebras arising from (L, K). We study the effect of the presence
of a unitary k-torus T in groups of type As, Go and Fy when H'(k,T) = 0.

By a result of Steinberg (see Theorem 4.4.5) it follows that a k-group G of type Go
contains a maximal k-torus 7' C G such that H'(k,T) = 0 if and only if the associated
mod-2 invariant f3(G) vanishes, i.e, G splits. We give a simpler proof of this result
using explicit cohomology computation of 7. Similarly, let G be a simply connected,
simple k-group of type As: if G has a maximal k-torus 7" with H'(k,T) = 0, then
f3(G) = Oct(G) splits. The converse holds in the case when the group arises from a
matrix algebra. This gives an algebraic characterization of quasi-split groups of type Ao

and G2 .

Remark: After submission of our paper ([9]), we discovered the paper ([4]) by C. Beli, P.
Gille and T.-Y, Lee, posted recently on the math arXiv. The authors of this paper have
studied maximal tori in groups of type G5 in terms of the associated octonion algebra
C'. Some of our results on groups of type Gy in ([9]) partially match with results in this
paper (see [4], Proposition 4.3.1., Corollary 4.4.2., Remarks 5.2.5. (b), Proposition 5.2.6

(1)), however the scope of our paper and methods of proofs are very different.
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0.1 Main results

In this section we state the main results proved in the thesis, these are contained in

chapters 10, 11, 12 and 13. Let k be a field of characteristic different from 2 and 3.

Results on Factorization

We begin with the main results proved in chapter 9. We derive a necessary (resp.
necessary and sufficient) condition for a k-group H of type A; or Az to embed in a
k-group G of type Fy (resp. G2) over k in terms of certain factorization of f5(G) (resp.
f3(G)) with a factor the mod-2 invariant of H.

Theorem. (Theorem 9.1.2) Let A be an Albert algebra over k and G = Aut(A).
Then f5(A) = 0 if and only if there exists a k-embedding SU(B,o) — G for some
degree 3 central simple algebra B with center a quadratic étale k-algebra K and with a

distinguished involution o.
More generally, we have

Theorem. (Theorem 9.1.1) Let K be a quadratic étale k-algebra and B be a degree
3 central simple algebra over K with an involution o of the second kind. Let A be an
Albert algebra over k. Let G = Aut(A) be the algebraic group of type Fy associated to
A. Suppose SU(B,0) — G over k. Then f5(A) = f3(B,0) @ T for some 2-fold Pfister

form T over k.

Theorem. (Theorem 9.1.9) Let Q) be a quaternion algebra over k and A be an Albert
algebra over k. Let G = Aut(A) be the algebraic group of type Fy associated to A.
Suppose SL(1,Q) — G over k. Then f5(A) = fa(ng) ® T for some three fold Pfister

form T over k.

It turns out that G2 enjoyes stronger results in comparison to the case of Fy, which

needs a lot more care.

Theorem. (Theorem 9.2.3) Let C' be an octonion algebra over k. Let B be a degree
3 central simple algebra over K, a quadratic étale extension of k, with an involution o
of the second kind. Then there exists a k-embedding SU(B, o) — Aut(C) if and only
f3(B,0) = nc and B = M3(K).
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Theorem (Theorem 9.2.1) Let C be an octonion algebra over k and Q be a quaternion

algebra over k. Then the following are equivalent.

(a) @ embeds in C as a k-subalgebra.
(b) nc =ng ® 7, where T is a 1- fold Pfister form over k.
(c) SLi(Q) — Aut(C) over k.

The proofs of the above results make up chapter 9 of the thesis.

Results on Embeddings of rank-2 tori

Let L, K be étale algebras of k-dimensions n,2 resp. Let F = L ® K and 7 be the
involution 1 ® on E. Let SU(E,7) be the K-unitary torus associated to the ordered
pair (L, K). It turns out that embeddings of unitary k-tori in groups of type Az, G2 and
Fy are intricately linked to the mod-2 invariants of these groups. We investigate this in
chapter 10 of the thesis. We state below the main results in this regard. The proofs of

these results form chapter 10 of the thesis.

Theorem. (Theorem 10.3.3) Let G be a simple, simply connected k-group of type Go
or Ay. Let L, K be étale algebras of dimension 3,2 resp. and T be the K-unitary torus
associated with the pair (L, K).

(a) Suppose there exists a k-embedding T — G. Then K C Oct(QG).

(b) If G is a simple, simply connected k-group of type Fy or Ag arising from a division

algebra and T — G over k, then L must be a field extension.

Let A be an Albert algebra over k and G = Aut(A). Let L, K be étale algebras of
dimension 3,2 resp. and T be the K-unitary torus associated with the pair (L, K).
Suppose there exists a k-embedding 7' < G, then K need not embed in Oct(G) (i.e,

< 1, —a > need not divide f3(G)). However,

Theorem. (Theorem 10.3.10) Let A be an Albert algebra over k and G = Aut(A). Let
K = k(y/a) be a quadratic étale k-algebra and L be a cubic étale k-algebra. Let T be
the K-unitary torus associated with the pair (L, K). Suppose there exists a k-embedding
T — G. Then f5(A) =< 1,—a > ®~ for some 4-fold Pfister form ~ over k.
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Theorem. (Theorem 10.3.6) Let A be an Albert algebra over k and G = Aut(A).
Let K = k(y/a) be a quadratic étale k-algebra and L be a cubic étale k-algebra with
discriminant . Let T be the K-unitary torus associated with the pair (L, K). Suppose
T — G over k. Then f5(A) = qr @ v for some 4-fold Pfister form ~ over k.

On exactly similar lines we derive a necessary condition for a rank-2 unitary torus to

embed in a connected simple algebraic group of type As or Gs:

Theorem. (Theorem 10.3.8) Let G be a simple, simply connected k-group of type A
or Ga. Let C := Oct(G) and nc denote the norm form of C. Let K = k(\/a) be a
quadratic étale k-algebra and L be a cubic étale k-algebra with discriminant 6. Let T be
the K-unitary torus associated with the pair (L, K). Suppose there exists a k-embedding
T — G. Then no = qr ® v for some two fold Pfister form ~ over k.

Theorem. (Theorem 10.3.11) Let G be a simple, simply connected algebraic group
defined over k. Let L be a cubic étale k-algebra with discriminant Ky. Suppose there
exists an k-embedding L") < G. We then have:

(a) if G is of type Go or Ag then Oct(G) splits.
(b) if G is of type Fy then f5(G) =0 and Ky C Oct(G).

Apart from these results we study embeddings of distinguished k-tori in simply con-
nected, simple algebraic groups of type As, G2 and Fy, defined over a field &, in terms
of the mod-2 Galois cohomological invariants attached with these groups (see Theorems
10.1.6, 10.1.5, 10.1.4). The next theorem gives criterion for groups of type Ay and Fy to

arise from central division algebras.

Theorem. (Theorem 10.2.1) Let G be a simple, simply connected group of type Ay or
Fy defined over k, arising from a division algebra over k. Then,

(1) G(k) contains no non-trivial involution over k.

(2) There does not exists any rank-1 torus T' over k such that T'— G over k.

(3) G is k-anisotropic.

Moreover, these conditions hold over any field extension of k of degree coprime to 3.

Theorem. (Theorem 10.2.3) Let A be an Albert algebra over k and G = Aut(A). Then

the following are equivalent.

(a) f3(A) =0 (i.e, Oct(G) is split).
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(b) There exists a cubic étale k-algebra L of trivial discriminant such that LY — @
over k.

(c) SLy(D) < G over k, for a degree 3 central simple algebra D over k.

(d) A is a first Tits construction Albert algebra.

Results on generation

Let k be a perfect (infinite) field and G be an algebraic group of type Fy (resp. G2)
defined over k, arising from an Albert (resp. octonion) division algebra. We show as an
easy consequence of simplicity that G is generated by all k-subgroups of type Ay and
similarly by all k-subgroups of type A;. More precicely,

Lemma. (Lemma 11.2.5) Let G be a simple algebraic group over a perfect (infinte)
field k and X be a fixed type. Suppose G contains a k-subgroup of type-X. Then G
is generated by all k-subgroups of type-X. Moreover if G(k) is simple then G(k) is
generated by the groups of k-points of type-X subgroups.

As a corollary to the above we have the following,

Theorem. (Theorem 11.2.6, 11.4.4) Let G be an simple algebraic group of type Ga or Fy
defined over k. Then G is generated by subgroups of type Ao, defined over k. Similarly,
G is generated by subgroups of type Ay, defined over k.

In chapter 11 we answer the following question: What is the number of k-subgroups
of type Ao and similarly A; required to generate G as above? We prove that if k is a
perfect (infinite) field and G is an algebraic group of type Fy defined over k, arising from
an Albert division algebra, then G is generated by two k-subgroups of type D4 and three
k-subgroups of type As. Similarly, if G is an algebraic group of type Go defined over
k, arising from an octonion division algebra, then G is generated by two k-subgroups
of type Ao and three k-subgroups of type A;. Let A be a finite dimensional k-algebra
and S C A be a k-subalgebra. Then Aut(A) is an algebraic group defined over k. We
shall denote by Aut(A/S) the (algebraic) k-subgroup of all automorphisms of A fixing
S pointwise.

The precise results are as follows:
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Theorem. (Theorem 11.2.2) Let A be an Albert division algebra over a perfect (infinite)
field k and G = Aut(A). Let L C A be a cubic subfield and H = Aut(A/L). Then H

is generated by two k-subgroups of type As.

Theorem. (Theorem 11.2.7) Let A be an Albert division algebra over a perfect (infinite)
field k and G = Aut(A). Let H; := Aut(A/L;) C G, i = 1,2, where L1 # Lo are cubic
subfields of A. Then G is generated by H;, i = 1,2.

Theorem. (Theorem 11.2.8) Let A be an Albert division algebra over k and G =
Aut(A). Then G is generated by three k-subgroups of type As.

Along similar lines we have the following results for groups of type Ga;

Theorem. (Theorem 11.4.3) Let C be an octonion division algebra over a perfect (infi-
nite) field k and G = Aut(C). Let K C C be a quadratic subfield and H = Aut(C/K).

Then H is generated by two k-subgroups of type A;.

Theorem. (Theorem 11.4.5) Let C be an octonion division algebra over k, where k is

a perfect (infinite) field. Then G = Aut(C) is generated by two k-subgroups of type As.

Theorem. (Theorem 11.4.6) Let C' be an octonion division algebra over k, where k is a

perfect (infinite) field. Then G = Aut(C) is generated by three k-subgroups of type Aj.

We summarize these results in the table below, which gives the number of k-subgroups
(k a perfect field) generating simple groups of type Gs, and F}, arising from division
algebras and for k-subgroups of type D4 of Aut(A), where A is an Albert division
algebra and k-subgroups of type As of Aut(C), where C is an octonion division algebra.

TABLE 1: Number of k-subgroups required for generation of groups

Type of group Type of k-subgroup Number of k-subgroups required for generation

Fy As 3
Fy Dy 2
Dy As 2
Go Ay 3
Ga As 2
Ay Ay 2

Next we compute the number of rank-2 k-tori (k a perfect field) generating simple,
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simply connected k-groups of type As, Go, and Fy, arising from division algebras and
for k-subgroups of type D4 of Aut(A), where A is an Albert division algebra. In fact, we
explicitly exhibit such k-tori in each case (see Theorems 11.1.1, 11.3.1, 11.3.2, 11.5.1). It
seems likely that these numbers are minimal in each case. The numbers are mentioned
in the table below.

TABLE 2: Number of k-tori required for generation of groups

Type of group Number of rank-2 k-tori required for generation

As 2
Ga 3
Dy 3
Fy 4




12 Introduction

Results on Cohomology and applications

Let K be a quadratic étale k-algebra and L be an étale k-algebra of dimension n = 2r+1.
Let T be the K-unitary torus associated with the pair (L, K'). In chapter 12, we calculate
H'(k,T) and see some applications to algebraic groups and étale Tits processes. We
state below the main results in this regard. The proofs of these results form chapter 12

of the thesis.

Theorem. (Theorem 12.1.3, 12.1.5) Let K be a quadratic étale k-algebra and L be an
étale k-algebra of dimension n = 2r + 1. Let E be the K-unitary algebra and T the
K -unitary torus associated with the pair (L, K). Let K (resp. L)) denote the norm
1 elements of K (resp. L). Then,

K® S
HY(k,T) = X .
5 L) & N e OE ) < Ny (B
Also,
LM M
HY(k,T) = X ,
. T) Ng/(EW) ~ Ng/k(E*)
where

Si={u€ L Npx(u) € Ngsp(K*)}, M ={p e K"| ppi € Np;(L7)}

Theorem. (Theorem 12.2.4) There erists a surjective map from H'(k,SU(E,T)) to

the set of L-isomorphism classes of étale Tits process algebras arising from (L, K).

Theorem. (Theorem 12.2.5) Let L, K be a étale k-algebras of dimension 3,2 resp.
and (E, 1) be the K-unitary algebra and T the K-unitary torus associated with the pair
(L,K). Then H'(k,T) = 0 if and only J(E,T,u,p) = J(E,7,1,1), for all admissible
pairs (u, p) € L* x K*.

We study next the effect of the presence of a unitary torus T with H'(k,T) = 0 in
groups of type As, G2 and Fy.

Theorem. (Theorem 12.3.2) Let F = k(y/a) be a quadratic étale k-algebra and B be a
degree 3 central simple algebra over F' with an involution o of the second kind. Let T be

a mazimal k-torus of SU(B, o). If H*(k,T) = 0 then o is distinguished.
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Theorem. (Theorem 12.3.7) Let L, K be étale algebras over k of dimension 3,2 resp.
and E be the K-unitary algebra and T the K-unitary torus associated with the pair
(L,K). Let G be a group of type Fy (resp. Ga or a simple, simply connected group of
type As ) defined over k. Assume that there is a k-embedding T — G. If H*(U(E, 7)) =0
then f5(A) =0 (resp. Oct(G) splits).






Chapter 1

Pfister forms and algebras

In this chapter we review some basic results on quadratic forms and composition alge-
bras. The exposition in this chapter is mostly based on two books, for the theory of
quadratic forms we refer to [20] and [53] for the theory of composition algebras. The
first section covers definitions and basic results on quadratic forms that are needed later
in the thesis. In the second section we introduce composition algebra and the concept
of doubling. In the final section we discuss some results on structure of composition

algebras. We fix a field k of characteristic # 2 for this chapter.

1.1 Theory of Quadratic forms

An (n-ary) quadratic form ¢ over a field k is a polynomial f in n variables over k

that is homogeneous of degree 2. It has a general form

f(Xh’ .. 7Xn) = Z az]Xsz S k'[Xl, 7XTL] = k[X]
ij—1

We can make the coefficients symmetric and rewrite f as

1
fx) =" Qangin

i’j

where agj = %(aij + aj;). In this way, f determines uniquely a symmetric matrix (a;j),
which we call as the matrix associated with the quadratic form ¢ and denote it by M,.
We shall denote by < dy,--- ,ds > the diagonal form alle2 + -+ an,zl.

A quadratic space over k is a pair (V,q) where V is a vector space over k equipped

15
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with a quadratic form ¢ on V. The dimension of the quadratic space is the dimension
of the underlying vector space. Let V be a finite dimensional vector space over k and
B :V xV — k a symmetric bilinear form on V. We associate with it a quadratic form
qg=qp:V — k, defined as ¢q(z) := B(z,x) for all z € V. Note that ¢ and B determine
each other. Hence any vector space admitting a bilinear form has an induced quadratic
form and thus is a quadratic space. We say ¢p is a regular (or non-degenerate) quadratic
form, if for x € V, B(z,y) = 0 for all y € V implies that = = 0.

Two quadratic spaces (Vi,q1) and (Va,¢q2) are said to be isometric if there exists a

linear isomorphism 7" : V; — V4 such that for any v € V1, q1(v) = ¢2(Tv).

Definition 1.1.1 Let (Vi,q1) and (Va,q2) be quadratic spaces. Let V. = Vi & Va and
qs : V — k be defined as,

q(z1,m2) = q1(71) + q2(72),

for (z1,x22) € V.. Then (V,q) is called the orthogonal sum of (Vi,q1) and (Va,q2) and
we write (V,q) = (Vi,q1) L (Va, q2).

Definition 1.1.2 Let (V,q) be a quadratic space and v be a non-zero vector in (V,q).
We call v € V isotropic if q(v) = 0 and call v anisotropic otherwise. The quadratic
space (V, q) is said to be isotropic if it contains a non-zero isotropic vector and said to
be anisotropic otherwise. (V,q) is said to be totally isotropic if all nonzero vectors
in 'V are isotropic. Let (V,q) be a two dimensional quadratic space. If V' is isometric to
< 1,—1> we call (V,q) a hyperbolic plane. A quadratic form which is an orthogonal

sum of hyperbolic planes is called a hyperbolic space.

Theorem 1.1.3 (Witt Decomposition theorem)([20], Theorem 4.1) Any quadratic space

(V,q) splits into an orthogonal sum

(V;‘AQt) 1 (Vhth) 1 (Va7qa)7

where V; s totally isotropic, Vi, is hyperbolic and V, is anisotropic. Furthermore, the

isometry types of Vi, Vi, V, are uniquely determined.

Definition 1.1.4 The integer m = (1/2)dimV},, uniquely determined in the Witt de-

composition above, is called the Witt index of the quadratic space (V,q).
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Let d € k*. We say a quadratic form ¢ represents d if there exists a1,--- ,a, € k such
that g(ai, -+ ,an) = d. We shall denote by Dg(q) the set of values in k* represented
by ¢. In general Di(q) is not a subgroup of k*. Let [Dg(q)] denote the subgroup of k*
generated by Dg(q). Let G(q) be the group,

Gi(q) :={a €k’ a.q=q}.
The tensor product of two quadratic forms is given by,

<ap,Gp > Q < by, by >=< albl,'--aibj,--- , by > .

Definition 1.1.5 Let a1,--- ,a, € k*. An n-fold Pfister form over k, denoted by
<< ay,az, .., 4, >>, is the 2"-dimensional quadratic form < 1,—a; > ® < 1,—ag >

®.0<1,—a, >.

Let K be an extension of a field k. For a given quadratic space (V, ¢q) over k we construct
a quadratic space (Vi,qx) over K as follows: the underlying vector space Vi is taken

to be K ®; V, and the K-quadratic form gy is uniquely given by

qr(a®v) = a*q(v),

for a« € K,v € V. Note that the symmetric matrix of ¢ with respect to a k-basis
{v1,--+ ,v,} on V is the same as that of qx with respect to the K-basis {1®v, -+ ,1®
vp }. In particular if ¢ is non-degenerate, so is gx ([20], Chapter VII).

We list below few useful results about Pfister forms.

Theorem 1.1.6 (/20], Theorem. 1.7) If a Pfister form q over k is isotropic, then it is

hyperbolic.
Theorem 1.1.7 (/20], Theorem. 1.8) For any Pfister form q over k, Dy(q) = Gk(q).

Theorem 1.1.8 (Knebusch norm principle) ([20], Chap. VII, Thm. 5.1) Let K/k be
a finite field extension of degree n and q be a quadratic form over k. Let x € K*. If

v € Dk (qK) then Nk () is a product of n elements of Di(q). (In particular N ,(z) €
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[Dk(q)])- Hence if q is a Pfister form over F' and qk is isotropic, then Np,(K*) C
Dp(q).

Theorem 1.1.9 ( /20], Chap. IX, Pg. 305, Chap. X, Cor. 4.13) For any quadratic

form ¢ and any anisotropic quadratic form v over k, the following are equivalent,

(1) ¢ C v (e, ¢ is isometric to a subform of the form ~ over k).
(ii) Dk (¢) C Dg(7y) for any field K 2O k. Moreover, if ¢ and ~y are both Pfister forms,
then the above conditions are also equivalent to

(iii) v = ¢ ® 7 for some Pfister form T over k (In this case we will call ¢ as a factor

of v).

Theorem 1.1.10 Let ¢ be a nonzero anisotropic quadratic form and v be an irreducible
anisotropic quadratic form. Let k(¢p) denotes the function field of ¢. Suppose that the
form ¢ @ k(1) is hyperbolic. Let a € Dy(¢) and b € Di(¢). Then abyy is isometric to a
subform of ¢.

Remark 1.1.11 A reqular quadratic form ¢ is irreducible if and only if dim ¢ > 3 or

dim ¢ = 2 and ¢ is anisotropic.

Theorem 1.1.12 ( [20], Chap. VII, Cor. 4.4) Suppose K/k is a finite field extension,
and q is a regular quadratic form over k. If qx is hyperbolic over K, then Ny ,(K*) C
Gi(q), where Gi(q) is the group of factors of similitudes of q. If, in addition, q is a
Pfister form, then N, (K*) C Dx(q), since Gi(q) equals Dy(q) for Pfister forms ([20],
Chap. X, Thm. 1.8).

Remark 1.1.13 Ler q1,q2 be Pfister forms over k. We say qo divides q; over k if
there exists a Pfister form q3 over k such that q1 = q2 ® q3 over k. If qo divides q1 over
k then by Theorem 1.1.9, qo is a subform of q1 over k.

Arason invariants of Pfister forms:
Let ks be a fixed separable closure of k. Then Z/27 is a trivial Gal(ks/k)-group. Let
H"™(k,Z/27Z) denote the nth Galois cohomology group with mod-2 coefficients (see Chap-
ter 4 for Galois cohomology). For an n-fold Pfister form ¢ =<< aj,as,--- ,a, >> the

Arason invariant e, (q) is given by,

en(q) = (a1) U (a2) U---U(ay) € H"(k,Z/27),
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where, for a € k*, (a) denotes the class of a in H'(k,Z/27Z) (see [1], Pg. 453).

Definition 1.1.14 ([19/, §2.C) Let V' be a finite rank free module over a quadratic étale
algebra K over k and let v denote the non-trivial k-automorphism of K. A hermitian

form on V' (with respect to 1) is a bi-additive map
h:VxV —>K

such that
h(aw, fw) = t(a)h(v,w)B for vy,w € V and o, € K

and

hw,v) = t(h(v,w)) for v,w e V.

Similarly, one can also define hermitian modules over central simple algebras with unitary
involutions. We call h to be non-degenerate if the only element = € V such that h(z,y) =

0 for all y € V is & = 0. The pair (V,h) is called a hermitian space.

1.2 Composition algebras and Doubling

A composition algebra C over k is a finite dimensional k-algebra with identity element

together with a regular quadratic form N, called the norm form such that
N(z)N(y) = N(xy) for all z,y € C.

On a composition algebra C' there exists an involution ~ : C' — C' such that 2T = Ta =
N(x). Note that the norm form N of C is a Pfister form, therefore is either hyperbolic
over k or anisotropic over k. It follows that any two composition algebras of the same
dimension over k, which both have isotropic norms, are isomorphic. We call these as

split composition algebras.

Theorem 1.2.1 (/53], Cor. 1.2.4) The norm N on a composition algebra is uniquely

determined by its algebra structure.

The following results on on the concept of doubling will be needed in the sequel.
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Proposition 1.2.2 (/53], Prop. 1.5.1)(Cayley-Dickson doubling) Let C be a compo-
sition algebra and D be a finite dimensional composition subalgebra, D # C. Choose
a € D+ with N(a) = —y # 0. Then A = D @ Da is a composition subalgebra of C of

dimension twice that of D, with multiplication given by;
(u+vt)(z + yt) = (ux +vgv) + (yu + vT)a,
foru, v, x, y e D.
As a converse to the above proposition we have the following,

Proposition 1.2.3 (/53], Prop. 1.5.3) Let D be an associative composition algebra over
k with norm Np and X € k*. Define on C = D & D a product given by

(z,y)(u,v) = (zu + Aoy, vz + Y1)
for all x,y,u,v € D and a quadratic form N by
N((z,y)) = Np(z) — ANp(y)

for allx,y € D. Then C is a composition subalgebra with N as its norm.

1.3 Structure of composition algebras

The results in the previous section enable us to prove a key result on the structure of
a composition algebra. In this section we discuss some basic results on structure and

dimension of compositions algebras.

Theorem 1.3.1 ([53], Theorem 1.6.2) The possible dimensions of a composition algebra

over k are 1,2,4 or 8.

As a corollary to Proposition 1.2.2 and Theorem 1.3.1 we see that there are no composi-
tion algebras of infinite dimension. If not then with such an algebra we could construct

a composition subalgebra of dimension 16, which will be a contradiction.
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Theorem 1.3.2 ([53], Theorem 1.8.1) In each dimension 2,4 or 8 there is, up to iso-
morphism, exactly one split composition algebra (i.e, composition algebra with isotropic

norm). These are the only composition algebras with zero divisors.

A composition algebra of dimension 2 is isomorphic to either k@ k or is a quadratic field
extension of k. A composition algebra of dimension 4 is called a quaternion algebra.
The split quaternion algebra over k is isomorphic to the algebra of 2 x 2 matrices over
k with the determinant as norm. Let Mas(k) denote the 2 x 2 matrix algebra. For

x € Ms(k), Let T be the adjugate matrix of z, i.e,

Then x +— T is the involution on My (k) with 27 = Tz = det(x).

Definition 1.3.3 An octonion algebra over k is a composition algebra over k of di-

mension 8.

Let C' be an octonion algebra over k and let nc denote its norm form. Then C is
determined, up to isomorphism by n¢, which is a 3-fold Pfister form over k. Conversely,
any 3-fold Pfister form is the norm form of a unique (up to isomorphism) octonion
algebra over k. Recall that an octonion algebra C' over k is split if and only if the
associated norm form ng is isotropic over k. We now describe a model for the split

octonion algebra over k. Let C'= Ms(k) & My(k). We define the product on C' by

(z,y)(u,v) = (zu + vy, v + Yu)

and norm form by

N((z,y)) = det(x) — det(y).

By Proposition 1.2.3 C is an octonion algebra and is split since N is isotropic. Let C be
an octonion algebra over k and K C C be a quadratic étale subalgebra. Then K+ in C
with respect to the norm form on C', has a rank-3 hermitian module structure over K.

We record this below:

Proposition 1.3.4 ([12], §5) Let C' be an octonion algebra over k and K C C be a

quadratic étale subalgebra. Then K+ C C has a rank-3 K-hermitian module structure
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given as follows:

Let K = k(\/a), a € k*. Define h: K+ x K+ — K by
h(z,y) = N(z,y) + o~ ' N(az,y),

where N(z,y) is the norm bilinear form of C and K acts on K+ from the left via the

multiplication in C.



Chapter 2

Involutions on algebras

In this chapter, we will mainly focus on central simple algebras of degree 3 and discuss
their involutions of the second kind. These play a central role in the theory of exceptional
algebraic groups. Involutions of the second kind on a given central simple algebra of
degree 3 are classified, up to conjugation, by a 3-fold Pfister form. The exposition in
this chapter is mainly based on [19], [7], [63].

In the first and second section we discuss the theory of central simple algebras and
involutions of the second kind on central simple algebras of degree 3. In the third
section we introduce the notion of distinguished involutions. In the final section we
discuss some basic results on étale algebras.

We fix a field k of characteristic # 2,3 for this chapter.

2.1 Central simple algebras

A finite dimensional k-algebra is called a central simple algebra over k if the center
Z(A) of A satisfies Z(A) = k and A has no proper two sided ideals. The set of invertible
elements of A is denoted by A*. We call a central simple algebra A over k to be split
over k if A = M, (k) as k-algebras, for some r € N. By Aut(A) we denote the group of

all k-algebra automorphisms of A.

Example 2.1.1 A = M, (k) is a central simple algebra over k.

23
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Example 2.1.2 Consider the algebra of Hamilton quaternions H C My (C),

Then H is a central simple algebra over R. Also H splits over C.

Example 2.1.3 We can substitute the field R in Fxample 2.1.2 by any field k of char-

acteristic # 2 and C by a quadratic field extension K of k. More generally, let a,b € k*.

Define (a];b) to be the algebra k & ks ® kt @ kst with multiplication defined by st = —ts,

s2=a,t>=0b. Then (a];b) is a four dimensional central simple algebra over k which is a

quaternion algebra, and all quaternion algebras over k arise this way. In this notation,

H as above is isomorphic to (_lﬁ&_l). Note that quadratic forms and quaternion algebras

are strongly related to each other. Some of the important invariants of quadratic forms
are defined in terms of quaternion algebras. Also the theory of central simple algebras

with involutions interacts strongly with quaternion algebras.

Theorem 2.1.4 (Wedderburn) Let A be a central simple algebra over k. There is a

unique central division algebra D and a positive integer n such that A = M, (D).

Let A be a finite dimensional central simple algebra over k. Then there is a field
extension K of k such that A @ K = M, (K), for some n, where A ®j K denotes the
scaler extension of A to K. The field K is called a splitting field for A. Since the
dimension of an algebra does not change under an extension of scalers, it follows that the
dimension of every central simple algebra is a square: dimy(A) =n? if A®y K = M, (K)
for some extension K /k. The integer n is called the degree of A. Note that since over an
algebraically closed field F' there are no finite dimensional division algebras, any central
simple algebra over an algebraically closed field F' is necessarily split, i.e, A = M, (F)

for some r € N.

We now describe the structure of central simple algebras of degree 3. We state Wedder-
burn’s theorem which shows that these algebras are cyclic. We begin with the definition

of cyclic algebras,

Definition 2.1.5 ([19], §30.A) Set C,, = Z/nZ and p = 1+ nZ € C,,. Given a Galois

Cp-algebra L over k and an element a € k*, the cyclic algebra (L,a) is defined as
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follows:

(La)=L®Lz®--- @ Lz"!

where z is subject to relations

foralll € L.
Theorem 2.1.6 (Wedderburn) Every central simple k-algebra of degree 3 is cyclic.

The following theorem classifies all automorphisms of a central simple algebra.

Theorem 2.1.7 (Skolem- Noether theorem)([19], Theorem 1.4) Let A be a central sim-
ple algebra over k and let B C A be a simple subalgebra. Every k-algebra homomorphism
f: B — A extends to an inner automorphism of A, i.e, there exists a € A* such that

f(b) = aba™" for all b € B. In particular, every automorphism of A is inner.
As a corollary we have our next theorem:
Theorem 2.1.8 Let A be a central simple algebra over k. Then Aut(A) = A*/k*.

Taking A = M, (k) we immediately deduce that Aut(M,,(k)) = GL,(k)/k* = PGLy(k).

2.1.1 Reduced norm and reduced trace

Let A be a central simple algebra over k£ and let L be a splitting field for A. Choose an
L-isomorphism

¢: Ay L — My(L).

For any x € A det ¢(1 ® ) belongs to k and is independent of the isomorphism ¢ as
well as L. We will call det ¢(1 ® =) the reduced norm of x and denote it by Na(z).
Similarly, the element trace ¢(1®x) belongs to k and is independent of the isomorphism
¢. as well as L. We will call trace ¢(1 ® =) the reduced trace of = and denote it by
Ta(z).

2.2 Involutions of the second kind

We know discuss involutions of the second kind on central simple algebras. We first fix

some notations. Let K = k(y/a) = k[X]/(X? — a) (either K = k x k or K is a field



26 Chapter 2. Involutions on algebras

extension) be a quadratic étale algebra. Let B be a finite dimensional k-algebra whose
center is K, and assume that either B is simple (if K is a field) or a direct product of
two simple algebras (if K = k x k). An involution of the second kind (also called a

unitary involution) on B is a k-linear map o : B — B such that for all z,y € B,

(1) o(zy) = o(y)o(),
(2) o%(z) ==

(3) olx # 1.

For example, Take K = C, B = M, (C) and ¢ : B — B be given by the map X — X'
For convenience, we refer to (B, o) as a central simple algebra over K with involution
of the second kind, even though the algebra B may not be simple. A homomorphism

f:(B,o) = (B,0’) is a k-algebra homomorphism f : B — B’ such that ¢’o f = foo.

Proposition 2.2.1 (/19], Proposition 2.14) Let (B,o) as a central simple algebra over
K with involution of the second kind. If K = k X k, there is a central simple k-algebra
E such that

(B,7)o(E x E,e¢),

where the involution € is defined by e(x,y) = (y, ).

This involution € as above is called the switch involution. Note that K ® K =
K x K as K-algebras (More generally, let ~ denote the non-trivial involution of K then
(K@K, ®1)= (K x K, € wheree: K x K — K x K is given by €(z,y) = (7,T).
This isomorphism is given by  ® y — (zy,2y)). Hence if the center K of B is a field
then (B® K,o0 ® 1) = (B x B, ¢), where B is the opposite algebra of B. We now

classify all involutions of the second kind on a given central simple algebra,

Proposition 2.2.2 (/19], Proposition 2.18) Let K be a quadratic étale extension of k
and (B, o) be a central simple algebra over K with involution of the second kind.

(1) For every unit u € B* such that o(u) = Au with A\ € K*, the map Int(u) o o is an
tnvolution of the second kind on B.

(2) Conversely, for every involution o’ on B which restricts to the non-trivial automor-
phism of K/k, there exists some u € B*, uniquely determined up to a factor in k*, such
that

o' = Int(u) oo and o(u) = u.
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2.3 Distinguished involutions

We now collect together some results from the theory of unitary involutions on cen-
tral simple algebras of degree 3 from ([7]) and introduce the notion of a distinguished
involution. Let K be a quadratic étale extension of £ and let B be a central simple
algebra of degree 3 over K with o an involution of the second kind. Let (B, o)y denote
the k-subspace of o-symmetric elements in B. Let Ty denote the reduced trace on B
and Q, denote the restriction of the trace quadratic form z — Tp(2?) to (B, o). Let

< u >p be the B-hermitian form on B (as a right B-module) given as
<u>p (v,y) = o(r)uy,

for u € (B,0)+ N B* and z,y € B. The B-hermitian forms < u; >p and < ug >p are
isometric, written < uy >p~< ug >p, if there exists v € B* such that o(v)ugv = w3

and are similar if there is A € k* such that Ao (v)ugv = uy.

Proposition 2.3.1 ([7], Lemma 1) Let uy,uz € (B,o)y+ N B* and let 0; = Int(u;) o o.
Then

(1) An isomorphism (B,o1) = (B, 032) of algebras with involutions induces an isometry
QRoy = Qo

(2) (B,o1) and (B, o02) are isomorphic (as K-algebras with involution) if and only if the

hermitian forms < uy >p and < ug >p are similar.
Next result provides a decomposition of Q)y;

Proposition 2.3.2 ( [7], §4) Let K = k(\/a) := k[z]/(x®> — «). Then there exist
b,c € k* such that,

Q=< 1,1,1>1<2>. <<a>>.<—b,—¢,bc>.

Proposition 2.3.3 ( [7], Thm. 15) Let B and o be as above and let o' be another
involution of the second kind on B over K/k with, Qy =< 1,1,1 > 1 <2 > . <<
a>>.<=b, -, bd >.

Then the following are equivalent,

(i) The involutions o and o’ are isomorphic.

(ii) The quadratic forms Q, and Q4 are isometric.
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(iii) The quadratic forms << a >> ® < —b, —c,bc > and << a >> @ < =, =, b/ >
are isometric.

(iv) The Pfister forms << a,b,c >> and << a, b, >> are isometric.

In view of this, one can assign to an involution ¢ of the second kind on B, an invariant
in H3(k,Z/2Z) denoted by f3(B,o), which is the Arason invariant of the 3-fold Pfister

form << a,b,c >> associated to o as above i.e, f3(B,o) = (a)U (b) U (c).

Remark 2.3.4 ([19], Remark 19.7) Let K be a quadratic étale extension of k and let
(B,o) and (B',0’) be central simple algebras of degree 3 over K with an involution of
the second kind. Then f3(B,o) = f3(B’,0’) does not imply that (B,c) = (B',0’). For
example, choose B % B’ and K = k x k. In this case f3(B,0) = f3(B’,a’) are hyperbolic
(since both contain the factor of << a >>=<1,—1>) but (B,0o) and (B’,0’) are not

1somorphic.
Following ([7], §4), we have,

Definition 2.3.5 A unitary involution o on a central simple algebra B of degree 3 over

K is called a distinguished involution if f3(B,0) = 0.

One can show that if ¢ is distinguished then either K = k x k or < —b, —c¢, bc > =<
1,—1,—1 >k ([7], Thm. 16). For B = M3(K), up to automorphisms of (B, c), we have
o = Int(a) o 7, where 7(z;;) = (Ti;)" with a = diag(ai,az,a3) € GL3(k). Tt also follows
([7], Prop. 2) that,

Qs =2< 1,11 > 1 <2>.<<a>>.<aias,ai1a3,a2a3 > .

In this case f3(B,0) =<< «, —aja2, —azaz >>. Hence, if o is distinguished and K is
a field, then < ajas,aias,asa3 >g=< 1, —1,—1 >g. We state below few results which

will be essential for our work.

Proposition 2.3.6 ( [7], Prop. 17) Let K be a quadratic étale algebra over k and let
B be a central simple algebra of degree 3 over K which admits a unitary involution over

K/k. Then B admits a distinguished involution over K/k.

Proposition 2.3.7 ( [7], Cor. 18) The space (B,o)1 contains an isomorphic copy of
every cubic étale k-subalgebra L of B if and only if o is distinguished.
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Proposition 2.3.8 ( [7/, Prop. 17) Let B be as above. For every cubic étale k-

subalgebra L C B, there is a distinguished involution o on B such that L C (B,0)+.

2.4 Etale algebras

A finite dimensional commutative k-algebra L such that L = Ky X ... x K, for some
finite separable field extensions K; of k, is called an étale algebra. Equivalently, an
étale algebra is a finite dimensional commutative k-algebra L such that L ® kgep =
Esep X ... X ksep. Let k be a field of characteristic different from 2,3 and L be an étale
k-algebra of dimension n. Let T': L x L — k be the bilinear form induced by the trace,
T(x,y) = Ty /(vy) for x,y € L, where Ty, ;, denotes the trace map of L. Let d € k*

represents the square class of the determinant of the bilinear form 7.

Definition 2.4.1 ([19], Prop. 18.24) Let L be an étale k-algebra of dimension n. Then
the discriminant algebra 6(L) of L over k, is defined to be k[T]/(t* — d).

For the special case when L is a cubic étale k-algebra, by ([19], Prop. 18.25) we have,

Proposition 2.4.2 Let L be an étale algebra of dimension 3 over k. There is a canonical

k-isomorphism L ® L = L x L ® 6(L) of k-algebras.

In this thesis we will denote §(L) by Disc(L) and at times also write Disc(L) = d.






Chapter 3

Linear Algebraic groups

In this chapter we review some results on linear algebraic groups which will be needed
in the thesis. The exposition in this chapter is mostly based on the books [3], [11], [54].
The first section covers definition and examples of algebraic groups. The second section
covers results on tori. In the third section we introduce the notion of root systems. The
forth section describes the classification of simple algebraic groups. The fifth section
gives a brief summary of the Borel-De Siebenthal algorithm. In the final section we

study quasi-split groups, especially those of type G2 and As.

3.1 Definition and examples

Fix an algebraically closed field K.

Definition 3.1.1 An affine algebraic group is an affine variety G defined over K
with a group structure such that the product m : G x G — G given by (z,y) — xy and

the inversion i : G — G given by x — x~' are morphisms of varieties.

Let the general linear group, denoted by GL, be the group consisting of all n x n
matrices with non-zero determinant with entries in K, together with matrix multipli-
cation as group operation. It can be easily seen that GL,, is an affine algebraic group.

Moreover we have,

Proposition 3.1.2 Any affine algebraic group G is a Zariski closed subgroup of GL,

for some n.

31
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For this reason affine algebraic groups are called linear algebraic groups.

For a subfield k of K, an algebraic group G is said to be defined over k or a k-group
if, as an algebraic variety, it is defined over k. Let L/k be a field extension and G be a
k-group. Note that the underlying variety of G is also defined over L. The L-group G
thus obtained is denoted by G ®j L. Also G(L) denotes the group of L-rational points

of G. We now give some examples of k-groups:

Example 3.1.3 Consider the group GLy over k. It is a k-group and we denote it by
G, and call it the multiplicative group over k. When we need to specify the field k we
also write Gy, 1. We define another k-group G, the additive group over k, for which
Gao(L) = L for every extension L of k.

Example 3.1.4 The group of non-singular diagonal matrices, D,, == {X = (x;;) €
GLn P Xqy = 0 Zf’L 75]}

Example 3.1.5 The group of non-singular upper triangular matrices, T, = {X =

(a:ij) € GL,, : Tij = 0 i i> ]}

Example 3.1.6 The special linear group, SL,, := {X € GL,, : det(X) = 1}.

Example 3.1.7 The orthogonal group, O, := {X € GL, : X. X! = 1}.

Example 3.1.8 The special orthogonal group, SO, :== O, N SL,.

Example 3.1.9 Let (V,Q) be a quadratic space over k and @Q be a non degenerate
quadratic form. Define a k-group SO(V,Q), the special orthogonal group of Q, for
which SO(V,Q)(L) = {g € SL(V® L)| Q(g(v)) = Q(v)}, for allv € V ® L, where
SL(V ® L) denotes the group of all bijective linear transformations V@ L — V ® L
of determinant one, for any finite dimensional commutative k-algebra L. Note that the
group SOy, defined in Example 3.1.8 is the special orthogonal group corresponding to

q=<<1,..,1>>,

Example 3.1.10 Unitary groups: Let K be a quadratic étale extension of a field k
and let B be either a central simple K -algebra or an étale K -algebra in the sense of ([19],
§18.A). Assume that there is an involution o on B of the second kind over K, i.e. o

restricts to K as the non-trivial k-automorphism of K. Let Ng denote the reduced norm
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map of the central simple algebra B or the norm map on the étale algebra B. We then
define the algebraic groups U(B, o) and SU(B, o), by specifying the group of L-rational

points, for any finite dimensional commutative k-algebra L, as follows :
U(B,o)(L) ={r € B®L| zo(z) =1}, SU(B,o0)(L) ={z € U(B,o0)(L)| Ng(x) =1}.
We will denote U(B,o0)(k) by U(B,o) and SU(B,o)(k) by SU(B,0).

Notation: For a finite dimensional k-algebra A, the full group of automorphisms
Autr (A @y, k), is an algebraic group defined over k. We will denote this algebraic group
by Aut(A) and its group of k-rational points will be denoted by Aut(A).

Let G be a connected linear algebraic group. We call x € G' a semisimple (resp. unipo-
tent) if and only if for any isomorphism ¢ of G' onto a closed subgroup of some GL,, we
have that ¢(z) is semisimple (resp. unipotent). The group G is said to be unipotent if all
its elements are unipotent. The maximal closed, connected, solvable, normal subgroup
of G is called the radical of G, denoted by R(G) and the maximal closed, connected,
unipotent subgroup of G is called the unipotent radical of G, denoted by R, (G). We
call a group G semisimple if R(G) is trivial. The group G is called reductive if R, (G)

is trivial. A torus is a reductive group which is not semisimple.

Example 3.1.11 The Weil restriction: Let G be an algebraic group defined over
a finite separable field extension L of a field k. The Weil’s restriction of scalars
of G from L to k, denoted by RL/k(G) is an algebraic group over k with the property
Rpk(G)(k) = G(L). More generally, for any extension M of k, Ry ,(M) = G(L® M).
Also,

Dimp Ry ,(G) = [L : k| DimG.

One can also define Ry ,(Gm) for a finite étale extension L of k. For more details see

([64], §3.12).

3.2 Tori

A k-torus is a k-group which is k—isomorphic to G?, for some n. A k-torus T is
said to be k-split if it is k-isomorphic to some GJ,,. By the rank of a torus 7' we

mean its dimension. A character of a torus 7' is an algebraic group homomorphism
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X : T — G,,. We denote the character group of T" by X(T') = Hom(T,G,,). The
multiplication here is defined as (written additively), (x1 + x2)(¢t) = x1(¢t)x2(t), for all
X1,x2 € X(T) and t € T. Let X(T); denote the subgroup of X(7T') consisiting of
characters of T" defined over k. We say T is k-isotropic if X (T"); # {1}, k-anisotropic
otherwise. Note the T' is k-split if and only if X(T'), = X(T). Let G be an algebraic
group defined over k. A torus T' C G is called a maximal torus of G if it is not properly
contained in any other torus in G. A maximal k-torus need not be k-split in general. Let
T be a torus in G which is maximal with respect to being split over k. The dimension
of such a torus 7T is called the k-rank of G over k. Note that all k-tori split over k. By
the absolute rank of an algebraic group G defined over k we mean the dimension of a

maximal torus in G.

Definition 3.2.1 Let G be a connected reductive group defined over k. We say G is k-
anisotropic if G contains no non-central k-split tori and k-isotropic otherwise. When

G is semisimple, G is k-isotropic if and only if the k-rank of G is positive.

Proposition 3.2.2 ([47], Prop. 6.3) Let G be a connected reductive algebraic group
defined over a perfect (infinite) field k, then G is k-anisotropic if and only if G(k)

contains no non-trivial unipotents .

We give some examples of tori below:

Example 3.2.3 Let [L: k] =n. Let T = Ry ,(G,,) over L. Then T is a torus defined

over k.

Example 3.2.4 Let L be a finite separable field extension of k. The norm map Ny, :
L* — k* induces a surjective morphism of k-tori Ry, /i,(Gm,1) N, G, — 1. We denote
Ker(N) by R(Ll/)k(GmL) and occasionally also by LY and call it the norm torus of L.
Note that Ry, (Gm,1) is k-isotropic while R(Ll/)k(Gm,L) is anisotropic over k.

Example 3.2.5 Over the complex numbers, the group SOs is conjugate to the diagonal

subgroup, since if a> +b> =1, then

a b a+bi 0 _ 1 1 4
c c = , with c = —

b a 0  a—bi V2i\1 -

Thus SO C SLy is a maximal non-split torus, defined over R.
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Example 3.2.6 SO> x SOs is a two-dimensional R-anisotropic torus.

Example 3.2.7 Let K be a quadratic étale extension of k and B be an étale algebra
over K of dimension n, then U(B, o) and SU(B, o), as defined in the previous section,

are tori defined over k (of rank resp. n and n —1).

Next we describe the structure of rank-1 tori over k.

Theorem 3.2.8 (/64], Chap.1l, §1V, Example 6) Let T' be a rank-1 torus over k. Then

T =KW, the norm torus of a quadratic étale extension K/k.

3.3 Root systems

Let E be a finite dimensional vector space over R. Define a reflection, relative to a
non-zero vector a € E, to be a linear transformation which sends a to —a and fixes

pointwise a subspace of codimension 1.

Definition 3.3.1 ([11], Appendiz) A root system in the real vector space E is a subset
® of E satisfying:

(1) @ is finite, spans E, and does not contain O (The elements of ® are called roots).
(2) If a € @, the only multiples of o in ® are +a, —av.

(3) If a € @, there exists a reflection 1, relative to a which leaves ® stable.

(4) Ifa,B € ®, then 1o(8) — B is an integral multiple of «.

If ' is a root system in E’, then ¢ is said to be isomorphic to ® if there exists an
isomorphism of vector spaces from E’ onto E which maps ® to ® and preserves the
integers which occur in (4). In particular we can talk of an automorphism of a root
system @ in E. The reflections 7, for @ € ®, are automorphisms of ®. The subgroup
W (@) of Aut(®) generated by the 7., € @, is a finite subgroup of GL(E), called the
Weyl group of ®. There is an inner product («, ) on E with respect to which W (®)
consists of orthogonal transformations.

A subset A of ® is called a base if A = {ay, - ,q;} is a basis of E, relative to which
each a € ® has a (unique) expression o = X¢;«;, where the ¢; are integers of like sign.
One can prove that a basis A C ® always exists. The roots belonging to a fixed basis

A are called simple roots.
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To a root system ® as above we associate a diagram as follows:

We fix a basis A of ®. We form a graph with vertex set as A and we join two simple
roots «, 8 by % many edges. It is easily seen that the number of edges between
two vertices is 0,1,2 or 3. The diagram thus obtained is called the Dynkin diagram
of .

By a subsystem @’ of ® we mean a subset ® C ® which itself forms a root system.

A proper subsystem ®; of ® is called maximal if there is no subsystem ® satisfying

by C Py C D

Definition 3.3.2 Let ® be a root system. The height of the root § = Ypcaco € © is
defined as ht() := Ygeacq. The root o which has the largest height among all roots

in @, is called the highest root of ®. One can see that there is a unique root with this

property.

A root system is reducible if there exist proper subsets &1, 5 of ® such that & = &;UP,
and each root in @4 is orthogonal to each root in ®5. Otherwise, we call ¢ irreducible.
Note that every root system is decomposed into a disjoint union of irreducible root
systems.

Now we shall classify root systems of algebraic groups. Let G be a connected algebraic
group over k. We call G to be simple if G has no proper closed connected normal
subgroups. Let G be a connected reductive algebraic group over k. Fix a maximal torus
T in G. We denote the character group of T' by X (T'). If rank of G is r (i.e, dimension
of T is r) then, X = Z". A cocharacter of T is an algebraic group homomorphism
v : Gy, — T. We denote the co-character group of T' by Y(T') = Hom(G,,,T). The
multiplication here is defined (written additively) as, (y1 + 72)(t) = y1(¢)72(¢), for all
7,72 € Y(T) and t € Gy,

Let x € X(T') and v € Y(T'), then x o+ is a homomorphism of G,, to itself. Note that
any homomorphism f : G,, — G,, is of the form f(z) = z" for all x € G,, and some
n € Z. We denote by < x,~v > the integer such that x(v(a)) = a<X7> for all a € Gy,.
Thus we have a non-degenerate bilinear map (,) : X(7') x Y/(T') — Z.

Let g denote the Lie algebra of G. Then T acts on g via the representation Ad : G —
GL(g) where, for g € G, Ad(g) = d(Int(g)), the differential of the inner conjugation

automorphism of G is given by g. Note that since T is a commuting set of semisimple
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elements, it acts diagonally on g ([54], §7.1) and g decomposes as a direct sum of 7-

invariant subspaces,

9= Dyex 9y

where g, := {z € g : Ad(t)(x) = x(t)x,Vt € T'}. The subspaces g, # 0 are called the
root spaces and any non-zero vector in it is called a root vector. Those x € X(7)
for which g, # 0 are called the roots of G with respect to T. Let ®(G,T) := {x €
X(T)| gy # 0}. Note that X(T),Y(T), ®(G,T) are independent of the chosen maximal
torus T' and we denote these simply by X, Y, ® resp. One can show the ® C X(T') @z R
is a root system. Given a group G, ® is defined to be the root system of G.

To each root a € ® we associate a cocharacter o € Y such that < a,a* >= 2. The
set ®* := {a* : «a € ¥} the called the set of coroots of G with respect to T. Let
V :=R® X. It follows that there exists a subset A of ® such that A is a basis of V' and
any element in @ is an integral linear combination of elements of A, with all coefficients

of the same sign. The elements of A are called simple roots.

A homomorphism of algebraic groups f : G1 — G2 is called an isogeny if ker(f) is

finite. If ker(f) is contained in the center of G, we call f a central isogeny.

Theorem 3.3.3 (/54], §9.6) A connected, split, semisimple k-group G is determined,

up to a central isogeny, by the isomorphism class of its root system.

3.4 Classification of simple groups

Simple groups correspond to irreducible root systems which eventually can be classified
into one of the following Cartan Killing types: A, Bn,Ch, Dn, Fg, E7, Eg, Fy, Go. The
four infinite family of simple groups A,, B,,C, and D, called the classical simple
groups. Here the subscript n denotes the rank of the group. In each diagram of type
X, below, there are n vertices, corresponding to the rank of the corresponding group.
Type A, (n>1):

This family of simple k-groups corresponds to the special linear group SL,i;. This
group is simply connected whereas the corresponding adjoint group is PSL, ;.
Let K be a quadratic étale extension of k. Note that the group SU(B, o) is a simple,

simply connected algebraic group of type A, defined over k when B is a central simple
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k-algebra of degree n 4 1, with an involution ¢ on B of the second kind over K. The

Dynkin diagram is given by:

Type B, (n > 2):
This family of simple k-groups correspond to the special orthogonal groups SOqp 1.
This group is adjoint and the corresponding simply connected group is Spiny, ;. The

Dynkin diagram is given by:

Type C,, (n > 3):
This family of simple k-groups correspond to the symplectic groups Spy,,. This group
is simply connected whereas the corresponding adjoint group is PGSp,,. The Dynkin

diagram is given by:

Type D,, (n >4):

This family of simple k-groups correspond to the special orthogonal groups SOs,,. This
group is neither simply connected nor adjoint. The corresponding simply connected
group is given by Spin,, and the corresponding adjoint group is given by PGSOa,.
The Dynkin diagram is given by:

Exceptional groups:

In addition to these four families of classical groups there are five exceptional groups.
These are difficult to handle than the classical groups, since these arise from non-
associative algebras. The groups of type Gs, Fy arise from octonion algebras and Albert
algebra resp. We describe these in Section 5.2. Some groups of type FEg, E7, Eg can
be described using octonion and Albert algebras, see [53]. We are not going to say

much about the rest three exceptional groups FEg, E7, Eg in this thesis. Following are
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the Dynkin diagrams of these groups.

Type Ejg:

.
Type E7:

R
Type Ejs:

R S
Type Fjy:

— e« o
Type Ga:
—

Let G be a semisimple algebraic group over a field k. By the type of G we mean the
Cartan-Killing type of the root system of the group G ® k, obtained by extending the
scalars to an algebraic closure k. Let G be a reductive algebraic group over a field k.

By the type of G we mean the type of its commutator subgroup [G, GJ.

3.5 Borel-De Siebenthal algorithm

For this section we mainly refer to [2],[30]. The Borel-De Siebenthal algorithm an-
swers the following question: given a root system, what are all the possible closed subroot
systems? (More precisely, the possible maximal closed subroot systems of an irreducible

root system). We first define closed subsystems.
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Definition 3.5.1 A subsystem ® C ® is closed if for any a, B € ¥, a+ [ € ® implies
a+pBed

A proper subsystem ®' of a root system @ is called a maximal closed subsystem if
® is closed and if there is no closed subsystem ®” satisfying ® c ®” C ®.

Let ® be an indecomposable root system with base A. Let ag be the highest root of ®
with respect to A. An extended Dynkin diagram of ® can be obtained from the set
AU{—ap} in the same way as the ordinary Dynkin diagram of ® can be obtained from

A. We now state the Borel-De Siebenthal theorem:

Theorem 3.5.2 (Borel-De Siebenthal) Let ® be an indecomposable root system with
base A and the highest root ag = Yacanaa with respect to A. Then the maximal closed

subsystems of ®, up to conjugation by W, the Weyl group of ®, are those with basis:

(1) A\ {a} U{-ap} for a € A with ny a prime and,
(2) A\ {a} for a € A with n, = 1.

This Theorem helps us in calculating explicitly all maximal closed subsystems of an
indecomposable root system.

We now state the algorithm of Borel-De Siebenthal for the determination of all closed
subsystems of a root system.

(1) For any proper subset of AU {«ag}, corresponding to a subdiagram of the extended
Dynkin diagram, we form the extended Dynkin diagram of each indecomposable part of
that subdiagram and repeat this process.

(2) At any stage of the process, the set of nodes of the current diagram is a subset

JC O and ¥V :=ZJ N is a closed subset of ®.

Definition 3.5.3 A subsystem subgroup of a connected reductive group G is a semisim-

ple subgroup normalized by a maximal torus of G.

Remark 3.5.4 Let G be a connected reductive group. Note that any maximal rank

reductive subgroup of G is a subsystem subgroup since it contains a mazimal torus of G.

Proposition 3.5.5 (/30], Proposition 13.5) Let G be a connected reductive group with
root system ® and let H < G be a subsystem subgroup. Then the root system of H can

be naturally regarded as a subsystem of ®.
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We now discuss the extent to which closed subsystems account for all subsystems sub-

groups.

Theorem 3.5.6 Let k be a field of characteristic different from 2,3 and G be a simple
algebraic group with root system ®. The algorithm of Borel-de Siebenthal described above

gives all subsystem subgroups of G.

Since by Remark 3.5.4, any maximal rank reductive subgroup of G is a subsystem sub-
group, the algorithm of Borel-de Siebenthal gives all maximal rank reductive subgroup
of G.

In the extended diagrams below, the node 0 corresponds to —ayg, where aq is the highest

root.

Example 3.5.7 We begin with the most simple case, take the root system of type As.

Consider the corresponding extended Dynkin diagram As.

N

0

1 2

We first remove one node. Observe that on removal of any of the nodes 0,1,2 of Ay we
again get the root system of type As. Lets remove two nodes. Note that removal of any
two nodes leads to a Dynkin diagram of type A1. Hence As-root system contains a closed
subsystem of type A1. Since the algorithm of Borel-de Siebenthal gives all maximal rank

semisimple subgroups, we see that Ay X Ay, By, G2 € As.

Example 3.5.8 Lets start with the root system of type Go. Consider the corresponding
extended Dynkin diagram Gs.

We first remove one node. Observe that on remowval of node 0 we again get the root

system of type Go. On remowal of node 2, we get a the root system of type Ay X Aj.
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On removal of node 1 we get a the root system of type As. Hence Gy contains closed
subsystems of type A1, A1 X A1 and As. Since the algorithm of Borel-de Siebenthal gives

all mazimal rank semisimple subgroups, we see that By ¢ Go.

Example 3.5.9 We start with the root system of type Dy. Consider the corresponding

extended Dynkin diagram Dy.
0 3

We first remove one node. Observe that on remowval of any of the nodes 0,1,3 or 4 of
Dy we again get the root system of type Dy. Lets remove node 2. Removal of node 2
leads to a Dynkin diagram of type A1 x Ay x Ay X A1. Hence Dy-root system contains a
closed subsystem of type A1 x A1 x A1 X A1. Now we remove two nodes at a time. On
removal of nodes 2, 3 we get a Dynkin diagram of type A1 X A1 X A1. On removal of
nodes 3, 4. We get a Dynkin diagram of type As.

2

leg o o3

Hence Dy-root system contains a closed subsystem of type A3 = Ds. Again consider

the corresponding extended Dynkin diagram As.

<

0

1 3

By removing any of the nodes 0,1,2 or 3 we get a Dynkin diagram of type As. Hence
Dy-root system contains a closed subsystem of type As. By removing nodes 2,0 we get
a Dynkin diagram of type Ay x Ay. In particular we have inclusions of the subsystem

subgroups of D4 as follows:

AlgAlelgAlXA1><A1§A1><A1><A1XA1§D4, A2§A3§D4.

Since the algorithm of Borel-de Siebenthal gives all mazimal rank semisimple subgroup

OfG, A2 X A2 g D4.
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3.6 Quasi-split groups

A k-group G is said to be quasi-split over k if there exists a Borel subgroup (a
maximal connected closed solvable subgroup) of G that is defined over k. Clearly, if G
splits over k then G is quasi-split over k. Another characterization of quasi-siplit groups

is given in ( see [61]),

Theorem 3.6.1 A semisimple group G over k is quasi-split if and only if the centralizer

of a mazimal k-split torus S of G is a torus.

Proposition 3.6.2 ([19], Proposition 27.8) Let G be an algebraic group of type By, Cy, E7, Eg, Fy

or Go. If G is quasi-split over k then G splits over k.

3.6.1 Quasi-split groups of type A,

Let G = SU(V, h) be a special unitary group, where dimension of V' is 2n 4+ 1 (or 2n).
Then G is quasi-split over k if and only if its k-rank is n ([61],Table of Tits indices). In
particular, for a simple, simply connected group G of type As defined over k, G is quasi-
split (non-split) over k if and only its k-rank is 1. Let G be a simple, simply connected
group of type As defined over k. In the thesis we will give another characterization of

G being quasi-split.

We now give another characterization of being quasi-split for the As-type group.

Theorem 3.6.3 Let G = SU(B,0) be a simple simply connected group of type As
defined over k, where B is a degree 3 central simple algebra with center a quadratic étale
k-algebra K and with an involution o of the second kind. Then G is quasi-split over k

if and only if B = M3(K) and o is distinguished.

PROOF. Note that G is quasi-split (non-split) over k if and only its k-rank is 1 ([61],
Table on Tits indices). Assume that G is quasi-split (non-split) over k. Hence k-rank of
G is 1 and therefore G is isotropic over k. If follows from Theorem 10.2.1 and Theorem
10.1.1 that B = M3(K) and o is distinguished. Conversely, assume that B = M3(K)
and o is distinguished. Since ¢ is distinguished, ¢ = o}, where oj is the involution
on M;(K) given by X — hX h~1, for h = diag(1,—1,~1) € GL(3,k). From this it
follows that SU(M3(K), o) = SU(K3,h) is k-isotropic. Therefore k-rank of G is > 1
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and hence G is quasi-split over k. O

Example of a quasi-split non-split group:

Consider the group G = SU(2,1) = {X € M3(C)| det(X) = 1,XJXt = J} , where
0 01

J=10 1 0| defined over R. Note that G has a rank-1 R-split torus T" = G,,, over

1 00
R, an isomorphism is given by x + Diag(z,1,27') C SU(2,1),2 € G,,. Hence G is

quasi-split over R. But G has no split maximal (rank-2) torus.



Chapter 4

Galois Cohomology

In this chapter we introduce Galois cohomology and discuss some results on Galois
cohomology of algebraic groups. There are several excellent references for this, [18],
[46], [19] to mention a few.

In the first section we introduce the cohomology sets H’ and list few examples. In
the second section we describe some cohomological sequences. In the third section we
introduce the concept of twisting. The final section mainly deals with Galois cohomology

of linear algebraic groups

4.1 Cohomology sets

In this section we revise some general constructions of non-abelian cohomology. Let G
be a group acting on a set A. We call A to be a G-set. If A is a group on which G acts
such that g(ab) = g(a)g(b) for all g € G,a,b € A, then we call A to be a G-group.

Definition 4.1.1 Let A be a G-group. The cohomology set H°(G, A) is defined as
follows:

HY(G,A) =A% ={ac A: gla) =a Vg€ G},
Note that H%(G, A) forms a subgroup of A.

Definition 4.1.2 Let A be a G-group. Define,
ZHG,A) = {¢: G = A: ¢(9192) = ¢(91)91(¢(92))}-
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An element of Z'(G, A) is called a 1-cocycle. Define an equivalence on the set of 1-
cocycles as, ¢1 ~ ¢o if there exists a € A such that ¢1(g9) = a *¢2(g)g(a) for all g € G.
Define H'(G, A) to be the set of equivalence classes of 1-cocycles.

Note that when A is abelian, the set Z!(G, A) is an abelian group with the product
(p102)(9) := P1(g9)p2(g) for all g € G. This operation is compatible with the equivalence
relation on 1-cocycles, hence it induces an abelian group structure on H'(G, A).

We will now define general cohomology sets H'. We refer to [18], §1.2 for details.

Definition 4.1.3 A topological group G is said to be profinite if it is a projective limit
of finite groups, the latter carrying discrete topology.

Let G be a profinite group and A be any G-group with discrete topology. In such a
case we shall always assume that the action of G on A is continuous. We shall modify
the definition of H*(G,A) in this case by requiring the cocycles to be continuous. If
U C V are open normal subgroups of G then the inclusion ¢ : AV < AY and the
natural projection 7 : G/U — G/V are compatible (i.e, «(m(gU)(a)) = gU(t(a)) for
all @ € AV and gU € G/U), hence we get the induced map p}; : H/(G/V,AV) —
H(G/U, AY) called inflation. The sets H'(G/U, AV) together with the inflation map

form an inductive system and

) . E ) U
H'(G, A) = lim H'(G/U,AY),

4.2 Cohomology sequences

Let A, B, C be G-groups. If

0—A—B—C—0
is an exact sequence of groups, then we have an exact sequence of pointed sets
0 — H°G,A) — H°(G,B) — H°(G,C) — H'(G,A) — H'(G,B) — HY(G,C).

Since the given sequence is exact we can view C' = B/A, where B/A := {bA| b € B}
is a homogeneous space for B. The inclusion map ¢ : A < B induces a map from

H°(G,A) — H°(G, B). Similarly the projection map 7 : B — B/A, induces a map
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from H°(G, B) = B — HY(G,C) = (B/A)“. We now describe the connecting map
from H°(G,C) — H'(G, A) explicitly. Given an element of H°(G, B/A) = (B/A)“,
choose a representative b of it in B. Define as = b=1s(b) for all s € G. Since s(bA) =
sbA =bA, as = b 1s(b) € A. Tt is easy to check that (as) € H'(G, A).

Few Examples:
(1) If G acts trivially on A, then Z1(G, A) = Hom(G, A) is the set of all homomorphisms

from G to A. Two cocycles ¢1 and ¢» in Z!(G, A) are equivalent if and only if ¢ =

12

Int(a) o ¢1 for some a € A. Let ~ denote this equivalence relation. Then H'(G, A)
Hom(G,A)/ ~.
(2) ([19], Theorem 29.2) (Hilbert Theorem 90) For any separable and associative k-
algebra A,

H'(k,GL1(A)) = 0.

In particular, H'(k, GL,) = 0 and H'(k,G,,) = 0.
(3) HY(k,SL,) = 0. More generally, ([19], Corollary 29.4) Let A be a central simple

k-algebra.
Hl(k:, SLi(A)) 2 k*/Na(A").

(5) ([54], Ex. 13.2.8) If T is a k-split torus then H'(k,T) = 0.

4.3 Twisting

Let A be a G-group and E be a G-set on which A acts. For x € A,a € E let x.a denote
the action of A on E. We call this action to be G-compatible if, g(z.a) = g(x)g(a)
for all g € G,x € A,a € E. For two G-sets E,F and a map of sets f : E — F,
define °f : E — F for s € G as follows, *f(e) = s(f(sle)) for all e € E. Note that
(*f)(s(e)) = s(f(e)). Let Aut(E) denote the group of all set bijections from E onto
itself. In the particular case, when E = F'| the above action makes Aut(FE) into a G-
group. Define a map ¢ : A — Aut(E) as ¢(z)(e) := z.e. It is easy to check that ¢ is a

G-homomorphism. Hence it induces a mapping of cohomologies
HY(G,A) — H(G, Aut(E)).

Let A be a G -group and E be a set on which A-acts G-compatibly. Let (as) € H*(G, A)

be a 1-cocycle. Let F be a copy of E with a bijection f : F — F, namely the identity
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map. Define an operation of G on F as follows: s(f(x)) = f(as.s(z)) for x € E and
s € G. With this operation F is a G-set and F' together with the mapping f : F — F
is said to be obtained from E by twisting with the cocycle (as) and is denoted by ,FE.
If we replace (as) by an equivalent cocycle, f is changed by an automorphism of E. If
F has, in addition, some algebraic structures and as preserves these, then the twisted
set o F will carry them. In particular, let A be a G-group and (as) € HY(G, Aut(A)).

Define a new G-action on A by,

s*a = as.s(a) for all s € G.

With this new G-action A is called the twist of A by (as) and is denoted by ,A.

Example 4.3.1 Let k be a field and B = k X k considered as a k-algebra. Let Aut(DB)
denote the group of k-algebra automorphisms of B&k = k x k. Note that these k-algebra
automorphisms correspond to permuting the components, hence Aut(B®k) = Sy, where
Sy denotes the symmetric group on two symbols. Note that Gal(k/k) acts trivially on
Sy, hence a 1-coclycle (as) € HY(Gal(k/k), S2) is a group homomorphism from Gal(k/k)
into Sa. Let (as) be the non-trivial cocycle in H'(Gal(k/k), Aut(B)) (i.e, the non-
trivial homomorphism). Then B twisted by (as) is a quadratic field extension of k (with
notations as above A = Aut(B) and E =k x k).

Example 4.3.2 Let (as) € HY(Gal(k/k), Aut(M,1)) be a 1-cocycle. We twist My 1
by the 1-cocycle (as). The twisted algebra oM, 1 is a central simple k-algebra A and
we have an isomorphism g : M1 @ k — A® k such that s(g(x)) = g(ass(x)) for all

T € Mn+1.

Example 4.3.3 Consider the algebra M,+1 & Mypy1. It has an involution I of the
second kind given by (X,Y) — (Y, X*) where t denotes the transpose. Consider the
group Aut(Mp41 ® Myy1,1) of those automorphisms of My+1 ® M,+1 commuting with
the involution I. Let (as) € H*(Gal(k/k), Aut(M11 ® My11,1) be a 1-cocycle. We
now twist Myp41 @ Myy1 by (as). We get a twisted algebra A and an isomorphism
g: Myuy1(k)® My, 1(k) = A® k. Note that A will carry an involution J of the second
kind. Also the center k ® k of My1+1 ® My11 will get twisted into the center of A. By
Example 4.3.1 above we see that the center k ® k of Myy1 @ M,11 gets twisted into
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a quadratic extension K of k. Hence A is a simple k-algebra with involution J of the

second kind with center a quadratic extension K of k.

4.4 Galois Cohomology of Algebraic groups

In this section we will use some definitions and results from ([19], §29). Fix a separable
closure kg of k and let I' = Gal(ksep/k). Let G be an algebraic group defined over
k and let p : G — GL(W) be a representation of G in a finite dimensional k-vector
space W. Fix an element w € W and identify W with a k-subspace of Wep = W ® kgep.
An element w' € Wy, is called a twisted p-forms of w if w' = pgep(g)(w) for some
g € G(ksep), where psep = p ® ksep. Let A(p,w) denote the groupoid whose objects are
the twisted p-form of w and whose morphisms w’ — w” are the elements g € G(ksep)
such that psep(g)(w’) = w”. Let A(p,w) denote the groupoid whose objects are the
twisted p-forms of w which lie in W and morphisms w’ — w” are the elements g € G(k)
such that p(g)(w’) = w”. Let X denote the I'-set of objects of A(p,w). Then X' the
set of I'-fixed points in X, is the set of objects of A(p,w). Also, the set of orbits of
G(k) in X' is the set of isomorphism classes Isom(A(p,w)) of objects of A(p,w). Let
w' € A(p,w). By [w'] € Isom(A(p,w)) we will denote the isomorphism class of w’. Let

Autg(w) denote the stabilizer of w in G.

Proposition 4.4.1 ([19], Prop. 29.1) If H'(k,G) = 0, there is a natural bijection of
pointed sets

Isom(A(p,w)) < H'(k, Autg(w))
which maps the isomorphism class of w to the base point of H'(k, Autg(w)).

The bijection between these sets is as follows: for w’ € A(p,w), choose g € G(ksep) such
that psep(g)(w) = w'. Define a 1-cocycle class [a,] € H(k, Autg(w)) by ap = g 1o (g).
Conversely let [a] € H'(k, Autg(w)). Since H'(k,G) = 0, a = g~ lo(g) for some
g € G(kgep). The corresponding object in A(p,w) is psep(g)(w).

The next lemma determines the cohomology sets with coefficients in Ry, /k(G), where

L/k is a finite separable field extension of k and G is an algebraic group defined over L.

Lemma 4.4.2 (Shapiro’s Lemma)(/19/, Lemma 29.6) Let L/k be a finite separable

field extension and let G be an algebraic group defined over L. Then there is a natural
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bijection of pointed sets

H'(k, Ry (@) — H'(L,G).

4.4.1 Forms

Let L/k be an Galois extension. Let A be an algebraic group defined over k and Aj,
denote the set of L-rational points of A. Note that the Galois group Gal(L/k) acts on
Ap. If L = kg, we denote H'(Gal(L/k),Ar) simply by H'(k, A). An L/k form of A is
an algebraic group defined over k which is isomorphic to A as an algebraic group over

L. Let ®(k, A) denote the set of k-isomorphism classes of ks /k-forms of A.

Theorem 4.4.3 ([50], §111.1.3) There exists a bijection from H'(k, Aut(A)) onto
®(k, A), the set of k-isomorphism classes of ks-forms of A.

Let A, B be algebraic varieties defined over k. Let L be a field extension of k and
(Aut(A))r denote the group of all automorphisms of A defined over L. An algebraic
variety B defined over k and isomorphic to A over L is called a L/k-form of A. Suppose
A is quasi projective (i.e. isomorphic to a locally closed subvariety of some projective
space), then there exists an isomorphism between H'(L/K, Aut(A)r) and the set of
k-isomorphism classes of L/k-forms of A. Now we see this explicitly in the case of some
algebraic groups ([18], §1.6).

We describe first the classification of ks/k forms of groups of type A, (i.e, ks/k forms
of SL;,+1). These are classified into two subtypes,

(a) Subtype 1- These correspond bijectively to central simple k-algebras A of dimension
(n+1)2, that is, A® k, isomorphic to M, 1(ks). The twisted forms of SL,, 11 belonging
to the subtype 1 are given by H = {x € A| Na(z) = 1}.

(b) Subtype 2- These correspond bijectively to simple k-algebras A of dimension (n+1)?
over the center of A which is a quadratic field extension of k, with an involution o of the
second kind, namely, the twisted forms of SL,,4+1 belonging to the subtype 2 are given

by H={z € A| Xo(X)=1,Na(z) =1}.

The homomorphism ¢ : A(ks) — Aut(A) defined as x — Int(x) induces a map
from 0 : H'(k,A) — ®(k,A). An L/k-form G’ of G, is said to be an inner form if

G’ € Image(0). A form that is not inner is called an outer form. We shall need
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Proposition 4.4.4 ([54], Proposition 16.4.9) Let G be an connected, reductive group

defined over k. Then G is an inner k-form of a quasi-split k-group.
We now recall the following well known result:

Theorem 4.4.5 (Steinberg)([46], Theorem 6.23) Let Gy be a semisimple group defined
and quasi-split over a perfect field k. Let £ € Z1(k,Gy) and let G = ¢Go be the corre-
sponding twisted group. Then for any maximal torus T of G defined over k there is a

cocycle p € Z(k,T) such that Gy = ,G.






Chapter 5

Jordan algebras

The aim of this chapter is to give a quick introduction to the theory of Jordan algebras,
especially Jordan algebras of degree 3. The set of symmetric elements in an associative
algebra with involution admits the structure of a Jordan algebra. For a detailed expo-
sition on Jordan algebras we refer to ([17]), ([53]) and ([33]), the Fields Institute notes
on Albert algebras by H. P. Petersson for an excellent recent survey.

In the first section we define Jordan algebra and give a few examples. In the second
section we study Albert algebras and Tits constructions. In the final section we study

structure of étale Tit’s constructions.

Let k£ be a field of characteristic different from 2 and 3.

5.1 Basic definitions

Definition 5.1.1 A commutative algebra over a field k of characteristic # 2 in which

the Jordan identity x*(zy) = z(xy) holds is called a Jordan algebra.

Examples:

(1) Let A be an associative algebra. We define a new product on A as following,
axb:= %(ab + ba). With this new product A becomes a Jordan algebra and is denoted
by AT.

(2) Let B be an associative algebra with an involution 7. Let (B, 7)4+ denote the set of
T-symmetric elements of B. The set (B, 7)y is a Jordan subalgebra of BT.

(3) As a special case of example (2), the set of hermitian real, complex or quaternion
matrices with multiplication, X xY = w forms a Jordan algebra.

53
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5.2 Albert algebras

In this subsection, we recall briefly some basic results on Albert algebras needed in the
thesis. Let C' be an octonion algebra over k. Let M3(C) denote the space of 3 x 3
matrices with entries in C. Let I' = diag(y1,72,73) € GL3(k) be a diagonal matrix and
let

H3(C,T) = {X € M3(C)T'X'T = X},

where, for X = (z;5),X = (Ti;), = — T denotes the involution on C' and X' is the
transpose of X. With the multiplication X oY = 1(XY + Y X), H3(C,T) is an Jordan
algebra over k. These are called reduced Albert algebras. It follows that Hs(C,T)

consists of all 3 x 3 matrices

o%] c v; b
X = 72_1716 a9 a ;
b vilva g

where a; € k, a,b,c € C. It is known that the octonion algebra C' is determined, up to
isomorphism, by the algebra H3(C,T") and is called the coordinate octonion algebra
of Hz(C,T).

For X = (z;;) € H3(C,T), we define its trace by T(X) = 337, 24 € k. A k-algebra
A is called an Albert algebra if A ®; k = H3(C,I) for the (split) octonion algebra C
over k and I € GL3(k) the identity matrix, & denotes an algebraic closure of k. The
split Albert algebra over k is an Albert algebra A isomorphic over k to Hs(C, ), where
C' is the split octonion algebra over k and I € GL3(k) is the identity matrix. An Albert
algebra is either reduced or a division algebra ( [17], Chap. IX, §1, Pg. 359). Tits has
given two rational constructions of Albert algebras, which are exhaustive, i.e, all Albert
algebras arise from these constructions. We briefly describe these for the convenience of

the reader.

Tits’s first construction
Let A be a central simple algebra of degree 3 over a field k and let u € k* := k — {0}.
For a,b € A define,

ab— %(ab Fba), axb=ab— %t(a)b - %t(b)a + %(t(a)ﬁ(b) — t(ab)),
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here ¢ = T4 is the reduced trace on A. Further, for z € A, T = J(t(z) — z). To this

data, one attaches an Albert algebra J(A, p) as follows: J(A, u) = Ag® A1 @ Az, where
A; = A for i = 1,2, 3, with multiplication,

(ao, a1, a2)(bo, b1, b2) = (ag.bo +aibs +bras, @by +boar +p~ 'az X ba, aszby + bedo + prag x by).

With this multiplication, J(A, ) is an Albert algebra over k and is referred to as a first
Tits construction Albert algebra. The Albert algebra J(A, ) has (1,0,0) as identity
and

N(ﬂj‘,y, Z) = NA($) + MNA(y) =+ M_INA(Z) - TA(l’yZ), T, Y, 2 € Av

as cubic norm. Moreover, J(A, u) is a division algebra if and only if A is a division
algebra and p is not a reduced norm from A. Note that Ay = Ay is a Jordan subalgebra
of J(A,u). A first construction Albert algebra is either split or division ( [17], Chap.
IX, Thm. 20).

Tits’s second construction

Let K be a quadratic field extension of k and B be a central simple algebra of degree 3
over K and let o be an involution of the second kind on B. Let x — T be the non-trivial
Galois automorphism of K/k. Let (B,0)+ denote the k-subspace of B of o-symmetric
elements in B. Fix a unit u in (B,0)4 such that N(u) = ppg for some p € K*. Let
J(B,o,u,pu) = (B,o);+ @ B. We define a multiplication on J(B, o, u, ) as follows,

(ag, a)(by, b) = (ag.by + auc(b) + buo(a), agb + boa + fi(c(a) x o(b))u™r),

where the notation is same as above. With this multiplication, J(B, o, u, ) is an Albert
algebra over k and is referred to as a second Tits construction Albert algebra. The

Albert algebra J(B, o, u, ) has (1,0) as identity and
N(a,z) = Np(a) + pNp(z) + iNg(o(a)) — Tg(azuo(a)), a € (B,o)+, x € B,

as cubic norm. Moreover J(B, o, u, u) is a division algebra if and only if B is a division
algebra and p is not a reduced norm from B. Note that (B, o)4 is a Jordan subalgebra
of J(B,o,u,u). The second construction becomes a first construction over K, more
precisely, J(B,o,u,u) @ K = J(B, u) as K-algebras ( [29], [17], Chap. IX, Exercise 5,
Pg. 422).
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We call a field extension F/k a reducing field of an Albert algebra A over k if the
extended algebra A ®j F over F' is reduced.

Let B be a degree 3 central simple algebra over a quadratic étale extension K of k with
an involution o of the second kind. Let A = J(B, o, u, ) be a second Tits construction
Albert algebra and G = Aut(A). Then we have a k-embedding of the special unitary
group SU(B,0) in G,

SU(B,o0) — G via p — ¢, where ¢, : (z,y) = (pxo(p),py), for all (z,y) € A.

Remark 5.2.1 An Albert algebra A over k is a pure first (resp. second) construction
if it cannot be expressed as a second (resp. first) construction. It is known that A is a
first construction if and only if f3(A) = 0. Hence if f3(A) # 0 then A must be a pure
second construction ([19], Chap. IX, Prop. 40.5). Albert algebras of both pure types as
well as mized types exist (see [42], [39]).

Theorem 5.2.2 ([43], §7) For an Albert algebra A over k, there exists, up to a k-
isomorphism, a unique reduced Albert algebra H3(C,T') over k, such that for any reducing

field L/k of A, A®y L = Hs(C @ L,T).

The reduced Albert algebra in the theorem is called the reduced model of A. The
coordinate octonion algebra of a reduced model of an Albert algebra A is called the
octonion algebra of A and denoted by Oct(A). We note that when A is the reduced
Albert algebra H3(C,T") over k, then Oct(A) = C. In particular, when A is split, Oct(A)
is split as well.

Let A be an absolutely simple Jordan algebra of degree 3 and dimension 9 over k. By
the structure theory, there exists a central simple associative algebra (B, ) of degree 3
over k with an involution * of the second kind, unique up to isomorphism, satisfying A =
(B, *)+. We define the octonion algebra of A, written as Oct(A), to be the coordinate
octonion algebra of the reduced Albert algebra J(B,*,1,1) (see [37], 1.11).

Let K/k be a quadratic extension. Let *r denote the involution on M3(K) given by
xp(X) = F_lytf, where ' = diag(y1,72,73) € GL3(k) with 1727y3 = 1 and ~ denotes
the entrywise action of the automorphism ~ of K. Let V € GL3(K) with (V) =
V. Suppose further that det V = pp for some p € K*. Then one has the second
Tits construction J(Ms(K),*r, V, u) with the underlying vector space (M3(K),*r)4+ @
M;(K).
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The matrix U = VI ™! is hermitian, i.e, U =U. Further, det U = det V = pu. Let
h denote the hermitian form on K3 given by h(x,y) = zU%’. Then the discriminant of
h, denoted disc h, is trivial. Let 1 : (ASK3, A3h) ~ (K, < 1 >) be the trivialization of
disc h given by e A ea A e3 — i, e; being the standard basis vectors of K2. We then
have the octonion algebra C = C(K?3, h,v) = K ® K3, with the multiplication given by

(a,v)(d',v") = (aad’ — h(v,v"), av' + a’v + 0(v,v")),
where 6 is defined by the identity
h(v",0(v,v")) = Y Av A,

for all v,v/,v" € K*. Also, the norm n¢ is given by n¢(a,v) = ngx(a) + h(v), where

h(v) = h(v,v). The involution on C' = K & K3 is given by (a,v) = (@, —v). For more
details see ([58]). Then one has the reduced Albert algebra Hs3(C,T').

Note that H3(C,T') contains H3(K,T') = (M3(K),+*r)+ as a Jordan subalgebra. For
more details see ( [34], §1).

Theorem 5.2.3 ([34/, §1, Thm. 1.1 ) With notations as above, there exists an isomor-
phism of Jordan algebras between J(M3z(K),*p,V,u) and H3(C,T'). Further, the norm
form nc of C = K ® K3 is given by ng = tri/p(< 1 >1L h), where h is the hermitian

form given by the matriz VI —1.

Proposition 5.2.4 Let D be a degree 3 central division algebra or an Albert division
algebra over k. Then D remains a division algebra over field extensions of degree coprime

to 3.

PROOF. First, let D be a degree 3 central division algebra over k. By ([13], Exercise 9,
Section 4.6), it follows that, for a field extension L of k of degree coprime to 3, D ® L is
a division algebra. When D is an Albert division algebra, the result follows from ([39],

Cor., p. 205). O
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5.3 Etale Tits processes

Let L be a cubic étale algebra and K be a quadratic étale algebra over an arbitrary base
field k and F = L ® K. Let 7 = 1 ® -, where denotes the non-trivial involution on K.
Suppose (u, 1) € L* x K* is such that Ny, .(v) = N/ (11), we then call the pair (u, u) an
admissible pair. The étale Tits process produces an absolutely simple Jordan algebra
J = J(E,7,u,pn) of degree 3 and dimension 9, with the underlying vector space L & E
and with L = {(,0)| | € L} as a subalgebra. The Jordan algebra J = J(E, T, u, u) has

a cubic norm given by,

N((a,b)) = Ny i(a) + uNgk(b) + uNgi(b) — tr i (abut(b)),

for a € L,b € E. Let (B,o0) be a central simple algebra over K with an involution o
of the second kind and suppose (B, o) contains a cyclic étale algebra L over k. Then
there exists z € B* such that B=L® K ® (L ® K)z ® (L ® K)z? with 23 = y € K*
and Ny /() = 1. Also the involution o is given by o(z) = uz~! with u € L such that
Np(u) = 1. In this case (B,0)+ = J(L ® K, T,u, ) (see [19], Pg. 527 for details). The

next theorem gives us the center of B in the above situation.

Theorem 5.3.1 ([{4], Theorem 1, cf. [36], Theorem 1.4) Let L, K be étale k-algebras
of dimension 3,2 respectively, and suppose (u,p) is an admissible pair. If (B,o) is a
central simple algebra of degree 3 over k with involution of the second kind such that
J(L ® K,T,u,p) becomes isomorphic over k to (B,o)+, then the center of B, as a
quadratic étale k-algebra, corresponds to the element 6(L) + §(K) € H'(k,Z/27) where
O(L) (resp. 6(K)) denotes the discriminant algebra of L (resp. K) over k.

We saw that starting with a cubic étale k-algebra L and a quadratic étale k-algebra K,
as well as an admissible pair (u, i), the étale Tits process produces an absolutely simple
Jordan algebra J(L ® K, 7,u,u) of degree 3 and dimension 9, which turns out to be
the Jordan algebra of symmetric elements of a central simple algebra of degree 3, with

involution of the second kind. The theorem below provides a converse to this result.

Theorem 5.3.2 (Extension Theorem)([36], Theorem 1.6) Let L be a cubic étale k-
algebra, (B, o) a central simple algebra of degree 3 with an involution of the second kind

over k and suppose v is an isomorphic embedding from L to J = (B,o)4, the Jordan
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algebra over k of o-symmetric elements in B. Writing K for the center of B and E for

the quadratic étale k-algebra corresponding to the element
S(K)+0(L) € H'(k,7/27),

there are invertible elements u € L,u € E satisfying Np,(u) = Ng/g (1) such that o

extends to an isomorphism from the étale Tits process J(L ® E,T,u,pu) onto J.

We define étale Tits processes Ji and Jo arising from étale algebras L and K of dimen-
sions 3, 2 resp., to be L-isomorphic, denoted by J; =2, Jo, if there exists a k-isomorphism
J1 — Ja, which restricts to an automorphism of the subalgebra L of J; and Jo. By ([38],

Prop. 3.7) we have the following

Theorem 5.3.3 (/38], Prop. 3.7) Let L, K and E be as above. Let (u,pn) € L* x K*
be an admissible pair. For any w € E, (wur(w),uNg/x(w)) € L* x K* is again an

admissible pair and
J(Ea T, U, M) =L J(E7 T, wUT(’lU>, MNE/K(w>)7
via (a,b) — (a,bw).

Remark 5.3.4 Note that J(E,1,1,1) has zero divisors. Choose x € E such that T(z) =
—x. Then (0,z) is a zero divisor in J(E,7,1,1), since it is a norm zero element. More
generally, as an easy consequence of Theorem 5.3.3, one can see that if 4 € Ng/(E),

then J(E,T,u, ) has zero divisors.

Theorem 5.3.5 For any étale Tits construction J(E, T,u, u), there exists an L-isomorphic

Tits process J(E,T,u', p') with Ny, p(u') =1 = p'7(i').

1

Proor. Take w = = u and apply Theorem 5.3.3. ([

In §5.2, 5.3, we described a cubic norm structure on Albert algebras and étale Tits
processes. A Jordan algebra J admits a generic minimal polynomial and generic norm

and trace are defined (see [19], §37).
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Definition 5.3.6 Let J, J' be Jordan algebras with identity. Then a bijective linear
map 1 of J into J' is called a morm isometry of J onto J' if N'(n(a)) = N(a) for all

a € J where N and N’ are the generic norms in J and J' respectively.

The next theorem gives a criterion for isomorphism of finite dimensional Jordan algebras.

Theorem 5.3.7 ([17], Chapter. VI, Thm. 7) Let k be a field of characteristic different
from 2 and 3. Let J, J' be finite dimensional Jordan algebras over k with identity. If
1 18 a norm isometry of J onto J' preserving identities, then n is an isomorphism of

k-algebras.



Chapter 6

Groups Go and Fj

The aim of this chapter is to describe groups of type G2 and Fj defined over a field k
and some of their k-subgroups. These groups are obtained as automorphism groups of
octonion algebras and Albert algebras respectively. For a detailed exposition we refer
to [53], [54]. We fix a field k of characteristic different from 2 and 3.

In the first section we describe the basic structural properties of these algebras. In the
second section we study structure of certain k-subgroups of the groups of type Gy and
F4. In the last section we study some k-embeddings of k-groups of type A1, A and Dy

in Fy.

6.1 Structural properties

Octonion algebras over a field k describe the k-groups of type Go. We state below two

important theorems in this regard:

Theorem 6.1.1 (/5/], §17.4) Let G be a simple group of type Go over k. Then there
exists an octonion algebra C, unique up to isomorphism, defined over k, such that G is

k-isomorphic to the group Aut(C).

Theorem 6.1.2 ([53], §2.3, Thm. 2.3.5, [54], Prop. 17.4.2, 17.4.5) Let C be an oc-
tonion algebra over a field k and let G = Aut(C) be the associated algebraic group of
automorphisms of C'. Then G is a connected simple algebraic group of type Go defined
over k and G is either k-anisotropic or k-split. Moreover, G is k-split if and only if C
is split, if and only if no is k-isotropic (i.e. hyperbolic).
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Albert algebras over the field k describe the k-groups of type Fj.

Theorem 6.1.3 ([5/], §17.6) Let G be a simple algebraic group of type Fy over k. Then
there exists an Albert algebra A, unique up to isomorphism, defined over k such that G

is k-isomorphic to the group Aut(A).

Theorem 6.1.4 ( [53], Thm. 7.2.1, [39], Pg. 205) Let A be an Albert algebra over a
field k. Let G = Aut(A) be the associated algebraic group of automorphisms of A. Then

G is a connected simple algebraic group defined over k of type Fy.

Remark 6.1.5 Let G be a split simple group of type Go. Then G is simply connected,
adjoint and is isomorphic to Aut(C) where C is a split octonion algebra (see [19],
Theorem 25.14). Since G is simply connected and adjoint, by ([19], Theorem 25.16)
G = Aut(G). Hence by Theorem 4.4.3, H'(k,G) is in bijection with the set of k-
isomorphism classes of ks-forms of G. Since any group of type Go is split over ks,
H'(k,G) is in bijection with the set of k-isomorphism classes of simple k-groups of type
Gy. Also H'(k,G) is in bijection with the set of k-isomorphism classes of ks-forms of
C. Since any octonion algebra is split over ks, H'(k,G) is also in bijection with the set
of k-isomorphism classes of octonion algebras over k. By a similar argument we can
show that for a simple split group G of type Fy, H'(k,G) is in bijection with the set of
k-isomorphism classes of simple k-groups of type Fy. Also H'(k,G) is in bijection with
the set of k-isomorphism classes of ks-forms of A, where A is the unique split Albert
algebra such that G = Aut(A). Hence, just as above, H'(k,G), for G the k-split group

of type Fy, classifies the k-isomorphism classes of Albert algebras over k.

6.2 Subgroups of Gy, F}

We begin with few known results which describe some k-subgroups of groups of type
G9 and Fy defined over k. We recall that the groups of type Go over a field k are
precisely the groups of automorphisms of octonion algebras defined over k ([54], §17.4).
Similarly groups of type Fjy over k occur as groups of automorphisms of Albert algebras
defined over k (see ([54], §17.6). Let A be a finite dimensional k-algebra and S C A be
a k-subalgebra. Then Aut(A) is an algebraic group defined over k. In the thesis , we
shall denote by Aut(A/S) the (algebraic) k-subgroup of all automorphisms of A fixing
S pointwise and Aut(A, S) will denote the k-subgroup of Aut(A) mapping S to S.
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Proposition 6.2.1 (Jacobson)([19], Remark 39.13) Let A be an Albert algebra defined
over k and let G = Aut(A) denote the algebraic group of type Fy associated with A.
Let L C A be a cubic étale subalgebra. Then the subgroup Aut(A/L) of G is a simply

connected, simple group of type D4 defined over k.

PROOF. To see this we base change to k and apply a theorem of Jacobson ([17], Chap.
IX, Pg. 378, Exercise 2) which asserts that for a reduced Albert algebra A = H3(C,T),
the subgroup Aut(A/(k.eqx + k.ea + k.e3)) is isomorphic to Spin(C,nc) over k, here
ei, 1 <1 < 3, are the diagonal (primitive) idempotents of A. The result now follows from
the fact that the diagonal subalgebra of H3(C%,I') is conjugate to Lz by an automorphism
of Az ([17], Chap. IX, Exercise 3, Pg. 389). O

Proposition 6.2.2 ([57], Thm. 4.2) Let k be a field with char(k) # 2,3 and A an
Albert algebra over k. Suppose ¢ € Aut(A)(k) is semisimple. Then ¢ fizes a cubic étale

subalgebra L C A pointwise.

Lemma 6.2.3 Let C be an octonion algebra over k. Let G = Aut(C) and let ¢ € G(k).

Then ¢ fizes a non-zero element of C' with trace 0.

PROOF. Since ¢ is an automorphism of C, ¢(1) = 1. Therefore ¢(Cy) = Cp, where Cy
denotes the subspace of trace zero elements in C. Hence ¢ € SO(Cy,n|c,)(k). Since
(Co, nlc,) is a regular quadratic space of odd dimension, by a classical theorem of Cartan

and Dieudonné, ¢ fixes a non-zero element of Cy ([16], §6.6, Chap. VI). O

Theorem 6.2.4 ([15/, Thm. 9, [19], §39, Chap. IX) Let A be an Albert algebra over
k and let S be a 9-dimensional cubic separable Jordan subalgebra of A. The subgroup
Aut(A/S) (resp. Aut(A,S)) is a simply connected, simple algebraic group of type As
(resp. As X Ay) defined over k.

Theorem 6.2.5 ([12], Thm. 3, Thm. 4, Thm. 5) Let C be an octonion algebra over
k and let K be a quadratic étale (resp. quaternion) subalgebra of C'. Then the subgroup
Aut(C/K) is a simply connected, simple group of type Aa (resp. A1) defined over k.
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6.3 Embeddings in F}

In this section we describe some k-embeddings of k-groups of type A1, Ay and Dy in Fy.
(1) k-Embeddings of Ay and Ga:

Let B be a degree 3 central simple algebra over a quadratic étale extension K of k
with an involution o of the second kind. Let A = J(B,o,u, ) be a second Tits con-
struction Albert algebra. Let G = Aut(A). Then G is a group of type Fj over k.
Let 0, = Int(u) o 0. We have the following k-embedding of the special unitary groups
SU(B,0),SU(B,0,) in G,

SU(B, o) — G via p — ¢, where ¢, : (x,y) — (pxo(p),py), for all (z,y) € A.
SU(B, 0y) — G via q — g, where ¢y : (z,y) — (z,yq™ "), for all (z,y) € A.

Let A = H3(C,T') be a reduced Albert algebra over k. Let G = Aut(A). Note that
H = Aut(C) — G (via ¢ — ¢, where ¢(X) = (¢(z5)), X = (zi5) € A). Fix K C C,
a quadratic étale algebra. Then K+ C C has a K-hermitian form h defined on it (see

Proposition 1.3.4) and
Aut(C/K) C Aut(C) — Aut(A),

over k. Note that Aut(C/K) = SU(K*,h) = SU(M3(K), *,) ([52], Proposition 3.1) is
a k-group of type As. Let D be a central simple algebra over k. Let A = J(D, ) be a
first Tits construction Albert algebra and G = Aut(A). The k-group SL;(D) has type
Ay and we have the following k-embedding of SL;(D) in G,

SLy(D) < G via p + ¢, where ¢, : (2,5, 2) — (x,yp,p” '2), for all (z,y,2) € A.

(2) k-Embeddings of A;
Let A = H3(C,T). Fix a quaternion subalgebra @@ C C. Then

Aut(C/Q) — Aut(C) — Aut(A),

over k. Note that Aut(C/Q) = SL(1,Q) is a group of type A;.

(3) k-Embedding of Dy:
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Let A = H3(C,T") be areduced Albert algebra over k. Let H C Aut(A) be the algebraic
subgroup of Aut(A) consisting of all automorphisms of A which fix the three diagonal
idempotents in A. Then H is a k-subgroup of type D4 and H = Spin(n¢) ([19], Remark

39.13). As a consequence of this, we have:

Let A be an Albert algebra over k and G = Aut(A). Let L C A be a cubic étale
subalgebra. Let
Gr:={¢peG|¢o(l)=1forallleL}.

Then G, is a k-subgroup of type Dy.

Remark 6.3.1 Note that the k-embeddings described in (1),(2) of groups of type A;
and As, in groups of type Fy arising from reduced Albert algebras, factor through the
subgroup Aut(C) of type Gs.






Chapter 7

Mod-2 invariants of groups

This chapter is a basic yet most essential part of the thesis. Here we describe the mod-2
Galois cohomological invariants for simple, simply connected groups of type A1, A, Go
and Fy. The exposition in this chapter is mostly based on [54], [46], [61]. We fix a field
k of characteristic different from 2 and 3.

In the first section we describe the mod-2 invariants for simple, simply connected k-
groups of type A; and As. In the second section we describe the mod-2 invariants for
the k-groups of type G2 and Fj as well as octonion algebras for simple, simply connected

k-groups of type Aa, G2 and Fy.

7.1 Mod-2 invariants of A; and A,

Let G be a simple, simply connected k-group of type Aj, then there is a quaternion al-
gebra @ over k, unique up to isomorphism, such that G = SL(1, Q) over k. One knows
that quaternion algebras are determined by their norm forms and hence by the corre-
sponding Arason invariants. Therefore we get an invariant for G = SL(1, @), namely
f2(G) == ea(ng) € H*(k,Z/2Z). Let G be a simple, simply connected k-group of type
Ag, then there is a central simple algebra B of degree 3 over a quadratic étale extension
K of k with an involution o of the second kind such that G = SU(B, o) over k.

We now prove a lemma which helps us to define an invariant for a simple simply con-

nected k-group of type As.

Lemma 7.1.1 ([10], Lemma 2.1) Let B;, i = 1,2, be central simple algebras of de-

gree 3, with unitary involutions o;, i = 1,2, such that SU(By,01) = SU(Bs,02) as
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algebraic groups. Then (By,01) = (Bg,02) as algebras with involutions. In particular,

J3(B1,01) = f3(Ba2,02).

Since SU(Bq,01) = SU(B1,02), we have
Lie(SU(B1,01)) = Lie(SU(Bs, 02)).
By ([19], Pg. 346) we have
Lie(SU(B;, 04)) = Skew(B;,0;)° := {x € Bj|loi(z) = —x, Tp,(x) =0}, i =1,2.

Now applying ([14], Chap. X, Thm. 11), we get (Bi,01) = (B2, 02) (see also [19], Prop.
2.25, Pg. 29). 0

Hence the Arason invariant f3(B, o) € H3(k,Z/2Z) of the norm of the octonion algebra

of (B, o)+ is an invariant of G as well. We summarize this in the remark below,

Remark 7.1.2 When G is simple simply connected k-group of type Ay, there is a
quaternion algebra Q over k, unique up to isomorphism, such that G = SL1(Q) over
k ([46], Chap. II, Prop. 2.17). Hence we get an invariant for G = SL1(Q), namely
f2(G) == ea(ng) € H2(k,Z/2Z). If G is simple simply connected k-group of type As,
then there is a central simple algebra B of degree 3 over a quadratic étale extension K of
k with an involution o of the second kind such that G = SU(B, o) over k ([46], Chap.
II, Prop. 2.18). By Lemma 7.1.1, the Arason invariant f3(B,o) € H?(k,Z/27) of the
norm of the octonion algebra of (B,o)4+ is an invariant of G as well. For a connected
reductive group G of type As defined over k, we define f3(G) to be the invariant thus
obtained for the simply connected cover of |G, G].

7.2 Octonion algebras of A,, G and F}

In this section we describe the mod-2 invariants for the groups of type Gy and Fy and
octonion algebras of the groups of type As, G2 and Fy.

Let G be a simple, simply connected k-group of type As and G = SU(B, o) over k(see
Remark 7.1.2). As in Remark 7.1.2, the Arason invariant f3(B, o) of the norm of the

octonion algebra of (B,o)4 is an invariant of G. Define Oct(G) := C, where C is
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the octonion algebra determined by the 3-fold Pfister form f3(B,o). Note that o is
distinguished if and only f3(B, o) = 0 if and only if Oct(G) splits.

Let G be a group of type G defined over k. Then G = Aut(C) for a unique octonion
algebra C over k ([54], §17.4). Recall that C' is determined by its norm form n¢, which
is a 3-fold Pfister form over k. Hence the groups G over k of type G are classified by the
Arason invariant f3(G) := e3(nc) € H3(k,Z/2Z), where G = Aut(C) as above. Define
Oct(G) := C. Observe that f3(G) = 0 if and only if G splits, if and only if Oct(G) splits.

Let G be a group of type Fy defined over k. Then there exists an Albert algebra
A over k such that G = Aut(A), the full group of automorphisms of A ([54], §17.6).
Let A be an Albert algebra over k and let A,.q = H3(C,T) be the reduced model for
A, where C' is an octonion algebra over k (see §5.2) and I" = diag(vy1,72,73) € GL3(k).
This defines two mod-2 invariants for G = Aut(A):

f3(G) = f3(A) := es(nc) € H(k,Z/27),

f5(G) = f5(A) = es(nc @ (1,77 "v2) @ (1,75 '3)) € H®(k, Z/27).

Define Oct(G) := Oct(A) = C. Observe that f3(A) = 0 if and only if Oct(G) splits if

and only if A ia a first Tits construction.

Proposition 7.2.1 (/39], Pg. 205) Let G be a connected, simple algebraic group of type
Fy defined over k. Then G is k-isotropic if and only if A is reduced and f5(A) = 0.

Remark on notation : In the thesis we need to deal with both invariants f3 and f5
of Albert algebras and the fs-invariant of degree 3 central simple algebras with unitary
involutions and the corresponding Pfister forms simultaneously. To avoid an unpleasant
surplus of notation, we shall use the same notation for both Pfister quadratic form in
question as well as its mod-2 invariant as defined above, whenever no confusion is likely

to arise. In the thesis, unadorned tensor products will be understood to be over base

fields.






Chapter 8

Maximal Tori

The main aim of this chapter is to study the structure of maximal tori in groups of type
G2 and simple, simply connected groups of type As. We refer to the maximal tori in
simple, simply connected groups of type A, or G5 as unitary tori. In this chapter we
define the terminology of a unitary and distinguished torus which we use extensively in
the thesis.

Fix a field k of characteristic different from 2, 3.

8.1 Maximal tori of special unitary groups

Let K a quadratic field extension of k with the non-trivial k-automorphism ~. Let V
be a K-vector space of dimension n. Let A be a non-degenerate hermitian form on V.
By ([52], Theorem 5.1 and Corollary 5.2), we have the following well known explicit
description of maximal tori in a special unitary group of a non-degenerate hermitian

space,

Theorem 8.1.1 (a) Let k be a field and K a quadratic field extension of k. Let V be a
K -vector space of dimension n with a non-degenerate hermitian form h. Let T C U(V,h)
be a maximal k-torus. Then there exists an étale algebra Er of dimension n over K,
with an involution oy, restricting to the non-trivial k-automorphism of K, such that
T =U(Ep,op).

(b) Let T'C SU(V, h) be a mazimal k-torus. Then there exists an étale algebra Er over
K of dimension n, such that T = SU(Er,0p).
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Note that in Theorem 8.1.1, Er = Zgyq, (v (T'), the centralizer algebra of T'in Endk (V),
and oy, is the involution on Endg (V') adjoint to h, where T is a maximal torus in U(V, h)

or SU(V,h).

Remark 8.1.2 Let (B,o) be a central simple algebra of degree n over K, with o an
involution of the second kind. Let SU(B,o) be the associated algebraic group. Let
T c SU(B,o) be a mazximal k-torus. By the above it follows that there is an étale
K -subalgebra Ep C B, of dimension n over K (the centralizer of T in B), stable under
the involution o, such that T = SU(Er,0) over k.

By ([52], Remark after Lemma 5.1) we have,

Lemma 8.1.3 Let K be a quadratic étale extension of k. Let E be an étale algebra
of dimension 2n over k containing K, equipped with an involution o, restricting to the
non-trivial k-automorphism of K. Let L = E° = {x € E|o(z) = z}. Then E = LK
and (E,0) = (L& K,1® ~), where x — T is the non-trivial k-automorphism of K.

In view of the above lemma, dim(E?) = n over k. Let k be a field and L, K be étale
k-algebras of k-dimension n,2 resp. and £ = L ® K. Then F is an étale algebra of
dimension 2n over k. Let ~ denote the non-trivial k-automorphism of K and 7 the
involution 1 ® on E. We will refer to (E, 7) as the K-unitary algebra associated with

the ordered pair (L, K).

Lemma 8.1.4 Let L, K be étale algebras of k-dimensions n,2 resp. Let (E,T) be the
K -unitary algebra associated with (L, K). Then E™ ={z € E |t(z) =z} = L.

PROOF. Let K be a quadratic field extension. By Lemma 8.1.3, dim(E™) = n = dim(L).
Since L C E7, and the dimensions are equal, we have L = E”. Let K = k x k. Then

(E,7) = (L x L,€), where € is the switch involution on L x L. Clearly E™ = L. O

8.2 Unitary and Distinguished tori

Let L, K be étale algebras of k-dimensions n, 2 resp. and (F, 7) be the K-unitary algebra
associated with the pair (L, K). We call the torus SU(E, ) as the K-unitary torus

associated to the ordered pair (L,K). With such a K-unitary torus T, we associate
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the quadratic form ¢7 :=< 1,—ad >, where Disc(L) = k(+/§) and K = k(y/a). Such
tori are important as they occur as maximal tori in simple, simply connected groups of
type A, and Go. In the thesis, we will call a k-torus T as a distinguished torus if
there exists étale k-algebras L, K of k-dimensions 3,2 resp. such that disc(L) = K and
T =SU(E,7) =2 SU(L®K,1®"), where (E,7) = (L®K,1®") is the K-unitary algebra
associated to the pair (L, K). Also observe that when T is a distinguished k-torus, the
associated quadratic form ¢r splits over k. Note also that T" has rank-2.

We record below an evident, yet useful result:

Lemma 8.2.1 Let K be a quadratic étale algebra over k and B be a degree 3 central
simple algebra over K with an involution o of the second kind. Let L C (B,o)y be a
cubic étale subalgebra. Let T' be the K-unitary torus associated with the pair (L, K).
Then there exists a k-embedding T — SU(B, o).

8.3 Maximal tori in Gs

In this section we describe the structure of maximal tori in groups of type Ga2. The
structure of such tori is well studied (cf. for example, [51]), we supply a proof for

convenience of the reader.

Proposition 8.3.1 (/9], Prop. 2.11 ) Let G be a group of type Gy over k and T be a
maximal k-torus of G. Then there exists étale algebras L, K of k-dimensions 3,2 resp.

such that T is isomorphic to the K -unitary torus associated to the pair (L, K).

PROOF. Let G be as in the hypothesis. Then there exists an octonion algebra C' over k
such that G = Aut(C). Let T' C G be a maximal k-torus in G.
Claim: There exists a quadratic étale subalgebra K of C such that K = C”, the fixed

points of the octonion algebra C under the action of T

To see this, we may assume that the dimension [C? : k] = 4 for all ¢t € T(k) (Note that
since t is semisimple C! is a composition subalgebra of C' ([65])). If not, then there
exists t € T'(k) such that C* = K is a quadratic étale subalgebra of C' ([65], cf. also [21],
paragraph before Theorem 4 and [32]). Now 7 stabilizes, and hence, by a connectedness
argument, fixes K pointwise. Hence K C CT C C' = K. Let t € T(k) be such that
C? = @ for some quaternion subalgebra @ of C. Since T centralizes ¢, we see that

T C Aut(C,Q). We write, by doubling process, C = Q @ Qb for some b € Q. Let
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c € Q*,p € SLi(Q), define ¢, : C — C as ¢ep(z + yb) = cxe ! + (peye )b, Va,y € Q.
Then by ([53], §2.1),

Aut(C,Q) = {pcplc € Q*,p € SL1(Q)}.

By an easy computation it follows that for ¢, € Q*, p,p’ € SLi(Q) if ¢epdepy =
be p Dep, then there exists a € k* such that cc’ = ac'c.

Claim: There exists ¢, € T'(k) such that ¢ ¢ k*.

If not, then for all ¢.;, € T'(k) we have ¢ € k*. Let € @ be arbitary and y = 0.
Then, for any ¢.p, € T, ¢pep(z) = 2. Thus Q C CT and hence T C Aut(C/Q), where
Aut(C/Q) denotes subgroup of Aut(C') consisting of automorphisms of C' which fix @
pointwise. This is a contradiction, since T is a rank-2 torus and Aut(C/Q) is a simple
group of type A; (see Theorem 6.2.5).

Thus there exists ¢., € T'(k) such that ¢ ¢ k*. Since ¢.,, € T is semisimple and ¢ ¢ k¥,
c generates a quadratic étale subalgebra, K := k(c) of Q. Let ¢p ,y € T. Since ¢
commutes with ¢.,, we have c¢¢ = acc for some a € k*. Any element v € K is a

polynomial expression in ¢ with coefficients from k, say,
vy =ao+ aic+ ...+ anc™ for a; € k, m € N.

Now ¢o (7) = dyd 7= ag + aarc + - - - + aa™a,c™ € K. Hence ¢ () € K for all
v € K. Since ¢y, was chosen arbitrarily in 7', we see that T' stabilizes, and hence,
fixes K pointwise. Hence K C CT. Therefore T C SU(K™,h), where h is the non-
degenerate hermitian form on K+ C C over K, induced by the norm bilinear form n¢
(see [12], §5, cf. Prop. 1.3.4). Note that SU(K*,h) = SU(M3(K), 1), where *, is
the involution on M3(K) given by *,(X) = h1X'h ([52], Proposition 3.1). By Theo-
rem 8.1.1, any maximal torus of SU(M;3(K), ) is of the form SU(E, %) for some six

dimensional K-unitary algebra E over k. Hence T' = SU(E, %,) for some E as above. [



Chapter 9

Factorization results

This chapter reports the work done in [10]. We fix a field k of characteristic different
form 2, 3. In this chapter, we shall discuss k-embeddings of k-groups of type A; and A,
in algebraic groups of type Fy and Gg defined over k and derive a factorization of the
mod-2 invariant of the groups of type Fy and G3 in terms of the mod-2 invariant of the

embedded groups of type A; and As.

9.1 Embedding of A;, A in F}

We begin with a factorization result for the mod-2 invariant f5(G) associated to a k-

group G of type Fy, given a k-embedding of a k-group of type Az in G.

Theorem 9.1.1 Let K be a quadratic étale k-algebra and B be a degree 3 central simple
algebra over K with an involution o of the second kind. Let A be an Albert algebra over
k. Let Aut(A) be the algebraic group of type Fy associated to A. Suppose SU(B, o) —
Aut(A) over k. Then f5(A) = f3(B,o) ® T for some two fold Pfister form T over k.

We will first prove a special case of this theorem. This is a group theoretic charac-
terization of Albert algebras with zero f5 invariant. It follows from Remark 5.2.1 that
Albert algebras with f; # 0 are pure second Tits constructions. Hence this gives ex-
amples of pure second construction Albert algebras. We note that the result below also
gives an alternative proof of the fact that a second Tits construction Albert algebra

A = J(B,o,u,p), with o distinguished, satisfies f5(A) = 0 ([19], Chap. IX, Prop. 40.7).

75



76 Chapter 9. Factorization results

Theorem 9.1.2 Let A be an Albert algebra over k and G = Aut(A). Then f5(A) =0
if and only if there exists a k-embedding SU(B, o) < G for some degree 3 central simple
algebra B with center a quadratic étale k-algebra K and with a distinguished involution

g.

PROOF. Suppose there exists a k-embedding SU(B, o) < G for some degree 3 central
simple algebra B with center a quadratic étale k-algebra K and with a distinguished
involution . We divide the proof in two cases.

Case (i) K =k x k.

In this case (B, o) = (D x D ¢) for some central simple k-algebra D, where ¢ denotes
the switch involution (z,y) — (y,z) and DP is the opposite algebra of D. Now, SU(D x
D°P €) = SL(1, D) over k. Hence, SU(B, o) = SL(1, D) — G. If D is a division algebra,

choose a cubic separable extension L over k, L. C D. Now,

D ®y, L = Ms(L) and SL(1, D ®; L) = SL3 < G1.

Hence G, has L-rank = 2. We conclude that G splits over L ([61], Pg. 60). Hence
A and thereby Oct(A) splits over L ([54], Chap. 17, §17.6.4, [8], Pg. 164). Since
[L : K] = 3, by Springer’s theorem Oct(A) must split over k. In the case when D is
split, SL(1, D) = SL3 — G over k. Hence G is split over k. In both of the above cases
f3(G) =0, hence, f5(G) = f5(A) =0.

Case (ii) K is a field.

If B is a division algebra, choose a cubic separable field extension L over k such that
L C (B,o)+. In fact any a € (B,0)+ \ k generates a cubic separable subfield L =
k(a) C (B,0)+ (To see this, observe that B is a degree 3 division algebra over K and a
is symmetric. Hence a satisfies an irreducible cubic polynomial over k, this polynomial
is separable as char(k) # 3). Notice that [K : k] =2 and [L: k] =3,s0 LN K = k.
Hence, L ® K =2 LK. Since B ®y, L is split over LK, we have the embedding

SU(B®y, L,o ®, 1) = SU(M3(LK), o) — Gp,

where oy, is the involution on M3(LK) given by X +— hX'h~!, for some h = diag(hy, he, h3) €
GL3(k). We may assume that det(h) = 1 (modulo squares). We note that oy, being iso-

morphic to c®1, is distinguished. Therefore we have < hy, ho, hg > x=<1,—1,—-1 > g
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as hermitian forms (see discussion after Prop. 2.3.3). Note that,
SU(M3(LK), o) = SU((LK)3,h) and SO(L3,h) C SU((LK)3,h).
Since < hq, ho, hg > k=< 1,—1,—1 >k as hermitian forms, we have,
SU((LK)3,h) = SU((LK)?,< 1,1, -1 >1k).

Now SO(L3,< 1,—1,—1 >p) is L-isotropic (since, for a non-degenerate form Q, SO(Q)
is L-isotropic iff Q has a L-zero). Hence SU((LK)3,h) is L-isotropic. Therefore, L-rank
of G;, 2 1. Hence Gy, is L-isotropic. Thus f5(Gr) = 0 ([39], Pg. 205). By Springer’s
theorem, f5(G) = 0 = f5(A4). When B = Mj3(K), the proof follows along same lines

without base changing.

We give another proof of the above theorem when K is a field:

Suppose there exists an embedding SU(B, o) — G, with ¢ distinguished and K a field
extension. Recall that a simple, simply connected k-group H = SU(B, o), where B is a
degree 3 central simple algebra with center a quadratic étale k-algebra K and with an
involution o of the second kind, is quasi-split over k if and only if B = M3(K) and H is
distinguished (see Theorem 3.6.3).

Coming back to the proof of Theorem 9.1.2, if B = M3(K), then H = SU(B,o0) is
quasi-split. Hence k-rank of H is atleast 1 and therefore H is isotropic over k. Thus G
is isotropic over k and f5(G) = 0. Now suppose B is a division algebra. Choose a cubic
separable field extension L over k such that L C (B, o)y. Since B®y, L is split over LK,

we have the embedding
SU(B R L, 0 ®p 1) = SU(Mg(LK), Uh) —GQ®L,

where o}, is the involution on M3(LK) given by X + hX*h~!, for some

h = diag(hy, ha,h3) € GL3(k). We note that oj, being isomorphic to o ® 1, is dis-
tinguished. Hence by the previous case, f5(G ® L) = 0. By Springer’s theorem,
[5(G) =0 = f5(A).

Conversely, if f5(A) = 0 then A = J(B,o,u, ) for a central simple algebra B over a
quadratic étale extension K of k, with a distinguished involution o ([19], Prop.40.7).
Then by §6.3, SU(B,0) — G. O
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We now prove Theorem 9.1.1. PROOF. Let SU(B,0) — Aut(A) be as in the hypothe-

sis. We first need to settle the following

Claim: Dy (f3(B,o0)® L) C Dr(fs5(A) ® L) for all field extensions L of k.
Recall that for a quadratic form ¢ over L, Dy (q) denotes the set of non-zero values of ¢
in L. Let C’ be the unique octonion algebra over k such that ngcr = f3(B, o) (Cayley-
Dickson doubling, [53], §1.5).
Note that,

ne @ L =ncgr and f5(A) @ L= fs(A® L).

Let a € Dr(ncrgr). We may assume that both nergr and f5(A ® L) are anisotropic
(otherwise nergy is hyperbolic over L and by the above theorem f5(A® L) = 0) . We
therefore assume that C' ® L is a division algebra.

Let € C' ® L be such that nergr(x) = a. We may assume that K’ := L(z) CC'® L
is a quadratic field extension of L (otherwise x € L and « is a square in L, which is
represented by f5(A® L)). Base changing to L we have, SU(B®y L,0) — Aut(A®yL).
Further base changing to K’ we get,

SU(B®y L@ K’ 0) — Aut((A®p L)L K'). (%)

Since K’ C C' ® L is a quadratic subfield, ner @ L @ K’ is split ([53], Thm. 1.8.1).
Taking L&y K’ (= K') as the base field and K ®; L®y, K’ as the quadratic étale algebra
over the base field and applying Theorem 9.1.2 to the embedding (*), we get f5((A ®p
L)®r K') = 0. Now, since K’ over L is a finite field extension and f5(4A ®y L) @1 K’ is
split, we have by Theorem 1.1.12,

a € Ngry,(K'™) € DL(fs(A®y L)).

Hence Dy (f3(B,0) ® L) C Dr(f5(A) ® L) for all extensions L of k. Hence by Theorem
1.1.9, ner is isometric to a subform of f5(A) and we have, f5(A) = ner ® 7, for some

2-fold Pfister form 7 over k. O

Remark 9.1.3 The converse of the above theorem fails to hold. For example, let A be
an Albert division algebra. Now, SU(M3(K), ) does not embed in Aut(A) for any
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central simple algebra (M3(K), ), where K is a quadratic field extension of k. To see
this we observe that A continues to be a division algebra over K (Proposition 5.2.4),
and over K,

SU(Mg(K), *'y) =~ SL3 — Aut(A & K)

Therefore K-rank of Aut(A ® K) is at least 2, hence A ® K is split ([61], Pg. 60), a

contradiction. In particular, if f5(A) =0, then we have,
F5(4) =0 = fo(Ms(K), )@ < 1,—1,1,~1 > .

Corollary 9.1.4 Let A be an Albert algebra over k, G = Aut(A) be the associated
algebraic group of type Fy. Let H be a connected reductive group of type Ao defined over
k. Suppose there is a k-embedding H — G. Then f5(A) = fs(H) @ T for some 2-fold

Pfister form T over k.

PROOF. Let [?{_,\I?] be the simply connected cover of [H, H] and ) : [EI_,\E] — H be the

covering map. Let ¢ : [H, H| — G be the composite [H, H] 4 [H,H] — H — G. Then
ker(¢)° = 1, owing to the simplicity of [H, H|. Hence, over an extension L of k, ¢ maps

any non-trivial torus in [H, H]; to a non-trivial torus in G® L. Now, [H, H]| is a simply
connected simple k-group of type As. Hence, by Remark 7.1.2, there exists a central
simple algebra B of degree 3 over a quadratic étale extension K of k, with an involution
o of the second kind, such that [H, H] = SU(B, o). Also, by definition (Remark 7.1.2)

—_——

f3(H) = f3([H, H]). The result now follows along exactly same lines as in the proofs of

Theorem 9.1.2 and Theorem 9.1.1. O

We give few examples to illustrate the above theorems:

Examples: Let A = J(D, 1, u, ) be a second Tits construction Albert algebra. Let the
center of D be K and let < a1, as, a3 > denote the hermitian form corresponding to
Kt in C = Oct(A) with respect to the norm form of C' ([12], §5) and H3(C,T) be the
reduced model for A, I' = diag(v1,72,73). Let 7, = Int(u)o7. As seen in §6.3, we have
the k-embeddings of SU(D, 7) and SU(D, 7,,) in Aut(A),

(a) Under the k-embedding SU(D, ) < Aut(A) we have,

f5(A) = f3(D,7)® < 1,01, 00,03 > .
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(b) Under the k-embedding SU(D, 7,) — Aut(A) we have,

[5(A) = f3(D,7)® < 1,91,72,73 > .

Lemma 9.1.5 Let A be an Albert algebra of the form J(D,t,1,u). Then

f5(A) =nc@nc ®nc dne =ne® << —1,—1 >>,

where ng denotes the norm form of the octonion algebra C of A.

PROOF. By base changing to a suitable cubic extension, we may assume that

A= J(M3(K)7 *T, 17#)a r'= diag(’)/la'.}/?a’%’)) with V17273 = 17

and K is a quadratic étale extension of k. Then A = H3(C,T') and ng = ng® <
1,7v1,7v2,73 >, where I' = Diag(v1,72,73) (Theorem 5.2.3). Now, f5(A) = ne® <
1,7v1,72,73 > (see §7.2). In this special case, nc represents v;,1 < i < 3 (since ng

represents 1). Therefore we get

[5(A) = nc @ ying ® vanc ® y3ne = ne ® ne & ne S ne.

Lemma 9.1.6 Let K be a quadratic étale k-algebra and B be a degree 3 central simple
algebra over K with an involution o of the second kind. Let A be an Albert algebra over

k and G = Aut(A). Suppose SU(B,0) — G over k. Then K C Oct(A).

PROOF. Base changing to K we get, SU(B ®; K,0 @, 1) — G ® K. Also (B ®;
K,o0®1) 2 (D x D ¢€), where D is a degree 3 central simple K-algebra and e denotes
the switch involution (x,y) — (y,z) and D is the opposite algebra of D. Hence,
SUB®, K,o0®;1) = SL1(D) — G® K. As in the first case of Theorem 9.1.2 we have
f3(G® K) = 0. Therefore Oct(A) ® K is split and hence K C Oct(A) ( follows from [5],
Lemma 5). O
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Remark 9.1.7 Let K be a quadratic étale k-algebra and B be a degree 3 central simple
algebra over K with a distinguished involution o. Let A be an Albert algebra over k.
It is possible to have SU(B,0) — Aut(A) over k, yet f3(A) # 0. Let C' denote the
octonion division algebra represented by the 3-fold (anisotropic) Pfister form < 1, —x >
®<l,—y>®<1,—z > over k = C(x,y,2). Let K C C be a quadratic subfield
and let h = diag(h1, ha, h3) denote the hermitian form on K+ C C (see [12], §5). Let
A = J(M3(K),*p, 1, ) where *xp(X) = A 1X'h and w € K satisfies upp = 1. Then
C = Oct(A) and f5(A) = nc® << —1,—1 >> by Lemma 9.1.5. Since —1 is a square
in k, fs(A) = 0. So by ([19], Prop. 40.7), we can write A = J(B,o,u,u') where o
is distinguished. Hence, SU(B,0) — Aut(A) (see §6.3). Moreover f3(B,o) = 0 and
f3(A) #0.

Proposition 9.1.8 Let A be an Albert division algebra and G = Aut(A). Then there
exists a bijection between the set of k-conjugacy classes of subgroups Aut(A/D) in G, D
a 9-dimensional subalgebra, and the set of isomorphism classes of 9-dimensional subalge-
bras of A. The map [D] — f3(D), from the set of isomorphism classes of 9-dimensional
subalgebras of A to the set of isometry classes of 3-fold Pfister divisors of f5(A), is in-
jective, when restricted to the subset {(B,o)4| o a unitary

involution on B} for a fized B.

PROOF. Let S;, i = 1,2, be 9-dimensional subalgebras of A such that Aut(A/S;),
i =1,2, are k-conjugate in Aut(A). Then there exists ¢ € Aut(A)(k) such that

GAUt(A/S1)6" = Aut(4/6(51)) = Aut(4/Sy).

Now, by taking fixed points of these subgroups in A, we get ¢(S1) = S2. Hence 5 is
isomorphic to S2. Thus we have a map [Aut(A/D)] — [D] from the set of k-conjugacy
classes of subgroups Aut(A/D) in G to the set of isomorphism classes of 9-dimensional
subalgebras D of A. Let now S;, ¢ = 1,2 be 9-dimensional subalgebras such that
¢ : S1 — Sy is an isomorphism. By the Skolem-Noether theorem for Albert algebras
([34], Theorem 3.1, see also [41], §5), ¢ extends to an automorphism ¢ of A. It fol-
lows that ¢Aut(A/S1)¢~! = Aut(A/S;). Hence we have a map [D] — [Aut(4/D)],
which is the required inverse of the above map. By Theorem 9.1.1 we have the map
[D] — f3(D). That this map is injective on the set {(B,o);+ C A} for a fixed B, follows

from Proposition 2.3.3. 0
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Embeddings of A; in Fj:

Let G be a group of type F» defined over k. Along similar lines of Theorem 9.1.1, we
now derive a factorization result for the mod-2 invariant f5(G) of G in terms of the

mod-2 invariant of the embedded k-group of type A;.

Theorem 9.1.9 Let QQ be a quaternion algebra over k and A be an Albert algebra over k.
Let G = Aut(A) be the algebraic group of type Fy associated to A. Suppose SL(1,Q) —
G over k. Then f5(A) = fa(ng) @ T for some three fold Pfister form T over k.

Remark 9.1.10 We note that the converse of the above theorem does not hold. For
example, if A is an Albert division algebra over k, then for no quaternion algebra @,
SL(1,Q) can embed in G = Aut(A), since for any quadratic subfield K C Q, the K-rank
of G® K is positive. Hence A® K must be reduced (Prop. 7.2.1), whereas A continues
to be a division algebra over K (Proposition 5.2.4), a contradiction. In particular if
f5(A) = 0, then for any quaternion algebra Q, f5(A) =0 = fa(ng) ® 7, where T is an

8-dimensional hyperbolic form.

9.2 Embeddings of A, A; in G,

Let G be a group of type G2 defined over k. In this section we derive factorization of the
mod-2 invariant f3(G) of G in terms of the mod-2 invariant of the embedded k-groups

of type A1 and As.

Theorem 9.2.1 Let C' be an octonion algebra over k and @ be a quaternion algebra

over k. Then the following are equivalent.

(a) @ embeds in C as a subalgebra.
(b) nc =ng ® 7, where T is a 1- fold Pfister form over k.
(c) SL1(Q) — Aut(C) over k.

PROOF. (1) (a) = (c) : Since @ embeds in C as a subalgebra, we can write C, up to an
isomorphism, as C' = @ ® Q (by Cayley-Dickson doubling). Consider the automorphism
of C' given by
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Gp : (x,y) = (z,py), Y2,y € Q, p e SL1(Q).

Then, SL{(Q) — Aut(Q) via p — ¢, is a k-embedding.

(2) (¢) = (b) : We can assume that ng and nc are anisotropic. Let X be the conic
attached to . Then @ (hence SL;(Q)) splits over the function field k(X). Therefore,
base changing to k(X) we get,

SL;1(Q ®k k(X)) = Aut(C ®f k(X)).

Hence k(X) splits the Pfister form nc. Therefore by Theorem 1.1.10, taking a,b = 1,

nq is isometric to a subform of n¢ and hence is a factor of nc.

(3) (b) = (a): Let 7 =< 1,—a >, for some a € k. Let C' = Q ® Q be the a-
double of Q. Now, ncr = ng® < 1, —a >= n¢. Since octonion algebras with isometric

norms are isomorphic ([19], Thm. 33.19), we have C' = C over k. Hence, Q embeds in

C. O

Lemma 9.2.2 Let C be an octonion algebra over k. Let G = Aut(C). Let K be a
quadratic étale k-algebra and B be a degree 3 central simple algebra over K with an
distinguished involution o of the second kind. If there exists a k-embedding SU(B, o) <
G then G splits.

PrOOF. By Theorem 10.1.1, H becomes isotropic over an odd degree extension of k,
hence G becomes isotropic over an odd degree extension and splits over it. By Springer’s

theorem, G splits over k. ]

Theorem 9.2.3 Let C be an octonion algebra over k. Let K be a quadratic étale k-
algebra and B be a degree 3 central simple algebra over K with an involution o of
the second kind. Then there ezists a k-embedding SU(B,oc) — Aut(C) if and only
f3(B,o) =n¢ and B = M3(K).
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PROOF. Suppose there exists a k-embedding SU(B,oc) — Aut(C). Assume that B
is a division algebra. Then SL;(B) — Aut(C ®; K) over K. Note that C, := {z €
C|Tr(z) = 0} is a 7-dimensional faithful representation of Aut(C') defined over k. Hence
SL;(B) has a 7-dimensional faithful representation defined over K. This is a contradic-
tion, since the only irreducible non-trivial representation of SLj(B) of dimension < 8,

for B a division algebra, is the 8-dimensional adjoint representation. Hence B = Mj3(K).
Claim: f3(B,0) = nc.

We can assume that both ng and f3(Ms3(K), o) are irreducible anisotropic forms. Let

Z be the quadric attached to the Pfister form f3(M3(K), o). Base Changing to k(Z) ,

SU(M;3(K) ® k(Z),0 9 1) < G k(Z).

Now f3(Ms3(K), o) splits over k(Z). Hence, by the Lemma 9.2.2, k(Z) splits G and hence
nc is split by k(Z) and by the Subform theorem (Theorem 1.1.10), f3(B,o) =n¢. O

We have the following result linking rank-1 k-tori in a k-group G of type G2 and 1-fold
Pfister divisors of f3(G),

Theorem 9.2.4 Let C' be an octonion division algebra over k and G = Aut(C) be the
corresponding k-group of type Go. Then the following sets are in natural bijection with

each other

(1) Isomorphism classes of quadratic étale subalgebras K of C.

(ii) k-Congugacy classes of subgroups Aut(C/K) in G, for quadratic étale subalgebras
K of C.

(iii) Isometry classes of 1-fold Pfister divisors of nc, the norm form of C.

(iv) k-isomorphism classes of rank-1 k-tori in G.

PROOF. The map (i) — (ii) is given by [K] — [Aut(C/K)] and is well defined. The map
[Aut(C/K)] — [K] is a well defined inverse of this map. To see this, let K;, i = 1,2, be
quadratic étale subalgebras of C and pAut(C/K1)¢~! = Aut(C/¢(K1)) = Aut(C/K>)
for some ¢ € Aut(C)(k). We show ¢(K;) = K». If not, consider the subalgebra () gen-
erated by ¢(K;) and Ks. Then @ is a quaternion subalgebra. Let x # 0 € Ks be
arbitrary and consider Int(x) : @ — Q. By the Skolem-Noether theorem for composi-
tion algebras ([53], Cor. 1.7.3) Int(x) extends to an automorphism v of C. Observe
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that Int(x), hence 9, fixes Ko pointwise. Hence 1) fixes ¢(K;) pointwise. Therefore x
centralizes ¢(K1) in @ and hence x € ¢(K1) since ¢(K) is maximal commutative in Q.
This is a contradiction. Therefore we have a bijection (i) <> (ii). The map (ii) — (i) is
given by [H = Aut(C/K)] ~ [C*]. Note that C*! = K. For the bijection (i) « (iii),
the construction is as in the case(2) of the proof of Theorem 9.2.1. The map (i) — (iv)
is given by [K] — [K(M] where K is the norm torus of K. Let S;, i = 1,2, be rank-1
k-isomorphic tori in G. By ([64], Example 6, Pg. 57 ) there exists quadratic étale ex-
tensions K;, i = 1,2, of k such that 5; = Ki(l), 1 = 1,2. Observe that S;, i = 1,2, split
over K;. Hence G, therefore C, splits over K;, i = 1,2. By ([5], Lemma 5) K;, i = 1,2,
embeds in C. Since S; and Sy are k-isomorphic, it follows that K7 and Ky are isomor-

phic. Therefore we have a bijection (i) <> (iv). O

Proposition 9.2.5 The following sets are in natural bijection with each other

(1) k-Conjugacy classes of involutions in Aut(C)(k).

(2) Isomorphism classes of quaternion subalgebras D of C.
(3) k-Conjugacy classes of subgroups Aut(C/D) C Aut(C).
(4) Isometry classes of 2-fold Pfister divisors of nc.

PRrROOF. The existence of bijection (1) <+ (2) follows from ([52], Prop. 4.1).
The existence of bijection (2) > (3) follows along similar lines as in the proof of bijection
(i) «» (ii) of Theorem 9.2.4. The existence of bijection (2) <+ (4) follows from Theorem

9.2.1. 0






Chapter 10

Embeddings of rank-2 tori

This chapter reports the work done in [9]. In chapter 9, we studied k-embeddings of
connected, simple algebraic groups of type A; and A, in simple groups of type G2 and
Fy, defined over k, in terms of their respective mod-2 Galois cohomological invariants.
Fix a field k of characteristic different from 2 and 3. In this chapter we investigate
k-embeddings of certain rank-2 k-tori in k-groups of type Go, Fy and As and study the
mod-2 invariants of these groups via these embeddings.

In §8.2 we described the notion of a distinguished torus. In the first section of this chapter
we study k-embeddings of distinguished k-tori in simply connected, simple algebraic
groups of type Ao, Go and Fy, defined over a field k, in terms of the mod-2 Galois
cohomological invariants attached with these groups. In the second section we list some
results on groups of type As, G2 and Fy which arise from division algebras, which will
be useful in the thesis. In the third section we study k-embeddings of unitary k-tori in
simply connected, simple k-groups of type As, G2 and Fj in terms of mod-2 invariants

of these groups.

10.1 Embeddings of Distinguished tori

Let G of a k-group of type F;. We show that GG contains a distinguished k-torus if and
only if f5(G) = 0. A stronger version of this result holds for groups of type G2 and As.
Let G be a simple, simply connected k-group of type G5 or As defined over k. We prove

that Oct(G) splits over k if and only if G contains a distinguished (maximal) k-torus.

87
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We begin with a group theoretic characterization of distinguished involutions on degree

3 central simple algebras:

Theorem 10.1.1 Let F' be a quadratic étale k-algebra and B be a degree 3 central simple
algebra over F' with an involution o of the second kind. Then o is distinguished over k

if and only if SU(B, o) becomes isotropic over an odd degree extension.

PROOF. Assume that SU(B, o) becomes isotropic over an odd degree extension L of k.
Claim: The degree 3 L-Jordan algebra (B,0); ® L = (B ® L,0 ® 1)1 contains a
non-zero nilpotent.

Let V. = (B,o0);+. Note that SU(B, o) acts via automorphisms on V by the map
¢ :SU(B,0) — Aut(V) of algebraic groups given by

x — ¢(x)(p) = pro(p) = prp L, x eV, pe SU(B, o).

Since SU(B, o) becomes isotropic over L, we have an embedding G,,, — SU(B®L,oc®1)

over L. We now decompose V ® L under the action of G,, as

VoL= B Vi where Vy:={weVaL:tw)=At)wVYteGn}
2ex(Gm)
Note that ker(¢r)° = {1}, owing to the simplicity of SU(B, o), where ¢, is the base
change of ¢ to L. Hence the above embedded G,, does not act trivially on V' ® L. Thus
there exists A € x(G,,,), A # 1 such that V) # 0. Now choose t € G,, such that \(¢) # 1,
AMt?) # 1, Mt?) # 1 and 0 # w € V). Let Q(X) = 3T5(X?) and N be the reduced
norm on B. Since t acts via automorphisms on (B, o), it follows, by considering the

equations,

Tg(t(w)) = Tp(w) = AMt)Tp(w), Q(t(w)) = Q(w) = A(t)*Q(w),

that Tp(w) = Q(w) = N(w) = 0. Hence w is nilpotent. Therefore, V ® L contains a
non-zero nilpotent element. Hence the claim.

By ([37], Thm. 2.11., Pg. 376), Oct(B,0)+ ® L splits. Hence o is distinguished over L
([7], Thm. 16). By Springer’s theorem, it follows that o is distinguished over k. The

converse follows by an argument as in the case(ii) of the proof of Theorem 9.1.2. O
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We now prove a lemma which will be used extensively in the thesis.

Lemma 10.1.2 (a) Let G be a group of type Fy defined over k. If G has k-rank = 1,
then f5(G) = 0. Moreover, if G has k-rank = 2, then G splits over k and f3(G) =0 =
f5(G).

(b) Let G be a simple, simply connected group of type Go or Ay defined over k. If k-rank
of G > 1, then Oct(QG) splits.

PRrOOF. (a) Let G be a group of type F; defined over k. If G has k-rank = 1 then G
is k-isotropic and by ([39], Pg. 205), f5(G) = 0. If G has k-rank = 2 then by ([61], Pg.
60), G splits over k. Hence A and thereby Oct(A) splits over k ([54], Chap. 17, §17.6.4,
8], Pg. 164).

(b) Let G be a group of type G2 defined over k. If k-rank of G > 1, then by ([54],
Chap. 17, §17.4.2), G is k-split. Hence Oct(QG) is split ([54], Chap. 17, §17.4.5, [61], Pg.
60). Let G be a simple, simply connected group of type Ay defined over k. If k-rank of
G > 1 then G is k-isotropic and by Theorem 10.1.1 above, Oct(G) splits. O

Theorem 10.1.3 Let T be a distinguished torus defined over k. Then T is isotropic

over an odd degree extension of k.

PROOF. Let T be a distinguished torus over k. Then, by definition, there exists étale
k-algebras L, K of k-dimensions 3,2 resp. such that disc(L) = K and T = SU(E, 1),
where (E, 7) is the K-unitary algebra associated to (L, K). By Lemma 8.1.4, L = E” =

{z € E |7(z) = z}. We divide the proof into three cases.

Case (i) L=k x k x k.

Since T is distinguished, we have disc(L) = K = k x k. Hence (E,7) = (L x L, €), where
€: L x L — LxLis given by e(x,y) = (y, z), the switch involution on L x L. Now

SU(EvT) = {(:v,y) € Lx L|(.’E,y)€($,y) = ]-7 (NL/k(m)aNL/k(y)) = (171)} = L(l) = k" x k*v

where L(1) denotes the group of norm 1 elements of L. It follows that SU(E, 1) =

G X Gy, over k, and hence T = SU(F, 7) splits over k in this case.

Case (ii) L =k x K, K is a field.
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Lete: Kx K — K x K be given by €(z,y) = (7,7). Then (E,7) = (kxK)®K,1g ) &
(K x (K x K), (5 €)). We have therefore,

1%

SU(E,7) {(z,y,2) € K x K x K|(2,9,2)(Z,Z,7) = (1,1,1), zyz = 1}.

1

{Zz"hz27h2) 2 K*} = {(z72N(2),2N(271),2)| z € K*}.

12

K*.

Hence T' = SU(FE, 7) = R /i(Gs) is isotropic over k.
Case (iii) L is a field.

Base changing to L we get, L ® L = L x Ky as L-algebras, where Ko = L ® A, and
A = Disc(L) (see Prop. 2.4.2). By case (i) and (ii), it follows that SU(E,7) ® L is

isotropic. Hence T'= SU(FE, 7) is isotropic over L. O

Note that this property characterizes distinguished tori among unitary ones. We now
study the presence of distinguished k-tori in groups of type As, Go and Fy defined over
k. We see that existence of such tori has a direct relation with the mod-2 invariants
attached to these groups. We obtain as an immediate consequence of the above theorem

the following,

Theorem 10.1.4 Let G be a group of type Go over k. Then G splits over k (equiva-
lently, Oct(G) splits over k) if and only if there exists a mazximal k-torus in G which is

distinguished.

PROOF. Let T' C G be a distinguished maximal k-torus. By Theorem 10.1.3, T' becomes
isotropic over an odd degree extension, say M, of k. Hence M-rank of G > 1. Thus
Oct(G) ® M is split (Lemma 10.1.2). By Springer’s theorem, Oct(G) splits over k itself
and consequently G is k-split. Conversely, suppose G splits over k. Let L =k x k X k
and K =k x kand T'=SU(L® K,1®"). By case (i) of the proof of Theorem 10.1.3,
T =2 Gy x Gy and Gy, X Gy, — G over k as G is k-split. Hence T is the required

distinguished k-torus. (|

A similar result holds for groups of type As.

Theorem 10.1.5 Let G be a simple, simply connected group of type As over k. Then
Oct(Q) splits over k if and only if there exists a maximal k-torus in G which is distin-

guished.
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PROOF. Let G be as in the hypothesis. Then G = SU(B, o) for some degree 3 central
simple algebra B over a quadratic étale extension F' of k with an involution ¢ of the
second kind. Let T — G be a maximal k-torus which is distinguished. Then, by
Theorem 10.1.3, T is isotropic over an odd degree extension M of k. Thus G is isotropic
over M. Hence by Theorem 10.1.1, o is distinguished over k. Hence, f3(B,o) = 0
and Oct(@G) is split over k. Conversely, if Oct(G) is split over k, then f3(B,0) = 0
and hence o is distinguished over k. By ([7], Theorem 16, pg. 317), (B, o)+ contains
a cubic étale k- algebra L with F' as its discriminant algebra. Let £ = L ® F. Then
FE — B and o restricted to E equals 7 := 1 ® ~, where ~ denotes the non-trivial
k-automorphism of F'. Hence SU(FE, o) is a distinguished k-torus and, by Lemma 8.2.1,
SU(E,7) — G = SU(B,0) over k. O

For groups of type F; we have the following,

Theorem 10.1.6 Let A be an Albert algebra over k and G = Aut(A). Then f5(A) =0

if and only if G contains a distinguished k-torus.

PrOOF. Assume that G contains a distinguished k-torus T. Then by Theorem 10.1.3,
T is isotropic over an odd degree extension M of k, hence GG becomes isotropic over M.
Therefore M-rank of G @ M > 1 and f5(A®@ M) = f5(4) ® M = 0 (Lemma 10.1.2).
By Springer’s theorem f5(A) = 0. Conversely, if f5(A) = 0, by ([19], Prop. 40.7),
A = J(B,o,u,u) for a central simple algebra B over a quadratic étale extension F' of
k, with a distinguished involution . Since ¢ is distinguished, by Theorem 10.1.5 there
exists a k-embedding of a distinguished k-torus 7' in SU(B,o). Now SU(B,0) — G
over k (see §6.3). Hence T'— G over k and T is distinguished. O

As a consequence of the above theorem, we have an alternative proof of (Theorem 9.1.2,

§9.1).

Corollary 10.1.7 Let A be an Albert algebra over k and G = Aut(A). Then f5(A) =0
if and only if there exists a k-embedding SU(B, o) — G for some degree 3 central simple
algebra B with center a quadratic étale k-algebra F' and with a distinguished involution

g.

PROOF. Suppose SU(B,0) < G over k for (B,o) as in the hypothesis. Since o is
distinguished, by Theorem 10.1.5, there exists a k-embedding T" < SU(B, o) for a dis-
tinguished k-torus T'. Hence T'— SU(B, 0) < G over k. Therefore, by Theorem 10.1.6,
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f5(A) = 0. The proof of the converse follows exactly along the same lines as in the proof

of Theorem 10.1.6. O

10.2 Groups arising from division algebras

Let G be a simple, simply connected k-group of type As. We will refer to G as arising
from a division algebra if either G = SU(D, o) for some degree 3 central division algebra
D over a quadratic field extension F' of k, with an involution o of the second kind or
G = SLq (D) for some degree 3 central division algebra D over k. Let G be a k-group
of type Fy. We will refer to G as arising from a division algebra if G = Aut(A), where
A is an Albert division algebra over k. Let G be a k-group of type Go. We will refer
to G as arising from a division algebra if G = Aut(C'), where C' is an octonion division

algebra over k.

Theorem 10.2.1 Let G be a simple, simply connected group of type As or Fy defined
over k, arising from a division algebra over k. Then,

(1) G(k) contains no non-trivial involution over k.

(2) There does not exists any rank-1 torus T' over k such that T — G over k.

(3) G is k-anisotropic.

These conditions hold over any field extension of k of degree coprime to 3.

PROOF. First we prove (1). Recall that an involution in a group is an element of
order atmost 2. Let G be a simple, simply connected group of type As, arising from
a division algebra D over k. Let Z(D) denote the center of D. Then [D : Z(D)| = 9.
Let § € G(k) C D* be an involution. Then #* = 1 and Np(f) = 1. Since > = 1, 0
generates the field extension k() of k of degree < 2 over Z(D). Since the dimension
[D : Z(D)] = 9, it follows that § € Z(D). Since §> = 1 and § € Z(D), § = 1 or —1
(Z(D) is a field). Since Np(f) = 1 we have § = 1. Hence G(k) does not contain any
non-trivial involutions. When G is a group of type Fy, the result follows from a theorem
of Jacobson ( [17], Chap. IX, Theorem 9). Moreover, let M be any field extension of k
of degree coprime to 3. As seen above, if G(M) contains a non-trivial involution, then
G ® M cannot arise from a division algebra. By Proposition 5.2.4, G cannot arise from

a division algebra.
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We now prove (2). Suppose there exists a rank-1 torus 7" over k such that 7' — G over k.
Necessarily, 7' = K1) the norm torus of a quadratic étale extension K/k ([64], Chap.II,
§IV, Example 6). But then T splits over K, which in turn implies that G becomes
isotropic over K. Suppose G is a group of type Fy over k. Then G = Aut(A) for some
Albert algebra A over k. Since G becomes isotropic over K, A ® K is reduced (see
Prop. 7.2.1). Hence G does not arise from a division algebra over k, since no extension
of degree coprime to 3 can reduce a Albert division algebra (Proposition 5.2.4). This
is a contradiction. Now suppose G is a group of type A over k. Since G becomes
isotropic over K, by ([61],Table of Tits indices), G ® K does not arise from a division
algebra over K. By Proposition 5.2.4, G does not arise from a division algebra over k,
a contradiction. Moreover, let M be any field extension of k of degree coprime to 3.
Suppose there exists a rank-1 torus 1" over M such that T < G over M. Then, as seen
above, G does not arise from a division algebra over M. Hence by Proposition 5.2.4, G
does not arise from a division algebra over k. This is a contradiction. The proof of (3)

follows from ([61], Remark on Page 61, Table of Tits indices). O

Remark 10.2.2 (1) Let G be a simple, simply connected k-group of type As arising
from a division algebra. Let H be a simple, simple connected k-group of type A1. Then
H does not embed in G over k. By ([46], Chap. II, Prop. 2.17) there is a quaternion
algebra Q over k, unique up to isomorphism, such that H = SLi(Q) over k. Suppose
H embeds in G over k. If Q is split, then H = SLs and k-rank of G > 1. Hence G is
k-isotropic and by Theorem 10.2.1, G cannot arise from a division algebra. If QQ is a
quaternion division algebra, we choose a quadratic subfield K C Q). Then Q splits over
K and the K-rank of H is one. Hence K-rank of G > 1 and G is isotropic over K. By

Theorem 10.2.1, G cannot arise from a division algebra.

(2) For a simple group G of type Az, conditions (1), (2), (3) of Theorem 10.2.1 are

all equivalent to the condition that G arises from a division algebra.

Theorem 10.2.3 Let A be an Albert algebra over k and G = Aut(A). Then the fol-

lowing are equivalent.

(a) f3(A) =0 (i.e, Oct(Q) is split).
(b) There exists a cubic étale k-algebra L of trivial discriminant such that L) — G

over k.
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(c) There exists a k-embedding SLy (D) — G over k, for a degree 3 central simple algebra
D over k.
(d) A is a first Tits construction Albert algebra.

PROOF. Let f3(A) = 0. Then, by ([19], Prop. 40.5), A is a first Tits construction and
A = J(D,pn), where D is a degree 3 central simple algebra over k. If D is split, let
L =Fkxkxkandif D is a division algebra, let L a cubic cyclic extension of k such that
L C D4 (This is possible by Weddernburn’s Theorem [19], Pg. 303, 19.2). In either
case, since SLy(D) < G (see §6.3), L) < G over k. Hence (a) = (b) and (a) = (c)
follows.

For the proof of (b) = (a), let L") < G over k, where L is a cubic étale k-algebra of
trivial discriminant. Clearly L = k x k X k or L is a cubic cyclic field extension of k. If
L~ Fkxkxkthen LY = G,, x G,,. Hence the k-rank of G > 2 and, by Lemma 10.1.2,
f3(A) = 0. Let L be a cubic cyclic field extension of k. Observe that L) @ L = E(),
where E = L ® L. By Proposition 2.4.2, L® L = L x L x L and hence E® is an
L-split torus of rank-2, embedding in G ® L. Hence the L-rank of G ® L > 2 and thus,
by Lemma 10.1.2, f3(A ® L) = 0. By Springer’s theorem, f3(A) = 0. We now prove
(c) = (a). Let SLi(D) — G over k, where D is a degree 3 central simple algebra over

k. If D is a division algebra, choose a cubic separable extension L over k, L C D. Now,
D ®p L = M3(L) and SL1(D ®, L) 2 SL3s — G ® L.

Hence G® L has L-rank = 2. By Lemma 10.1.2, Oct(A) splits over L. Since [L : K] = 3,
by Springer’s theorem, Oct(A) must split over k and f3(A) = 0. In the case when D
is split, SLy(D) = SL3 — G over k. Hence G is split over k and f3(4) = 0. The
implication (a) < (d) holds by ([19], Proposition 40.5). O

10.3 Embeddings of Unitary tori

It turns out that embeddings of unitary tori in groups of type As, G2 and Fj are

intricately linked to the mod-2 invariants of these groups. We discuss this below.
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Lemma 10.3.1 Let L = k x Ky be a cubic étale algebra over k, where Ky is a quadratic
étale extension of k. Let K = k x k and T be the K-unitary torus associated with the
pair (L, K). Then T = Ry, /1, (Gp).

PROOF. By definition, T'= SU(E, 1), where (E,7) = (L ® K,1® ~). Note that
(LK, 1® )= (LxL,e)=((kx Ky x (kx Kp),e),
where € : L x L +— L x L is the switch involution. Hence
SU(E,7) 2 SU((k x Ky) x (k x Kp),€).

For ((a,x), (b,y)) € (k x Kpy) x (k x Ky) we have,
((a,2), (b,y))e((a, z), (b,y)) = (((a, 2), (b,4))((b, y), (a, x)) = ((ab, zy), (ba, yx)), and

Ng i ((a, ), (0,9)) = Niox ko) x (kx ko) (kxk) = (@-Nieo /1(2),b-Ngey 11(y))-

Hence,
SU(E,7) = {((a,z), (@™, 27")) € (k x Ko) x (k x K) la.Ng,x(7) = 1} = K.

From this it follows that SU(E, 7) = Ry /1(Gm)- O

Lemma 10.3.2 Let L =k x k x k and K be a quadratic étale extension of k. Let T be
the K -unitary torus associated with the pair (L, K). Then T = K1) x K1),

PROOF. By definition, ' = SU(FE, 1), where (E,7) = (L ® K,1® 7). It is immediate
that (E,7) 2 (K x K x K, (5 7)). Hence,

SUE,7)2{(z,y,2) e K x KX KlaT =yg=22=1,ayz =1} 2 KU x KO

It follows that SU(E,7) = KM x KM, O

Theorem 10.3.3 (a) Let G be a k-group of type Go or a simply connected, simple group
of type As. Let L, K be étale algebras of dimension 3,2 resp. and T be the K-unitary
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torus associated with the pair (L, K). Suppose there ezists a k-embedding T — G. Then
K C Oct(G).
(b) If G is a k-group of type Fy or a simply connected, simple group of type Az arising

from a division algebra and T — G over k, then L must be a field extension.

PROOF. Let (E,7) and T be the K-unitary algebra and torus resp. associated with the
pair (L, K). By definition 7' = SU(E, 7). For the assertion (a), we divide the proof into

two cases.
Case 1: L =k x K for some quadratic étale extension K of k.

Let K = k x k. By Lemma 10.3.1, T' = Ry /1(Gy) — G. Therefore, the k-rank of
G > 1. Thus by Lemma 10.1.2, Oct(G) is split. When K is a field extension, base
changing to K and applying the same argument, it follows that Oct(G) ® K is split.
Hence K C Oct(G) ([5], Lemma 5).

Case 2: L is a field extension.

Base changing to L, by Proposition 2.4.2, we have, L ® L =2 L x Ky for Ky = L ® A,
where A is the discriminant algebra of L over k. By case 1, K ® L C Oct(G) ® L.
Therefore if K = k x k, Oct(G) ® L is split and by Springer’s theorem, Oct(G) splits
and K C Oct(G). Hence we may assume that K is a field. Then K ® L is a cubic field

extension of K and
(Oct(G)® L) @1, (L® K) = 0ct(G) 9 Lo K = (0ct(G) ® K) 9k (K ® L)

is split, since K ® L C Oct(G) ® L. Hence (Oct(G) ® K) is split over the cubic extension
(K®L) of K. Therefore by Springer’s theorem, Oct(G) ® K is split. Hence K C Oct(G)
([5], Lemma 5).

Now we prove (b). Let G be a k-group of type Fy or As as in the hypothesis and
let T — G over k, where T is the K-unitary torus associated to the pair (L, K) as
in the hypothesis. Assume that L is not a field. Let L = k x Kj for some quadratic
field extension Ky of k. If K = k x k then, as in the proof of case 1, GG is k-isotropic.
Therefore, by Theorem 10.2.1, G’ cannot arise from a division algebra. Let K be a field
extension. By an easy calculation we see that T ® Ky = SU(E ® Ko, 7) = M® s« MO,
where M = (K ® Kj). Note that M) x M®) contains the involution (—1,1) defined

over K. Hence G(Kjp) contains a non-trivial involution. Therefore, by Theorem 10.2.1,
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G cannot arise from a division algebra. In the case when L = k x k x k, by Lemma
1032, T = KO x KM, Again KO x K1) contains the involution (—1,1) defined
over k. Hence G(k) contains a non-trivial involution. Therefore, by Theorem 10.2.1, G

cannot arise from a division algebra. Hence (b) follows. O

Remark 10.3.4 (1) For k-groups of type Ga, (b) fails to hold. To see this, let L =
kx k xk and K be a quadratic field extension of k. Let T be the K-unitary torus
associated with the pair (L,K). By Lemma 10.3.2, T = K1) x K. Such a torus

embeds in a k-group of type G arising from a division algebra (see [53], §2.1).

(2) For k-groups of type Fy, (a) fails to hold. Let C be an octonion division algebra
over k. Let I' = diag(1,—1,—1) € GL3(k). Consider the reduced Albert algebra A :=
Hs(C,T'). Let G = Aut(A). Then C = Oct(G) (see §5.2). Let F C C be a quadratic
subfield. By ([34], §1, Thm. 1.1), there exists an isomorphism of Jordan algebras
Hs(C,T) = J(M;3(F), +p, V, 1), where +p(X) = T7X'T, V € GL3(F) with +p(V) =V
and detV = ppm for some p € F*. Let L = k x F. Note that L C M3(F) as a k-
subalgebra (via the embedding (v,x) — diag(y,x,z), v € k, © € F). Since xp is a
distinguished involution on Ms(F') ([7], Theorem 16), by ([7], Cor. 18), it follows that
L — (M3(F),*r)+ over k. Let T be the F-unitary torus associated with the pair (L, F).
Then T — SU(Ms3(F),*r) — G over k (see §6.3). By case (ii) of Theorem 10.1.3,
T = Rp/i(Gm). Hence Rp/p(Gm) — G over k. Now consider K = k x k. By Lemma
10.8.1, SU(L ® K,7) = Rp/i(Gp). Hence SU(L ® K, T) < G over k but K does not

embed in C = Oct(G), since C is a division algebra.
However we have the following,

Theorem 10.3.5 Let G be a group of type Fy defined over k. Let K be a quadratic
étale k-algebra and L be a cubic étale k-algebra with trivial discriminant. Let T be
the K-unitary torus associated with the pair (L, K). Suppose T — G over k. Then
K C Oct(G).

PROOF. Let L be as in the hypothesis. When K = k x k, we have (L& K, 7) = (Lx L,¢),
where €(z,y) = (y,z) for all (z,y) € L x L. Hence T = L), By Theorem 10.2.3, Oct(G)
splits and hence K C Oct(G). When K is a field extension, base changing to K we see
that Oct(G) ® K splits. Hence K C Oct(G) ([5], Lemma 5). O
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We now prove a factorization result for the mod-2 invariant f5(G) associated to an
algebraic group G of type Fy defined over k, given an embedding of a rank-2 K-unitary
torus in G. Let L, K be étale algebras of dimension 3, 2 resp. and let T" be the K-unitary
torus associated with the pair (L, K). Recall that with T, we associate the quadratic
form g :=< 1, —ad >, where Disc(L) = k(\/¢) and K = k(y/a).

Theorem 10.3.6 Let A be an Albert algebra over k and G = Aut(A). Let K = k( /)
be a quadratic étale k-algebra and L be a cubic étale k-algebra with discriminant §. Let
T be the K -unitary torus associated with the pair (L, K). Suppose T — G over k. Then
f5(A) = qr ® v for some 4-fold Pfister form ~ over k.

PROOF. Let G = Aut(A) be as in the hypothesis and let 7" — G over k.
Claim: Djy(gr @ M) C Dy(f5(A) @ M) for all field extensions M of k.

Let F = k(v/ad). Then Npy = qr. Note that, Np/, @ M = Npgp/y and f5(A) @ M =
f5(A ® M). If Npgar/a is hyperbolic over M, then a = § M** and hence T ® M is a
distinguished torus. Therefore, by Theorem 10.1.6, f5(A® M) = 0 and the claim follows
trivially. We may therefore assume both Npg/ar and f5 (A® M) are anisotropic. Hence
K' := F® M is a field extension of M. Now further base changing to K/ = M®y K’

we get,
(ToM)@yK' 2 Toy K — Aut((AgpM)@y K'). (%)

Since @ = § K™**, T @y K’ is a distinguished torus. Taking K’ as the base field
and applying Theorem 10.1.6 to the embedding (%) we get, f5((A ®; M) @) K') = 0.
Now, since K’ over M is a finite field extension and f5(4 @ M) @ K’ is split, we
have, by Theorem ([20], Chap. VII, Cor. 4.4), N/ /0 (K"™) C Dps(fs(A @y M)). Since
Ny (K'™) = Dar(gr @ M), we have Dy (qgr ® M) € D (f5(A) @ M) for all extensions
M of k. Hence by Theorem 1.1.9, N/, is isometric to a subform of f5(A) and we have,
f5(A) = gr ® ~, for some 4-fold Pfister form ~ over k. O

Remark 10.3.7 1) Note that the converse of the above theorem fails to hold.

Let C' denote the octonion division algebra represented by the 3-fold (anisotropic) Pfister

form < 1,—z >® < 1,-y > ® < 1,—z > over k = C(z,y,z,w). Let F C C be a
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quadratic subfield and let h = diag(h1, he, h3) denote the hermitian form on F+ C C
induced by the norm bilinear from (see [12], §5, cf. Prop. 1.3.4). Consider the Albert
algebra A = J(M3(F),*p, 1, u) where xp(X) = h1X'h and w € F satisfies pp = 1.
Let G = Aut(A). Then Oct(G) = C ([34], §1, Theorem 1.1). By Lemma 9.1.5,
f5(A) = ne® << =1,—1 >> . Since —1 is a square in k, we have f5(A) = 0. Let
K = k(y/w) and let L be any cubic cyclic field extension of k. Let T' be the K -unitary
torus associated with the pair (L, K). Since —w is not represented by nc, K ¢ C.
Hence, by Theorem 10.3.5, T cannot embed in G over k, however qr divides f5(A).

2) Let qr be as in the hypothesis of Theorem 10.5.6. Note that g7 does not divide f3(G)
in general. We use the construction as in the case (2) of Remark 10.5.4. Let C be
an octonion division algebra. Let T’ = diag(1,—1,—1) € GL3(k). Consider the reduced
Albert algebra A := H3(C,I'). Let G = Aut(A). Note that Oct(G) = C. Let ' C C be a
quadratic subfield and L = kx F. Let T be the F-unitary algebra associated with the pair
(L,F). Then, as in the case (2) of Remark 10.3.4, T — G over k. Since Disc(L) = F,
we have o = § mod k*2. Hence the Pfister form qr =< 1,—ad >=< 1,—1 > and qr

does not divide f3(G), since C is a division algebra.

On exactly similar lines we can derive a necessary condition for a rank-2 unitary torus

to embed in a connected simple algebraic group of type As or Ga:

Theorem 10.3.8 Let G be a simple, simply connected k-group of type As or Go. Let
C := Oct(G) and nc denote the norm form of C. Let K = k(y/«) be a quadratic étale
k-algebra and L be a cubic étale k-algebra with discriminant §. Let T be the K-unitary
torus associated with the pair (L, K). Suppose there ezists a k-embedding T — G. Then
ne = qr @ vy for some two fold Pfister form v over k.

PRrROOF. Recall that gr =< 1, —ad >. By Theorems 10.1.4, 10.1.5, one sees that if T’
is distinguished then C' splits. Now using same arguments as in the proof of Theorem

10.3.6, we get the desired result. O

Remark 10.3.9 Note that the converse of the above theorem fails to hold.

1) Let * denote the unitary involution x(X) = X' on M3(C) and let G = SU(M3(C), ).
Let C = Oct(G). Thennec =< 1,1 > < 1,1 >® < 1,1 > ( see §2.3). Hence C is

the unique octonion an division algebra over R. Take K = R xR and L = R x C. Let
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T be the K-unitary torus associated with the pair (L, K). Since C is a division algebra,
K =R xR ¢ C. Hence, by Theorem 10.3.3, T does not embed in G over R but the

quadratic form qpr =< 1,1 > associated with T, is a factor of nc.

2) Let G be a group of group of type Go over k arising from an octonion division algebra
C. Let Ky = k(v/9) C C be a fired quadratic subfield. Note that < 1,—8 > is a factor of
no. Take K =k xk and L =k x Ky. Let T be the K-unitary torus associated with the
pair (L, K). Since C is a division algebra, we have K ¢ C. Hence, by Theorem 10.3.3,
T does not embed in G over k, but the quadratic form qpr =< 1,—0 > associated with T,

s a factor of ng

Let A be an Albert algebra over k and G = Aut(A). Let L, K be étale algebras of
dimension 3,2 resp. and T be the K-unitary torus associated with the pair (L, K). By
case (2) of Remark 10.3.4, if there is a k-embedding 7" < G, then K need not embed in
Oct(G), i.e. if K = k(y/a) then < 1, —a > is not a factor of f3(G) in general. However,

Theorem 10.3.10 Let A be an Albert algebra over k and G = Aut(A). Let K = k(y/«)
be a quadratic étale k-algebra and L be a cubic étale k-algebra. Let T be the K-unitary
torus associated with the pair (L, K). Suppose there exists a k-embedding T — G. Then
f5(A) =<1, —a > ® for some 4-fold Pfister form ~ over k.

PROOF. We first assume that K = k x k. If L is not a field, then L = k x K, where
Ky is a quadratic étale k-algebra. By Lemma 10.3.1, T = Ry, /1(Gy) — G. Therefore
T is k-isotropic and k-rank of G > 1. Hence by Lemma 10.1.2, f5(A) = 0. Let L be
a field extension. Base changing to L we have, L ® L =2 L x Ky, where Ko = L ® A
and A is the discriminant algebra of L over k. Hence by the above argument, T'® L is
L-isotropic and f5(A ® L) = 0. By Springer’s theorem f5(A) = 0. Therefore, if o € k*?
(i.e, K =k x k) and T'— G over k, then f5(A) = 0. Using the same arguments as in
Theorem 10.3.6, with Pfister form < 1, —«a > instead of ¢, we get the desired result.
O

Theorem 10.3.11 Let G be a simple, simply connected algebraic group defined over
k. Let L be a cubic étale k-algebra with discriminant Ky. Suppose there exists an

k-embedding LY < G. We then have:
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(a) if G is of type Go or Ag then Oct(G) splits.
(b) if G is of type Fy then f5(G) =0 and Ky C Oct(G).

PROOF. Let L be as in the hypothesis and K = kx k. Let (E,7) and T be the K-unitary
algebra and torus resp. associated with the pair (L, K). We have (E,7) = (L x L,€),
where €(z,y) = (y, ) for all (z,y) € L x L. Hence T = L), Therefore T < G over k.

(a) Let G be a simply connected, simple group of type G2 or As. Then, by Theorem
10.3.3, K C Oct(G). Since K is split, Oct(G) splits.

(b) Let G be a k-group of type Fy. Then by Theorem 10.3.10, f5(A4) =< 1, —a > ® for
some 4-fold Pfister form + over k where K = k( /o). Since K = k x k, we have o € k*?
and hence f5(A) = 0. If K is split then L has trivial discriminant. Hence, by Theorem
10.2.3, f3(G) = 0 and Oct(Q) splits. Therefore Ko C Oct(G). If Ky is a field extension,
base changing to Ky we see that L ® K{ is a cubic étale algebra over Ky of trivial
discriminant. Applying Theorem 10.2.3 to the Ko-embedding L") @ Ky — G @ Ky, we
get f3(G® Ky) = f3(G) @ Koy = 0. Hence Oct(G) splits over Ky and thus Ky C Oct(G).

]

Remark 10.3.12 Let G be a group of type Fy over k. Let L be a cubic étale k-algebra.
Suppose there exists an k-embedding L) < G. Then f3(G) may not be zero. We use the
construction as in the case (2) of Remark 10.5.4. Let C' be an octonion division algebra.
Let T' = diag(1,—1,—1) € GL3(k). Consider the reduced Albert algebra A := Hs(C,T).
Let G = Aut(A). Note that Oct(G) = C. Let F C C be a quadratic subfield and
L=kxPF. Let T be the F-unitary torus associated with the pair (L, F'). As in the case
(2) of Remark 10.3.4, T — G. Note that T = SU((kx F)®F, 1®") & Rp/;(Gy,) = LY
(Theorem 10.1.3, case (ii)). Hence LY < G but f3(G) # 0.






Chapter 11

(Generation results

This chapter reports the work done in [10], [9] on generation of k-groups of type Fy by
k-subgroups of type Ay and Dy and k-groups of type Go by k-subgroups of type A; and
As. In chapter 9 we studied the factorization of the mod-2 invariants of the groups of
type Fy and G2 in terms of the mod-2 invariants of the embedded group of type A1 and
As. Let G be an simple group of type Fy (resp. G3) defined over a prefect (infinite)
field k. We prove, as an easy consequence of simplicity of G that it is generated by
all k-subgroups of type As and similarly A;. In this chapter we answer the following
question: What is the number of k-subgroups of type Ao and similarly A; required to
generate G7 We prove that if k is a perfect (infinite) field and G is an algebraic group
of type Fy defined over k, arising from an Albert division algebra, then G is generated
by two k-subgroups of type D4 and three k-subgroups of type As. Similarly, if G is an
algebraic group of type G2 defined over k, arising from an octonion division algebra,

then G is generated by two k-subgroups of type As and three k-subgroups of type Aj.

In chapter 10 we discussed conditions necessary for a rank-2 unitary k-torus to embed
in simple groups of type A2, G2 and Fy in terms of the mod-2 Galois cohomological
invariants attached with these groups. One knows that any algebraic group G of the
above types is generated by its maximal tori (hence by its rank-2 k-tori). In this section
we calculate the number of rank-2 k-tori required (in fact exhibit such tori explicitly)
for the generation of groups of type Ao, Gy and Fy arising from division algebras and
subgroups of type Dy of Aut(A) for A an Albert division algebra over perfect fields.
By < Hi, Hs > we will denote the algebraic subgroup of G generated by H;, i = 1,2.
We will often use the Borel-De Siebenthal algorithm (see §3.5). Let X and Y be types
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of root systems. If X is a subsystem of Y, we write X C Y. We fix a perfect field k
of characteristic different from 2 and 3. We first record a lemma which will be used

through the section.

Lemma 11.0.1 Let G be a k-anisotropic, connected, reductive algebraic group over a
perfect (infinite) field k. Let H be a connected subgroup of G. Then H is a reductive,

k-anisotropic subgroup.

PROOF. Since G is a k-anisotropic, by Prop. 3.2.2, G(k) has no non-trivial unipotents.
Hence H (k) has no non-trivial unipotents and R, (H)(k) = {1}. Since k is perfect, by
density of k-points it follows that, R,(H) = {1}. O

11.1 Generation of A; by rank-2 tori

Let G be a simple, simply connected group of type Ao over k. We show that the minimum

number of maximal k-tori required to generate G is 2.

Theorem 11.1.1 Let k be a perfect infinite field and F be a quadratic étale k-algebra.
Let (B, o) be a degree 3 central division algebra over F with an involution o of the second
kind. Let G = SU(B,o0). Let E1,FEy C B be F-unitary subalgebras of B such that o
restricts to E1 and Ey. Let 0; = o|g,. Assume that SU(E4,01) # SU(Es,02). Then

G =< SU(El,O'l),SU(EQ,O'Q) > .

PROOF. Let H =< SU(FE4,01),SU(Ey,02) >. Then H is a connected k-subgroup of
G. Since B is a division algebra, G is a k-anisotropic group (see Theorem 10.2.1). No-
tice that since SU(E;, 0;), i = 1,2 are maximal tori of G, H is a non-toral subgroup.
By Lemma 11.0.1, H is a connected, reductive, k-anisotropic, non-toral subgroup of G.
Since G has absolute rank-2, [H, H] is a semisimple group of absolute rank 1 or 2. Hence
[H, H] must be of type A2, Ay, A1 x A1, Ga or By = Cy. By the Borel-De Siebenthal
algorithm, A; x Ay, By ¢ As (see Example 3.5.7). Notice that Go ¢ Ay (since Lie
algebra of G2 has dimension 14 whereas the dimension of Lie algebra of Ag is 8). If
[H, H] is of type Aj, then G has a k-torus S of absolute rank 1, S C [H, H]. Necessarily,
S =M™, the norm torus of a quadratic extension M /k ([64], Chap.II, §IV, Example
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6). But then, S splits over M and hence G becomes isotropic over M. By Prop. 5.2.4,
B remains a division algebra over M. Hence by Theorem 10.2.1, G remains anisotropic
over M, a contradiction. Therefore [H, H| cannot have type A;. Hence [H, H| must be
of type As. Now H C G = [G,G] = [H,H| C H. Therefore H = G. O

11.2 Generation of F; by A, A

Let G be a group of type Fy defined over k. We now discuss the question of generation
of G by k-subgroups of type Ay (resp. Aj). Theorem 11.2.1 below was communicated
to us by Maneesh Thakur; Theorem 11.2.3 is a refinement of ([35], Prop. 6.1).

Theorem 11.2.1 Let A be an Albert division algebra over a perfect (infinite) field k.
Let L C A be a cubic subfield. Let G = Aut(A) and H = Aut(A/L). Then there exist
9-dimensional subalgebras S1 and Sy of A such that StNSy =L and H = H1.Hy--- .H,
as varieties over k, where H; = Aut(A/S1) or H; = Aut(A/S2), 1 < i <r, for some
r. Note that the H;’s here are of type As.

PROOF. Let 0 # x; € L+ and S; be the subalgebra generated by L and z;. Let
0 # 29 € Si- and S2 be the subalgebra generated by L and zo. Then S1 NSy = L
and Dim(S;) = 9, since the subalgebras of an Albert division algebra can only have
dimension 1, 3,9,27 and any two elements generate a subalgebra of dimension at most
9 ([40], §2.10, Pg. 9). Moreover, since S # So, the subalgebra generated by S; and So
equals A, since this subalgebra has dimension at least 10. Let G; = Aut(A/S;), i = 1, 2.
Then G1 NG9 = 1, since any element in the intersection must restrict to identity on S
as well as on Sy and therefore must be identity on A. Let H be as in the hypothesis.
Now L C S;, hence G; C H, i = 1,2 and the subgroup H’ of H generated by G
and G5 is a closed connected subgroup defined over k. Hence by Lemma 11.0.1, H'
is a connected reductive, k-anisotropic, non-toral subgroup and contains G;, i = 1,2,
properly. If H' is of type As, consider [G1,G1] C [H',H']. Both these groups are
connected simple of type As. Since G is connected simple of type Ay (see Thm. 6.2.4),
we get G1 = [G1,G1] = [H', H']. Arguing symmetrically we get, Go = [H', H']. Hence
G1 = Gs. But G1 NGy =1 doesn’t allow this possibility. Therefore, by Theorem 11.2.3
stated below, H' must be of type Az x Az or Dy. One sees that Ay x Ay € Dy by
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applying the Borel-De Siebenthal algorithm ( [2]) (see Example 3.5.9). Hence H' must
be of type D4 and therefore H = H. That H = H; --- H, with H; = Aut(A/S;) or
Aut(A/S,), follows from a standard theorem in algebraic group theory ([11], Chap. II,
Prop. 7.5). O

From the proof of Theorem 11.2.1, one easily sees the following:

Theorem 11.2.2 Let A be an Albert division algebra over a perfect (infinite) field k
and G = Aut(A). Let L C A be a cubic subfield and H = Aut(A/L). Then H is
generated by two k-subgroups of type As.

Theorem 11.2.3 Let A be an Albert division algebra over a field k. Let H C G =
Aut(A) be a proper connected reductive non-toral subgroup defined over k. Then [H, H|
is of type Ag, Ag X Ag or Dy.

PROOF. Let H be as in the hypothesis. In ([35], Prop. 6.1), it was shown that [H, H]
is of type Ay, Ay x Ay or Dy. We will rule out type A;. If [H, H] is of type A;, then
G has a k-torus S of absolute rank 1, S C [H, H|. Necessarily, S = K (M, the norm
torus of a quadratic extension K/k ([64], Chap.II, §IV, Example 6). But then S splits
over K, which in turn implies that G becomes isotropic over K. In particular, A ® K is
reduced (see Prop. 7.2.1). Since A is an Albert division algebra,by (Proposition 5.2.4)

no extension of degree 2! can reduce it. Therefore [H, H] cannot have type Aj. O

Lemma 11.2.4 Let A be an Albert division algebra over a field k. Let Let H be a
subgroup of G of type Dy and Hy C H be a non-toral reductive k-subgroup. Then
[Ho, Hy| is of type As or Dy.

PROOF. By Theorem 11.2.3, [Hy, Hy| is of type A2, As x Ay or D4. By the Borel-De
Siebenthal algorithm, Ay x Ay ¢ Dy (see Example 3.5.9) and hence [Hy, Hy] must be of
type As or Dy. O

Lemma 11.2.5 Let G be a simple algebraic group over a perfect (infinte) field k and
X be a fired Cartan-Killing type. Suppose G contains a k-subgroup of type-X. Then
G is generated by all k-subgroups of type-X. Moreover if G(k) is simple then G(k) is
generated by the groups of k-points of type-X subgroups.
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PROOF. Let H' be the algebraic subgroup of G generated by the k-subgroups of type-
X. Then H'’ is a non-trivial closed connected subgroup defined over k. Also note that
gH'g~' = H' for all ¢ € G(k). Hence G(k) C Ng(H') where Ng(H') denotes the
normalizer of H' in G. Therefore by density of k points, G = Ng(H'). Hence H' is a
normal closed connected subgroup of G. Since G is simple, G = H’. Now suppose that
G(k) is simple. Let H” be the subgroup of G(k), generated by the groups of k-points of
type-X k-subgroups. Then H” is non-trivial closed connected normal in G(k). Hence

H" = G(k). 0

As a immediate consequence of Lemma 11.2.5, we have the following;:

Theorem 11.2.6 Let A be an Albert algebra over a perfect (infinte) field k. Then
G = Aut(A) is generated by subgroups of type Aa, defined over k. Similarly, G is
generated by subgroups of type A1, defined over k.

Let A be an Albert algebra over k and G = Aut(A). In view of Theorem 11.2.6, it is of
interest to find the number subgroups of type As, defined over k needed to generate G.

We discuss this below:

Theorem 11.2.7 Let A be an Albert division algebra over a perfect (infinite) field k and
G = Aut(A). Let H; .= Aut(A/L;) C G, i = 1,2, where L1 # Lo are cubic subfields of
A. Then G is generated by H;, i = 1,2.

ProOOF. Let H =< H;,Hs >. By Lemma 11.0.1, H is a connected, reductive, k-
anisotropic, non-toral subgroup of G. By Theorem 11.2.3, [H, H| is of type Ag, Ag x Ag,
Dy or Fy. Since Dy & Az, Ay x Ag, [H, H] is of type Dy or Fy. If [H, H] is of type Dy,
then H; = [H;, H;] C [H,H|, 1= 1,2 and H;, i = 1,2, is of type Dy, hence H; = [H, H],
i = 1,2, a contradiction since Hy # Hy . Therefore [H, H] is of type Fy. Hence H = G.

[l

From Theorem 11.2.7 and Theorem 11.2.1, we can immediately deduce that when A is
an Albert division algebra over a perfect (infinite) field &, then G = Aut(A) is generated

by four k-subgroups of type As. However, we can do better:

Theorem 11.2.8 Let A be an Albert division algebra over k and G = Aut(A). Then

G is generated by three k-subgroups of type As.

PrOOF. By Theorem 11.2.7, there exists 3-dimensional subalgebras L1, Ls of A such that
G is generated by H;, i = 1,2 where H; := Aut(A/L;). Choose a k-subgroup S C Hs of
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type Ag such that S € H;y. Such a choice is possible since by Theorem 11.2.2 H;, i = 1,2
are generated by k-subgroups of type As. Let H' :=< H;y,S >. By Lemma 11.0.1, H’
is a connected, reductive, k-anisotropic, non-toral subgroup of G. By Theorem 11.2.3,
the possible types of [H', H'| are Ay, Ay x Ay, Dy or Fy. Now Hy = [Hy, H,| C [H', H'].
Note that H' contains Hy properly. Since Dy € Ay and Dy ¢ Ay x Ay (since Lie algebra
of D4 has dimension 28 whereas the dimension of Lie algebra of Ay x Ay is 16), [H', H']
cannot be of type Ay or Ay X Ay. Suppose [H', H'] is of type Dy. Then Hy = [H', H'].
Now H' = [H',H'|.Z(H")° = H,.Z(H')°. Since the rank of maximal tori of H' and H;
is four we have, Z(H')? = {1}. Hence H' = H;, a contradiction. Therefore [H', H'] is of
type Fy and H' = G. By Theorem 11.2.2, H; is generated by two k-subgroups of type
As. Hence G is generated by three k-subgroups of type As. O

11.3 Generation of F); by rank-2 tori

Let G be a group of type Fy defined over k. We now calculate the number of rank-2
k-tori required to generate GG. In Theorem 11.2.6 we proved that a group of type Fy is
generated by its k-subgroups of type As. The results below are continuation of that.
We first prove that a group of type Fj is also generated by two k-subgroups of type Djy.
Using this we deduce that a group of type Fj is generated by four rank-2 k-tori.

Theorem 11.3.1 Let A be an Albert division algebra over a perfect (infinite) field k
and G = Aut(A). Let H = Aut(A/L) where L is a 3-dimensional subalgebra of A.
Then H 1is generated by three rank-2 tori over k.

PROOF. By Theorem 11.2.1, H =< Hy, Hy >, where H; = Aut(A/S;) where S; are 9-
dimensional subalgebras of A with S; NSy = L. Note that H; N Hy = {1}. By Theorem
6.2.4, H;, i = 1,2, is simple, simply connected subgroup of type As. Also H;, i = 1,2,

arise from division algebras.
Claim: We can choose a maximal torus S C H;y such that S SZ Aut(A4,Ss).

If not, then H; C Aut(A,Sy) (since H; is generated by its maximal k-tori). Note
that Hy = Aut(A/S2) C Aut(A,S2). Hence H C Aut(A, S2), a contradiction, since
Dy ¢ Ayx Ay. Thus we can choose a maximal k-torus S C Hj such that S € Aut(A, Ss).
Let Hy :=< S,Hs >C H. Then, by Theorem 11.1.1, Hy is generated by three rank 2
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k-tori. We will prove that Hy = H. By Lemma 11.0.1, Hy is a connected reductive,
k-anisotropic, non-toral subgroup of G containing S and Hs properly. By Lemma 11.2.4,
[Hy, Hy] is of type Ay or Dy. If [Hy, Hy| is of type Ag, then Ho = [Ho, Hy] = [Hy, Ho]
(since Hs is of type Ag). This shows that Hg is a normal subgroup of Hy. Also SN Hy =
{1}, hence Hy =< S, Hy >= S.Hy. Now

Hy = [Hy, Hy).Z(Hy)° = Hy.Z(Hy)°.
Consider the projection maps 7 and 7’ given by,
Z(Ho)° C Hy = S.Hy =5 S, Hy = S.Hy =5 H.

Since Hy # Ha, we have Z(Hp)? # {1}. Since A is a division algebra, Aut(A) does not
have rank-1 k-tori (Theorem 10.2.1). Hence Z(Hj)° is a rank-2 k-torus. Since 7(Z(Hp)?)
is connected, 7(Z(Hp)?) = S or {1}. If 7(Z(Hy)°?) = {1}, then Z(Hy)° C Ha, hence
Hy = Ha, a contradiction, since S N Hy = {1}. Therefore 7(Z(Hp)?) = S.

Let H' = 7/(Z(Hy)°). Note that 1 € H'. If H = {1} then Z(Hp)° = S. Since
Z(Hy)° centralizes Ha, we see that Z(Hg)® stabilizes A2, Therefore S C Aut(4,Ss),
a contradiction. Hence H' # {1}.

Claim: H’ is a rank-2 k-torus of Hs.

We have, for s;h; € Z(Hp)?, (s1h1)(s2h2) = sa(s1hi)he = (s182)(hi1he). Hence 7’ is a
homomorphism. It follows that H' = 7/(Z(H)?) is a k-torus. Now since Hy does not
have any rank-1 k-tori (Theorem 10.2.1) and H' # {1}, H' is a rank-2 k-torus of Hs.

Claim: S centralizes H'.

Let s € S and h € H'. Since h € H', there exists sgp € S such that sph € Z(Hp)°. Since
soh € Z(Hp)?, we have,

shs™! = ssalsghs_l = sohssals_1 = sohsal = h.

Hence S centralizes H' and therefore S stabilizes A", Since A = Sy, we have S C
Aut(A,Ss), a contradiction. Hence [Hy, Hp| cannot be of type As. Therefore [Hy, Ho)
is of type D4y. Now Hy C H = [H, H] = [Hy, Hy] C Hy. Therefore H = Hy and H is

generated by three rank-2 tori over k. ([l
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Theorem 11.3.2 Let A be an Albert division algebra over a perfect (infinite) field k.
Then G = Aut(A) is generated by four rank-2 tori over k.

Proor. By Theorem 11.2.7, G =< Hy, Hy >, H; = Aut(A/L;) where L;, i = 1,2, are
three dimensional subalgebras. Choose a rank-2 k-torus 17" C H; such that T g Hj (oth-
erwise Hy = Hs since H;’s are generated by their rank-2 k-tori). Let H =< T, Hy >.
By Lemma 11.0.1, H is a connected, reductive, k-anisotropic, non-toral subgroup of
G. By Theorem 11.2.3, the possible types of [H, H] are Ay, Ay x Ay, Dy or Fy. Now
Hy = [Hy, Hs) C [H, H]. Since H contains Hs properly, [H, H| cannot be of type Ay or
Ay x As. Suppose [H, H] is of type Dy. Then Hy = [H,H]. Now H = [H,H|.Z(H)° =
Hy.Z(H)°. Since the rank of maximal tori of H and Hj is four we have, Z(H)? = {1}.
Hence H = Hj, a contradiction. Therefore [H, H] is of type Fy and H = G. O

11.4 Generation of G5 by Ay, A,

Let G be a group of type G2 defined over k. We now discuss the question of generation
of G by k-subgroups of type A; and A, analogous to those in section 11.2. Be begin

with,

Proposition 11.4.1 Let C be an octonion division algebra over k. Let G = Aut(C).
Let H be a proper connected reductive non-toral subgroup of G defined over k. Then

[H,H| is of type Ay, A1 X Ay or As.

PROOF. The algebraic group G = Aut(C) is a connected simple algebraic group of type
(2, in particular, G has absolute rank 2. Let H C G be as in the hypothesis. Then,
since H is not a torus, [H, H| is a semisimple subgroup having absolute rank 1 or 2.
Therefore the possible types for [H, H] are A;, Ay x A1 = Dy, By = Cy or As. We
therefore have to rule out By = Cy. This follows from an application of the Borel-De

Siebenthal algorithm ([2]), which shows that By ¢ G2 (see Example 3.5.8). O

Theorem 11.4.2 Let k be a perfect (infinite) field. Let G = Aut(C), C' an octonion

division algebra over k. Let K C C be a quadratic subfield. Then there exists quaternion
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subalgebras Q1 and Q2 of C, Q1 N Q2 = K and Aut(C/K) = HiHs...H, as varieties
over k, where H; = Aut(C/Q1) or Aut(C/Q2) fori =1,2. Note that the H;’s here are

of type Aj.

PROOF. Since C'is a division algebra, its norm form is k-anisotropic. Choose a non-zero
element 21 € K+ and let Q; be the subalgebra of C' generated by K and x;. Then Q;
is a quaternion subalgebra. Again choose a non-zero element x5 € Qi and let Q2 be the
subalgebra generated by K and z2. Then @2 is a quaternion subalgebra and Q1 N Q2 =
K. Moreover, since Q1 # 2, the subalgebra generated by ()1 and @5 equals C. Let
G; = Aut(C/Q;), i = 1,2. Then G1NG9 = 1, since any element in the intersection must
restrict to identity on @) as well as on (2 and therefore must be identity on C. Now
K C @y, i =1,2, hence G; C Aut(C/K), i = 1,2 and the subgroup H of Aut(C/K)
generated by G1 and G is a closed connected subgroup defined over k. Since Aut(C/K)
is anisotropic, by Lemma 11.0.1 H itself is a k-anisotropic, reductive, non-toral subgroup.
Hence H is connected, reductive, non-toral and contains G; properly. By Proposition
11.4.1, [H, H] must be of type Ay, A1 x Aj or Ay. If [H, H] is of type A;, then consider
[G1,G1] C [H,H]. Both these groups are connected simple of type A;. Since G is
connected simple of type A; (see Thm. 6.2.5) , we get G1 = [G1,G1] = [H, H]. Arguing
symmetrically we get, Go = [H, H|]. Hence G = G2. But G; NGy = 1 doesn’t allow
this possibility. Hence [H, H| must be of type A; x A; or As. But [H, H] C Aut(C/K)
and Aut(C/K) is semisimple of type As. By an application of the Borel-De Siebenthal
algorithm ([2]), we see that Ay x Ay € Ay (see Example 3.5.7). Hence [H, H| must be

of type As. Now
H C Aut(C/K) =[Aut(C/K),Aut(C/K)|=[H,H] C H.

Hence H = Aut(C/K). The last assertion is a standard result in algebraic groups. [

From the proof of Theorem 11.4.2, one easily sees the following:

Theorem 11.4.3 Let C be an octonion division algebra over a perfect (infinite) field
k and G = Aut(C). Let K C C be a quadratic subfield and H = Aut(C/K) be a
k-subgroup of type As. Then H is generated by two k-subgroups of type A;.

As an immediate consequence of Lemma 11.2.5 we have the following,
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Theorem 11.4.4 Let C' be an octonion algebra over k, where k is a perfect (infinite)
field. Then G = Aut(C) is generated by k-subgroups of type Ai. Similarly G is also
generated by k-subgroups of type As.

In view of Theorem 11.4.4 it is of interest to find the number of k-subgroups of type Ay
(or As) required to generate G. We first prove that a group of type Go is generated by
two k-subgroups of type As.

Theorem 11.4.5 Let C be an octonion division algebra over k, where k is a perfect

(infinite) field. Then G = Aut(C) is generated by two k-subgroups of type As.

ProoFr. Choose quadratic subfields Ky, Ko C C such that K1 N Ky = k. Let H; =
Aut(C/K;), i = 1,2. By Theorem 6.2.5, H;, ¢ = 1,2, are simple, simply connected
subgroups of type As. Let H denote the closed subgroup of G generated by H;, i = 1, 2.
By Lemma 11.0.1, H is a connected, reductive, k-anisotropic, non-toral subgroup of G
containing H;, i = 1,2 properly. By Prop. 11.4.1, [H, H] is of type Ay, Ay x Aj, Ay or
Go. Now Hy = [Hy, H1] C [H, H|. Since H; is of type Aa, by the Borel-De Siebenthal
algorithm, [H, H] cannot be of type A; or A; x A; (see Example 3.5.7). Therefore [H, H]
must be of type Ay or Gy. If [H, H] is of type Ay then [H,H| = H;, i = 1,2. Hence
Aut(C/K;) = Aut(C/K2) and hence Aut(C/K;) = Aut(C/Q) where @) denotes the
quaternion subalgebra of C' generated by K; and Ks. This is a contradiction since
Aut(C/Q) is of type A (Theorem 6.2.5) while Aut(C/K}) is of type As. Hence [H, H|
is of type G2. Now H C G = [G,G] = [H,H| C H. Therefore H = G. O

From Theorem 11.4.3 and Theorem 11.4.5, we can immediately deduce that when C
is an octonion division algebra over a perfect (infinite) field k, then G = Aut(C) is

generated by four k-subgroups of type A1. However, we can do better:

Theorem 11.4.6 Let C be an octonion division algebra over k, where k is a perfect

(infinite) field. Then G = Aut(C) is generated by three k-subgroups of type Aj.

PrROOF. By Theorem 11.4.2, there exists quadratic subfields Ki, Ko of C such that
Ky N Ky =k and G is generated by H;, i = 1,2 where H; := Aut(C/K;). Choose a
k-subgroup S C Hs of type Aj such that S g_ H;. Such a choice is possible since by The-
orem 11.4.3 H;, i = 1,2 are generated by k-subgroups of type A;. Let H :=< Hy, S >.
By Lemma 11.0.1, H is a connected, reductive, k-anisotropic, non-toral subgroup of G.

By Prop. 11.4.1, [H, H] is of type Ay, A1 x Ay, Ay or Go. Now Hy = [Hy,H;| C [H, H].
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Since H; is of type Az, by the Borel-De Siebenthal algorithm, [H, H]| cannot be of type
Aj or A; x A; (see Example 3.5.7). Therefore [H, H] must be of type A or Ga. Suppose
[H, H] is of type As. Then H, = [H,H]. Now H = [H,H|.Z(H)° = H,.Z(H)°. Since
the rank of maximal tori of H and H; is two we have, Z(H)° = {1}. Hence H = H;
a contradiction. Hence [H, H] is of type G3. Now H C G = [G,G] = [H,H] C H.
Therefore H = G. Since by Theorem 11.4.3, H; is generated by two k-subgroups of type
Aq, G is generated by three k-subgroups of type Aj. O

11.5 Generation of G5 by rank-2 tori

Let G be a group of type Go defined over k. We now calculate the number of rank-
2 k-tori required to generate G. From Theorems 11.1.1, 11.4.5, we can immediately
deduce that when C' is an octonion division algebra over a perfect (infinite) field k, then

G = Aut(C) is generated by four k-tori of rank-2. However, we can do better:

Theorem 11.5.1 Let C' be an octonion division algebra over k, where k is a perfect

(infinite) field. Then G = Aut(C) is generated by three k-tori of rank-2.

PROOF. The algebraic group G = Aut(C) is a connected, simple algebraic group of type
(9, in particular, G has absolute rank-2. By Theorem 11.4.5, G is generated by two
subgroups H;, i = 1,2, of type As with H; # Hs. Choose a maximal k-torus T C H;
such that T' ¢ Hy. Let H =< T, Hy > be the (closed) subgroup generated by T' and Ho.
Since C' is a division algebra, G is k-anisotropic (Prop. 6.1.2). By Lemma 11.0.1, H
is a connected reductive k-anisotropic non-toral subgroup of G containing Hy properly.
Using same arguments as in Theorem 11.4.5, it follows that [H, H| must be of type As
or Gy. If [H, H] is of type Ag, then [H, H] = Hj (since Hy = [Ha, Hs] C [H, H] and
both are of type As). Now H = [H,H|.Z(H)° = Hy.Z(H)° and Z(H) = NT;, T;’s are
maximal tori of H ([3], §13.17, Cor. 2). Since any maximal torus in Hs is maximal in
H we have, Z(H) C Hs. Hence H = Hy and T C Hj, contradicting the choice of T
Therefore [H, H| is of type Go. Now H C G = [G,G] = [H,H] C H. Hence H = G.

The result now follows since Hj is itself generated by two rank-2 k-tori. O

We summarize these results in the tables below,
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TABLE 11.1: Number of k-subgroups required for generation of groups

Type of group Type of k-subgroup Number of k-subgroups required for generation

Fy AQ 3
Fy Dy 2
Dy AQ 2
G2 A1 3
G- Ao 2
Ay Ay 2

TABLE 11.2: Number of k-tori required for generation of groups

Type of group Number of rank-2 k-tori required for generation

As 2
Ga 3
Dy 3
Fy 4




Chapter 12

Cohomology of unitary tori and

applications

In chapter 8, §8.2 we defined a unitary k-torus. The aim of this chapter is to study the
first cohomology of such tori and discuss some applications to algebraic groups and étale
Tits processes.

Let L, K be étale k-algebras of dimension n,2 resp. and let 17" be the K-unitary torus
associated with the pair (L, K). The first section of the chapter calculates H'(k,T). In
the second section we study some applications of the cohomology compuation to étale
Tits processes. We establish a relation between H!(k,T) and the set of L-isomorphism
classes of étale Tits process algebras arising from (L, K). In the final section we see
some applications to algebaric groups. We study the effect of the presence of a unitary
k-torus T as above in groups of type As, G5 and Fy when H'(k,T) = 0. Fix a field k of

characteristic different from 2 and 3.

12.1 Cohomology of unitary k-tori

In this section we will use some definitions and results from Chapter 4. We will special-
ize and adapt some of the computations done in ([19], §29.17), to the case of unitary
algebras. Let k be a field and K be a quadratic étale k- algebra. Let ~ denote the
non-trivial k-automorphism of K. Let L be an étale algebra of dimension n over k and
EF =L ® K be the associated K-unitary algebra with the involution 7 =1 ®".

We first calculate H'(k,SU(E,7)). Let W = E @ K. Define a representation p :

115
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GL,(F) — GL(W) by p(b)(z,y) = (be(b),NE®kS/K®kS(b)y) for all b € GL(E),
reF yeK.

Let wg = (1,1) € W. Note that GL(E)(ks) = (F ® ks)*.

Claim: Autgy, (g (wo) = SU(E, 7).

We have,
Autgr,(p)(wo) = {9 € (E®ks)"| psep(9)(1,1) = (1,1)}
= {9€(E®ks)*| g7(9) =1, Npgk,/kok.(9) =1}
= SU(E,T).

Hence, in view of Proposition 4.4.1, we have a bijection
n: Isom(A(p,wp)) < H'(k,SU(E, T)).
We define a product on I'som(A(p,wp)) as follows:

PSEP(Q)(WO)PSEP(QI)(WO) = Psep(ggl)(UJO) for all 979/ c(E® ksera)*-

A routine calculation shows that this product is well defined. Since SU(E, 7) is a torus,
H'(k,SU(E, 7)) is an abelian group. It is immediate that 1 is a homomorphism of
groups. Define

Vi={(s,2) € L" x K*| Npi(s) = 2Z}.

Given a twisted p-form w’ of wg which lies in W, there exists b € (E ® kgep)* such that
W' = Paep(B)(w0). Now pacp(B)(1t6) = paep(B)(1,1) = (b7 (), Nk, ik (1)) Along
similar lines as in ([19], §29.17), we can show that psep(b)(wo) € V and V' is precisely the

set of twisted p-forms of wg which lie in W. Define an equivalence ~ on V' as follows:
(s,z) ~ (s',2') if and only if s’ = bs7(b) and 2’ = N,k (b)z for some b € E*.

We will denote equivalence class of (s,z) € V by [(s, z)]. Note that V' is a subgroup of
L* x K*. Tt is easy to see that the product on V induces a well defined product on V/ ~

as follows:

[(s,2)][(s',2)] = [(s8', 22")] for all (s,2),(s',2") € V.
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Define £ : Isom(A(p,wo)) = V/ ~ by {([w']) = [(b7(b), NEek,.,/(Kok..,) (0))], where
w' = peep(b)(wp), for some b € (E @ kgep)*. It follows that ¢ is a homomorphism of
groups.

We have proved the following,

Theorem 12.1.1 Let L, K be étale k-algebras of dimension n,2 resp. and T be the K-
unitary torus associated with the pair (L, K). Then there exists a natural isomorphism:

HY(k,T) ~ V/ ~ of groups.

Henceforth we will identity H'(k,T) with V/ ~ and write elements in H'(k,T) as

equivalence classes [(s, z)] € V/ ~.

Theorem 12.1.2 Let L, K be étale k-algebras of dimension n,2 resp. Let E be the

K -unitary algebra and T be the K -unitary torus associated with the pair (L, K). Then,

H'(k, T) N S
kY Ngp(E)

where

§ = {u € L*| Ny j(u) € Nicsp(K*)} and K := {[(1, )] € H' (k, T)| i = 1}.

PROOF. By definition, T'= SU(FE, 1), where (F,7) = (L ® K,1® ~) is the K-unitary
algebra associated with the pair (L, K). Define ¢ : H'(k,SU(E, 7)) — W by
?([(s,2)]) = sNg/(E*). If (s,2) ~ (s',2') then s = s'br(b) for some b € E. Hence
s = s'Ng/(E*) and ¢ is well defined. We now check that ¢ is surjective. Let s €
S. By definition, there exists z € K* such that Ny, (s) = 2%, for some z € K.
Hence ¢([(s,z)]) = s, showing that ¢ is onto. Clearly ¢ is a homomorphism. Now,
Ker ¢ = {[(5,2)]| s € Ng/(E*)}. Clearly, K((]l) C Ker ¢. Let [(s,2)] € Ker ¢. Then
s € N/ (E*) = er(e) for some e € E. Let = zNE/K(efl). Then

Npw(s) = 2Z = Ng/i(s) = Ng/k(er(e)) = Ng/k(e)Ng/k(e).

Hence 2z = N/ (e)Ng/k(e). Therefore pp = 1. Tt follows that (s,z) = (e7(e),z) ~
(1, ). Hence, Ker¢ = Kél). O

We obtain below an explicit expression for H'(k,SU(E,7)). Consider the the exact
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sequence,
) S

(1) ¢q 1

— 1,

where g denotes the inclusion map and ¢ is as above. We provide a splitting of this
sequence when dimension of L is odd. We will from here on assume that the k-dimension
n of L is odd. Let n = 2r + 1.

Define t : H(k,SU(E, 7)) — K\" by,

t([(u, )]) = [(L, ~"E")].

We first check that this map is well defined. Let w € E*.

Then (u, ) ~ (wut(w), Ng/g(w)p). Now w™"r(w)" € U(E, 7). Hence

(L) ~ (L Ny (w7 (w) )" 77) = (L, (N (w)pa) ™ Ny e (@) )").

Therefore, t is well defined. It is immediate that ¢ is a homomorphism. We have

to q[(1, w]=[(Lp "E")] = [(1,p)]

2r+1

(Since u = Np/k(p) and pp = 1). Hence, t o q = Id, (). Therefore there exists a
0

homomorphism 1) : % — H'(k,SU(FE, 1)) such that ¢ o9 = Id. In fact 1 is

given by,
D([u)) = [(u, wlg@([(u, W)™ = [(w, g E "),

where Ny, i, (u) = pp, p € K. We now make some observations based on the above exact

sequence. We have,

Kert = A{[(u, Wl (1, p7"@") ~ (L, 1)} ={[(uw, Wl w1 € N/ (U(E, 7))}

= Image ¢ = {[(u, "7 ")) Npjp(u) = pi}.

~ S

= W Hence

Since 9 is an injective homomorphism, we have I'mage ¥

S

Ng/(E*) = {[(u, ]| p"B" € Ngyx(U(E, 7))} = {[(u, p" a5 ")]| Npji(u) = pi}.

Owing to the splitting of the exact sequence above we have, H' (k, SU(E, 7)) = Image qx

Ker t. We have already seen that Ker t = W Now, Image q = Kél). Let K1)
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denote the norm 1 elements of K. Define a map
X : KO K(()l)

by x(u) = [(1, )] for all p € KM, This map is clearly a surjective homomorphism.

Now,
Kerx = {ne KY[1, ] =1, 1]}
= {ne K(1)| M= NE/K(w)7 wr(w) =1, w € E}.
= NE/K(U(E7T))'
Hence, % = Ko(l). We summarize this as:

Theorem 12.1.3 Let K be a quadratic étale k-algebra and L be an étale k-algebra of
dimension n = 2r + 1. Let E be the K-unitary algebra and T the K-unitary torus
associated with the pair (L, K). Then,

KW S
% .
Ng/k(U(E, 7)) Ng/(E*)

1

H'(k,T)

In fact, an explicit isomorphism is as follows:

S

¢ HY(ET) — KV x — 2
k. T) O " Ng/p(E¥)

¢([(uw, w]) = (A, p="E")]; [ul).

We now prove a somewhat analogous result to Theorem 12.1.2, for the cohomology of a

unitary torus.

Theorem 12.1.4 Let L, K be étale k-algebras of dimension n,2 resp. Let E be the
associated K -unitary algebra and T the K-unitary torus associated with the pair (L, K).

Then,
H'(k,T) M

o~

L((]l) - Ng/k(E*)’

where

M = {p € K*| yfi € Np(L*)} and L = {[(u, 1)]| Npp(u) = 1}.
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PROOF. By definition, 7' = SU(F, 1), where (E,7) = (L ® K,1® ~) is the K-unitary

algebra associated with the pair (L, K). We define a map

M

g T
@ H!(k SU(E. ) — 5 s

by [(s,2)] = zNg/g(E*). It is easy to see that ¢ is a well defined surjective ho-
momorphism and Ker ¢ = {[(s,2)]| 2 € Ng/x(E£)}. Clearly, L(()l) C Ker ¢. Let
[(s,2)] € Ker ¢. Then 2z = Ng,g(w), for some w € E*. Let u = w~tst(w™1). Now,

Np/k(u) = Ng/g(w™'7(w™)s) and
Ng/k(s) = Npji(s) = 2Z = Ng/g(wr(w)).

Hence Np/x(u) = 1. Also (u,1) = (w™'st(w™'),1) ~ (s, z). Therefore we have

Ker ¢ = L 0
We now provide a decomposition of H'(k,SU(E,7)) analogous to that in Theorem
12.1.3. Consider the exact sequence,

é M

1) 4 1
1— 10 % 5 (5 SUE, 7)) & —
0 ( (&,7)) Ng/k(E*)

— 1,

where the maps g and ¢ are as above. We provide a splitting of this sequence when
dimension of L is odd. We will from here on assume that the k-dimension n of L is odd.
Let n =2r 4 1.
We define a map

t: H'(k,SU(E, 7)) — LV

by t([(u,p)]) := [(u”NL/k(u_l), 1)]. We first check that this map is well defined. Let
w € E*. Then (u,pn) ~ (wur(w), Ng/x(w)p). Since Ng/x(w"Ng/x(w™')) = 1 and

)
NE/K(w*1 (w™h)) = NL/k(wflT(ufl)) we have,

(W"Np(w™'), 1) ~ (" Npyg (w™u" Ny g (u™) (" )Ny e (r(w™)), 1)

= ((wur(w))" Ny ((wur(w) ™), 1)).
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Therefore, t is well defined. It is easily checked that ¢ is a homomorphism. Since u € L

and Ng/i(u) = Npp(u) = ur(u) = 1, we have,

to ql(u, )] = [, 1)] = [ (ur(w), )] = (™, 1)].

By a similar calculation, [(u? =1, 1)] = [(u?*"3,1)] = ... = [(u,1)]. Hence [(u",1)] =
[(u,1)] and therefore t o g = Id ().

0
Hence there exists a homomorphism ) : % — HY(k,SU(E, 7)) such that ¢otp =

Id. Explicitly, this map is given by

D([u]) = [(u, g™ 1)) = [(w " Ny (u), )

where Ny, /k(u) = up, p € K*. We now make some observations based on this exact

sequence. We have,

Kert = {[(u, w)]| [(0"Npsp(u™), D]~ (1,1)}

= Image Y

= {[(w "Ny (u), w)]| Npjg(u) = pp}.

Since 9 is an injective group homomorphism, I'mage i = % Hence

= NE/

M

Noyw(B7) = {[(u, W] [(W" N (™), D]~ 1, 1)} = {[(u™" " Ny ypo(u), )]l Npgw(w) = pi}.

Since the above sequence is split exact, we have H'(k,SU(E, 7)) = I'mage q x Ker t.
We have already seen that Ker t = % and I'mage q = L(()l). Let LM denote
norm 1 elements of L and EY) = {z € B)| Ng/k(z) = 1}. Now define ¢ : LM — L(()l)
) ) o
by u — [(u, 1)]. It is easily checked that Ker ¢ = NE/L(E(l)). Hence m = L((] ),

We summarize this as,

Theorem 12.1.5 Let K be a quadratic étale k-algebra and L be an étale k-algebra of
dimension n = 2r + 1. Let E be the K-unitary algebra and T the K-unitary torus
associated to the pair (L, K). Then,

LW M
X .
Ng/(EW) — Ng/g(E*)

H(k,T) =
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We now discuss the special case, when L = k x Ky, where Ky is a quadratic étale

extension of k.

Theorem 12.1.6 Let K and Ky be a quadratic étale extensions of k. Let L = k x
Ko and T be the K- unitary torus associated with the pair (L, K). Then H'(k,T) =

K3 /Nkok, /1 (K)-

PROOF. By definition, T' = SU(FE, 1), where (F,7) = (L® K,1® ~) is the K-unitary
algebra associated with the pair (L, K). Let M := K®Kjy. Then LK = Kx(K®Ky) =
K x M. Now,

SU(E,7) = {(a,r) € Kx M|aa=1,z7(z) =1,aNpx(x) =1}
= {(NM/K(x_l),xﬂ xr(z) =1, € M*}.

It follows that SU(E, ) & R

Ko/k(M)‘ By Shapiro’s Lemma ([19], Lemma 29.6),

H(k, Rgg/kW)) = H'(Ko,MW). Hence, H'(k,T) = K{ /N, (K§)- O

Corollary 12.1.7 Let K = k(\/a) and Ky be quadratic field extensions of k. Let L =
kx Ko and T be the K - unitary torus associated with the pair (L, K). Then H'(k,T) = 0

if and only if the quadratic form < 1, —a > becomes universal over K.

Corollary 12.1.8 Let K be a quadratic étale extension of k and L = k x Ky, where
Ky is a quadratic étale extension of k. Let T be the K-unitary torus associated with the
pair (L,K). Let H'(k,T) = 0. Then any composition algebra of dimension > 4 which

contains K contains K.

PROOF. By Theorem 12.1.6, H'(k,T) = 0 if and only if Nioro k(K @ Ko)* = Kg.
Let C be a composition algebra properly containing K. Then K ® Ky C C ® Ky. By
doubling, C ® Ky = (K ® Ko) @ (K ® Ko).z, for some x € (K ® Ko)*, Nogk,(r) # 0.
But since K§ = Nggk, Kk, (K ®Ko)*, we have Nogk, (2) € Nrgr, /K, (K ®Ko)*. Hence
C ® K is split and Ko C C ([5], Lemma 5). O

One may be tempted to believe that for a distinguished K-unitary torus 7', H'(k,T) = 0.
We give below an example to show that this is false. We also produce an example of a

non-distinguished (k-anisotropic) torus T such that H!(k, T) = 0.
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Example 12.1.9 Let k = R(z) and 6 = —1. Choose o € k* such that o ¢ k** and
o # 6 mod k*2. Let K = k(y/a) and Ko = k(\/9). Then Ko and K are fields. Also note
that Ko = C(x) is a C1 field. Let L =k x Ky, and T be the K-unitary torus associated
with the pair (L, K). Then, as in the proof of Theorem 12.1.6, T = Rg())/k(K ® Kop).
Also by Theorem 12.1.6, H'(k,T) = Ko*/NkgKk, /K, (K ® Ko). Since a # § mod k*2, T
is not distinguished. By Corollary 12.1.7, H (k,T) = 0 if and only if the binary form
<1, —a > becomes universal over Kg. Since Ky is a C1 field, all binary forms over Ky
are universal, in particular < 1,—a > becomes universal over Ko. Hence H*(k,T) = 0.
Note that since o # § mod k*%, K ® K is a field. Hence by ([46], Example on Pyg.

54), T is k-anisotropic. This also gives an example of a k-anisotropic K-unitary torus

T such that H'(k,T) = 0.

Example 12.1.10 Let K = k x k and L be a cyclic cubic field extension of k. Let T
be the K-unitary torus associated with the pair (L,K). By definition, T = SU(E, 1),
where (E,7) = (L ® K,1® ~). Note that (E,7) = (L x L,¢). Hence T = L"), Now

k*

H'(k,T)~ H' (k,LW)~ ——
(k1) ( ) Ny i(L*)

Let p(X) = X3 —3X — 1 € Q[X], then p(X) is irreducible over Q. Let L' :== Q[X]/ <
p(X) >. Then L' is a cyclic cubic extension of Q such that Ny, (L") # Q* ([52],
Pg. 186). Let T be the K-unitary torus associated with the pair (L', K). Then T is a
distinguished torus such that H(Q,T) # 0.

Example 12.1.11 Let T be a distinguished k-torus arising from a pair (L, K) where
L is a cubic étale k-algebra which is not a field extension and K is a quadratic étale
k-algebra. By Theorem 10.1.8, T is either Gy X Gp or Rii(Gr). In either case, by
Hilbert theorem 90 and Shapiro’s Lemma ([19], Lemma 29.6), H'(k,T) = 0.

Example 12.1.12 Let L =k x k x k and K be a quadratic étale extension of k. Then
SUE,7)={(z,y,2) e Kx KX KlaZ =yy =2z =1L,ayz =1} 2 KO x KW,

Thus SU(E,7) = K1) x K and H'(k,SU(E, 7)) = k* /N (K*) x k* /N (K*).
Hence H'(k,SU(E, 7)) = 0 if and only if k* = Ny, (K*). Let A be an Albert algebra.
Let T be the K-unitary torus associated with the pair (L, K) such that H'(k,T) = 0.
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Let T — Aut(A) over k. Since L has trivial discriminant over k, by Theorem 10.3.5,
K C Oct(A). Since H'(k,T) =0, k* = N/, (K*). Hence f3(A) =0.

Theorem 12.1.13 Let K be a quadratic étale extension of k and L = k x Ky, where
Ky is a quadratic étale algebra over k. Let T be the K-unitary torus associated with the
pair (L, K) with H'(k,T) = 0. Let A be an Albert algebra over k. If there exists an
k-embedding T — Aut(A), then Ky C Oct(A).

PrOOF. If Ky = k x k, then by Example 12.1.12, Oct(A) splits. Hence Ko C Oct(A).

Let Ky be a field extension. Base changing to Ky we have,
T® Ky=SU((L® Koy @k, (Ko®@ K), 7®1) = Aut(A) ® K.

Since L® K has trivial discriminant over K, by Theorem 10.3.5, Ko®@ K C Oct(A)@ K.
By doubling, Oct(A) ® Ky = (K ® Kg) @ (K ® Kp).z, for some 2 € (K ® Kg)*,
Noe(ayek,(*) # 0. But since HY(k,T) = 0, by Theorem 12.1.6 we have, K} =
Nioko/k,(K®Ko)*. Hence Noayayek, () € Nrar, /K, (K ®Ko)*. Therefore Oct(A)®
K is split and by ([5], Lemma 5), Ko C Oct(A). O

12.2 Application to Tits processes

In this section, we develop some results on étale Tits processes, in the context of unitary
tori. For the results on étale Tits processes used in this section, we refer to §5.3. Recall
that two étale Tits processes J; and Js arising from étale algebras L and K of dimensions
3,2 resp., are defined to be L-isomorphic, denoted by J; = Jo, if there exists a k-
isomorphism J; — Jo, which restricts to an automorhism of the subalgebra L of J; and

Ja.

Lemma 12.2.1 Let L, K be étale k-algebras of dimension 3,2 resp. Let (E,T) be the K -
unitary algebra associated with the pair (L, K). Suppose ¢ : J(E,T,u,pu) — J(E,T,v,v)
is an L-isomorphism. Then there exists w € E such that u = ¢~ (v)wr(w) and p =

Npg/k(w)v or p= Ng/x(w)v.

PROOF. By definition, (F,7) = (L ® K,1® ~). By Theorem 5.3.5, we may assume
Nppw(w) = v = 1. Let ¢ : J(E,7,u, 1) = J(E,7,v,v) be an L-isomorphism. Define
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h:LoéFE—-Landg: L®FE — E by

Qb(a’ b) = (h(a’ b)a g(a, b)),

for a € L,b € E. Since ¢ is an isomorphism, one can easily check that g and h are k-
linear maps. Since ¢ is an isomorphism of Jordan algebras, it preserves the trace forms
on both the algebras. Note that L' in J(E,T,u, ) with respect to the trace form, is
the k-subspace {(0,¢e)| e € E}, and similarly for J(FE, 7, v,v). Since ¢ restricts to L, ¢
maps L+ in J(E,7,u,p) to L+ in J(E,7,v,v). Hence for b € E, ¢(0,b) = (0, for
some V' € E. It follows that h(0,b) = 0 for all b € E. Therefore h(a,b) = h(a,0) for all
a € L, be E. We will now on write simply h(a) for h(a,b). Since ¢ is an isomorphism
of Jordan algebras, it is easy to check that A : L — L is an automorphism. Since ¢
restricts to L, ¢(a,0) = (h(a),0) for all a € L. Hence g(a,0) =0 for all @ € L. It follows
that g(a,b) = g(0,b) for all a € L,b € E. We will now on write simply g(b) for ¢(0,b).
Again since ¢ is an isomorphism of Jordan algebras, it is easy to check that g : F — F
is a bijection. Since ¢ preserves norms, N(a,b) = N(h(a),g(b)). Expanding norms we

get,

Npi(a) + pNgk(b) + uNgi(b) — tr i (abut (b))

= Nps(h(a)) +vNg/(g()) + vNEg(g(d) — trw(h(a)g(b)vr(g(b)))-

Putting a = 0, we get

UNE /e (b) + uNEg /i (b) = vNE/,(9(b)) + vNg/i(g(d)), b € E.

Since h is an automorphism of L, we have Ny, /i(a) = N /x(h(a)), a € L. Hence we get,

trk(abut(b)) =t (h(a)g(b)vT(g(b))), a € L, be E.

Putting b = 1, we get,

tr(an) =t (h(a)g(Dor(g(1)), a € L.
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Since g(1)vT(g(1)) € L, there exist b € L such that h(b) = g(1)v7(g(1)). Hence

trk(au) = tp i (h(a)h(b)) = tr x(h(ab)) = tr i (ab)

for all @ € L. Since the trace bilinear form T'(a, b) := T}, /,(ab) on L/k is non-degenerate,
we have u = b. Let h: E — E be defined by h =h®1. Then h is the extension of h to

a K-automorphism of E. In particular, h commutes with 7. We have,

Hence u = wh™ (v)7(w) = ¢ (v)wr(w), where w = h(g(1)) € E. This proves the
first assertion in the Lemma.

Now we prove the assertion on j. Let h™!(v) = v € L. Then Ny, (vo) = Ny j5(v) =
1. Let u1,us € E. Define,

< up >=< ug > over E if and only if u; = wuget(w), for some w € E.

Hence , < u >=Z< vg > over F.

We now introduce an equivalence on the set of admissible pairs in L* x K* as follows:

(w1, p1) ~ (u2,p2) if and only if there exists w € E such that us = wuiT(w) and
p2 = Ng/g(w)pr or pg = Ng g (w)fi-
Claim (u, 1) ~ (v, V).

Since J(E, T,u, n) = J(E,T,v,v), we have J(E, u) = J(E,v) over K and by ([36], Prop.
4.3), p € UNg g (E*) or p € UNg i (E*). Let p = vNg g (w) or p = VN, (w) as is the
case accordingly, for some w € E. Let v/ = w™tur(w™!). Then Ny (v') = vv =1 and
(', v) ~ (u,p). Now < u >=< v > and < u >=< vy > over E. Hence < v >=< vy >
over .

Therefore, there exists w” € E such that vg = w”v'T(w"”). Let X = N/ (w”). Since
Npk(vo) = Npj(v') = 1, we have AX = 1. Hence by ([36], Lemma 4.5), there exists
wy € E such that \ = NE/K(wl) and wiT(wy) = 1.

Therefore,

(v, v) ~ (vo, \v) ~ (vo, V).

Thus (u, 1) ~ (vo,v) = (u, ) ~ (h~1(v),v) = (¢~ (v),v). Hence, by the definition of
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the equivalence, = Ng/g(w)v or i = Ng, g (w)v. This completes the proof. O

Remark 12.2.2 As a converse to the above lemma, if there exists w € E* such that
u= ¢ (v)wr(w) and p = Ng/g(w)v (or p = Ng/x(w)v), where ¢ € Gal(L/k), then
J(E,T,u,pn) is L-isomorphic to J(E,T,v,v) (resp. J(E,7,v,7)). To see this, suppose
p = Ng/g(w)v. By Theorem 5.5.3,

J(E, T, U, N) = J(E, T, ¢_1(U)wT(w)a NE/K(U))V) =L J(Ev T, ¢_1(U)v V)'
Ezxtend ¢ to an automorphismq@ of E, defined as gZ; = ¢p®1. Note thatgzg commutes with T.

Consider the map v : J(E,7,¢ Y(v),v) — J(E,7,v,v) given by (a,z) — (¢(a), d(x))
forae L, x € E. Clearly ¥)((1,0)) = (1,0). We hawve,

Npi(6(a) + uNg i (d(@)) + tNg /i (6(2)) — tri(d(a)vd(x)T(d(x)))
= Npsi(a) + uNg/(z) + pNg/p(x) — tL/k(é(aﬁb_l(U)xT(x)))

= Np(a) + pNpw(@) + pNpsw(@) — trp(ad™" (v)z7(x)) = N(a, z).

N(¢(a), $(x))

Hence ¢ is a k-linear bijection preserving norms and identities. Therefore, by Theroem
5.83.7, ¢ is an isomorphism of Jordan algebras. Also v restricts to L. Hence 1 is an

L-isomorphism. When p = NE/K(w)?, a sitmilar argument completes the proof.

Corollary 12.2.3 Let L, K be étale k-algebras of dimension 3,2 resp. Let (E,T) be
the K-unitary torus associated with the pair (L, K). There exists an L-isomorphism
J(E,m,u,p) = J(E,7,1,1) if and only if there exists w € E such that u = wr(w) and

n= NE/K(w)'

Theorem 12.2.4 There exists a surjective map from H'(k,SU(E,T)) to the set of L-

isomorphism classes of étale Tits process algebras arising from (L, K).

PROOF. Let X denote the set of L-isomorphism classes of étale Tits process algebras
arising from (L, K). Given an étale Tits process J, let [J] denote the L-isomorphism
class of J. Let ¢ : H'(k,SU(E, 7)) — X be defined by ¢([(u, n)]) := [J(E, T, u, n)]. Let
[(u, w)] € H'(k,SU(E, 7)) and [(u, )] = [(v,v)]. Then u = vwr(w) and p = Ng, g (w)v
for some w € E. Hence by Theorem 5.3.3, J(E, T, u, u) is L-isomorphic to J(E, T,v,v).
Therefore ¢ is well defined. Clearly ¢ is onto. O
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As an easy consequence of the above theorem, we note that if H'(k,SU(E, 7)) = 0,
then all étale Tits process algebras arising from (L, K) are isomorphic. More precisely,

we have,

Theorem 12.2.5 Let L, K be a étale k-algebras of dimension 3,2 resp. and (E,T)
be the K-unitary algebra and T the K-unitary torus associated with the pair (L, K).
Then HY(k,T) = 0 if and only J(E,7,u,p) = J(E,7,1,1), for all admissible pairs
(u,p) € L* x K*.

PROOF. Suppose J(E,T,u,p) =1 J(E,7,1,1) for all admissible pairs (u, u) € L* x K*.
Let S be as in Theorems 12.1.2.

Claim: S = Ng,(E*) and K1) = N (U(E, 7)).

Let uw € S. Since J(E,T,u,p) =1 J(E,7,1,1), by Corollary 12.2.3, u = Ng,(w) =
wt(w) and p = Ng/i(w) for some w € E. Hence S = Ng/r(E*). Let pg € KM, Since
J(E, 7,1, 1) =1 J(E,7,1,1), by Corollary 12.2.3, jigp = Ng, g (w) where wr(w) = 1.

Hence K = Ng/k(U(E,T)), and by Theorem 12.1.3, H'(k,T) = 0. The converse

follows immediately from Theorem 12.2.4. O

Corollary 12.2.6 Let L be a cubic étale k-algebra with discriminant 6 and K = k(\/«)
be a quadratic étale k-algebra. Let T be the K-unitary torus associated with the pair
(L,K) and H'(k,T) = 0. Let B be any degree 3 central simple algebra over k(v/ad)
with an involution o of the second kind such that L C (B,o)y. Then B = Msz(k(v/ad))

and o is distinguished.

PROOF. By Theorem 5.3.2, there exists an admissible pair (u,u) € L* x K* such that
¢ : (B,o)y = J(E,T,u,u), where the isomorphism ¢ restricts to the identity of L.
Since H'(k,T) = 0, by Theorem 12.2.5, (B, o)y = J(E,7,u, ) =1 J(E,7,1,1). Since
J(E,7,1,1) is reduced (see Remark 5.3.4), by Theorem 5.3.1, B = Ms(k(v/ad)). By
Lemma 12.3.1, there exists v € L such that Int(v) o o is distinguished. Since ¢ restricts
to the identity of L, taking isotopes with respect to v on both sides, we have (B, Int(v)o
o)y = J(E,T,u,,u)(v) (see [38], Prop. 3.9). By ([38], Prop. 3.9) J(E,T,u,,u,)(”) o
J(E,7,uv? N(v)u) = J(E,7,1,1). Hence (B,0)y = (B, Int(v) o o). By ([19], Prop.
37.6), we have f3((B,0)) = f3((B,Int(v) oo)) =0 and o is distinguished. O
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Corollary 12.2.7 Let the hypothesis be as in Corollary 12.2.6. Let B be any degree
3 central simple algebra over k(\/@) with an involution of the second kind such that
L C B. Then

B = Ms(k(Vaé).

PRrOOF. By ([7], Prop.17, cf. [19], Cor. 19.30), there exists an involution ¢ on B such
that L C (B,0)+. Hence by the above corollary B splits. O

In view of Corollary 12.2.7, when L is a cubic étale algebra over k with trivial discrimi-

nant, we have the following

Corollary 12.2.8 Let L be a cubic étale algebra over k with trivial discriminant and
K be a quadratic étale k-algebra. Let T be the K-unitary torus associated with the pair
(L,K) and H'(k,T) = 0. Let B be any degree 3 central simple algebra over K with an
involution o of the second kind such that L C B. Then B = M3(K).

PRrROOF. Let L be as in the hypothesis. When L = k x k X k, it is immediate that
B = M3(K). When L is a cubic cyclic field extension of k, by Corollary 12.2.7, we get

the desired result. OJ

12.3 Application to algebraic groups

In this section we deduce that a group of type G2 splits if and only if it contains a maximal
torus whose first cohomology vanishes. A weaker result holds for groups of type As. We
prove these results via explicit computations of cohomology done in section §12.1. We
shall consider cohomology of maximal tori in groups of type Ay and Gs. These tori
arise from six dimensional unitary algebras, hence we can compute their cohomology
using Theorems 12.1.5, 12.1.3 with n = 3. We need a variant of ([7], Prop. 17) for our

purpose.

Lemma 12.3.1 Let F' = k(y/a) be a quadratic étale k-algebra and B be a degree 3
central simple algebra over F with an involution o of the second kind. Let L be a cubic
étale algebra such that L C (B,0)y. Then there exists | € L with Ny (1) € E*? such
that Int(l) o o is distinguished.
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PROOF. Since L C (B, o)+, by ([7], Proposition 11), there exists u € L* with Ny, (u) €
k*? such that

Qo =<1,2,26 >1<2>. << ad >> .t (< p>).

Let A\g € L* be such that tr.(Xo) = 0 and let X := % Then A € L* and
Npk(A) € k*2. Hence there exists £ € k* such that NL/,C(/\,ufl) = ¢2. Consider

= Int(EX"tu)oo = Int(A\ 1) oo,
Claim: 1 is a distinguished involution.

We will use the proofs of ([7] Prop. 17, Corollary 14). Since A\~!'y € L, we have
L C (B,¥)+. Let ¢: L — L be defined by, lq(l) = nx(l). By ([7], Proposition 13), we
have

Qu=<1,2,20>1<2> . <<ad >> .ty (< (X ) >).

It is easy to check that q(éA~'u) = Au~!. Hence

Qyp = <1,2,20>1<2>.<<ad>> . trp(<A>)

= <LLI>1<20>. <<a>> . trp(<A>).

Let (B,0)S = {z € (B,0)4+| Tp(x) = 0} and Q,° denote the restriction of Qy to (B, )%
Then Qy° =< 2> (< 1,3>1<d>. << a>>.tr(< A >). Since t7/,(A) = 0, the
form ¢,/ (< A >) is isotropicover k and the Witt index of << a >> .ty (< A >) is at
least two. Hence by ([19], Theorem 16 (c)), ¢ is distinguished. O

Theorem 12.3.2 Let F = k(y/a) be a quadratic étale k-algebra and B be a degree
3 central simple algebra over F with an involution o of the second kind. Let T be a

mazimal torus of SU(B,a). If H'(k,T) = 0 then o is distinguished.

PROOF. Let T be a maximal torus of SU(B,c). By Theorem 8.1.1, T" = SU(E, o),
where (E,0) C (B,o0) is an F-unitary algebra. Let L = E? and Disc(L) = §. By
Lemma 8.1.3, F' = L® F. By Lemma 12.3.1, there exists | € L, N (1) € k*2 such that
Int(l) o o is distinguished. Let 1) := Int(l) oo and S = {u € L*| N /;(u) € Np/(F*)}.
Since H'(k,T) = 0, by Theorem 12.1.3 m = {1}. Let u € S. Then u = wo(w)
for some w € E and Np/;(u) = 77 for some v € F. Consider the Albert algebra
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A := J(B,o,u,v). By ([19] Lemma 39.2), J(B,o,u,vy) = J(B,o,w'uc(w'), Ng(w')y
for all w' € B*. Hence for w' = w™!, we have A = J(B,0,u,v) = J(B,0,wo(w),vy) =
J(B,0o,1,p), where p = Ng(w)~'v. Therefore, f3(A) = f3(B, Int(u) o o) = f3(B, o) for
all w € S. Taking u =1 € S, we get f3(A) = f3(B,0) = 0. Hence o is distinguished.
Therefore G is distinguished. O

Remark 12.3.3 A converse of the above theorem holds when B is split. Let F = k( /)
be a quadratic étale k-algebra and o be a distinguished involution on Ms(F'). Let L =
kxF. Note that L — M3(F') as a k-subalgebra (via the embedding (v, z) — diag(~y, z, x),
v €k, x € F). Since o is distinguished, by ([7], Cor 18), there exists a k-embedding
L < (M3(F),0)4+. Let T be the F-unitary torus associated with the pair (L, F). By
Lemma 8.2.1, T — G over k. Then by case (ii) of the proof of Theorem 10.1.3, T =
Rp/x(Gp). Hence T — SU(B,0) is a mazimal k-torus with H'(k,T) = 0.

Theorem 12.3.4 Let G be a group of type Go over k. Then G splits over k if and only
if there exist a mazimal k-torus T C G such that H'(k,T) = 0.

PROOF. Let T C G be a maximal k-torus such that H'(k,T) = 0. As in §2.8, there
exists a quadratic étale k-algebra K and h € GL3(k) such that T'C SU(M3(K), *;) C G,
where %, denotes the involution on M3(K') given by %, (X) = h=1X"'h. Since HY(k,T) =
0, *p, is a distinguished involution (see Theorem 12.3.2). Hence by Theorem 9.2.3, G

splits over k. For the converse, we choose T' to be a split maximal k-torus in G, then

HY(k,T) = 0. 0

Remark 12.3.5 Let T = SU(FE, 1) be a k-mazimal torus in a simple, simply connected

~ (1)
group G of type As or Go. Recall that H' (k,T) = NE/KigUl(E,T)) X NE/f(E*) (see Theorem
12.1.3). In the proofs of Theorem 12.53.2 and Theorem 12.3.4, we do not require the
hypothesis H'(k,T) = 0 in its full force. The proofs use only the vanishing of the factor

S
W Ole(]C,T)

The Real Case

Let G be a group of type Fy over R. Let L, K be étale algebras over R of dimension 3,2
resp. and T be the K-unitary torus associated with the pair (L, K). Suppose T' — G
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over R. If HY(R,T) = 0 then f5(G) = 0. Note that K = R x Ror C. If K = R x R,
then by Theorem 10.3.10, f5(A) = 0. Suppose K = C. Note that L = R x R x R or
L=RxC. If L=RxRxR, then by case (i) of proof of Theorem 10.1.3, T' = G,,, X G,,
over R. Hence R-rank of G > 2 and by Lemma 10.1.2, f3(G) = f5(G) = 0. Suppose
L =R xC. Then by case (ii) of proof of Theorem 10.1.3, T' = R¢/r(Gn) over R. Hence
R-rank of G > 1 and by Lemma 10.1.2, f5(G) = 0.

Remark 12.3.6 The real case along with Fxample 12.1.12, leads us to raise the follow-
ing question: Let L, K be étale algebras of dimension 3,2 resp. and T be the K-unitary
torus associated to the pair (L,K). Let G be a group of type Fy defined over k and
T — G over k, then does H' (k,T) = 0 imply f5(G) = 02 Though we have not been able

to settle this over an arbitrary field, we can prove a weaker result.

Theorem 12.3.7 Let L, K be étale algebras over k of dimension 3,2 resp. and E be
the K-unitary algebra and T the K-unitary torus associated with the pair (L, K). Let G
be a group of type Fy (resp. Go or a simple simply connected group of type Az). Assume
there is a k-embedding T — G. If H(U(E, 7)) = 0 then f5(A) = 0 (resp. Oct(G)

splits).
PRroor. Consider the exact sequence

T
1—UE,7)— EF* —— L" — 1.

The long exact cohomology sequence yields the exact sequence,
* Ng/L * 1
U(E,7) — E* —— L* — H (U(E, 7)) — L.

Hence

HY(U(E,7)) = L* /Ng/(E").

Since H'(U(E, 7)) = 0, L* = Ng/(E*). Let K = k(ya) and ¢ =< 1,—a >. If
K = k x k then by Theorem 10.3.10, f5(G) = 0. Hence we may assume that K
is a field extension. If L = k x Kj, for some quadratic étale algebra K, over k,
then H'(U(E, 7)) = k* /N /p(K*) X K§ /Niyok /K, (Ko ® K)*. Since H'(U(E, 7)) = 0,
k* = Ng /i (K*). Hence ¢ is universal over k. By Theorem 10.3.10, ¢ divides f5(G) and is
a subform of f5(G) (see Theorem 1.1.9). Hence we have f5(G) = 0. Suppose L is a field
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extension. Now g, = Ng,r(E*). Since gy, splits over E, by Knebusch norm principal
(see Theorem 1.1.8), Ng,r,(E*) = L* C Dr(qr). Hence ¢ is universal over an odd degree
extension L of k. By Springer’s theorem, ¢ is universal over k. Let G be a group of type
Fy. By Theorem 10.3.10, ¢ divides f5(G), hence f5(G) = 0. Let G be a group of type
Go or Ay. By Theorem 10.3.3, g divides f3(G), hence f3(G) = 0. Thus Oct(G) splits. O
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