NON-NULL DISTRIBUTION OF THE LIKELIHOOD-RATIO
IN ANALYSIS OF DISPERSION

By J. ROY
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SUMMARY. Tn is papor tho non.null distribution of Wilks' likelihool-ratio criterion for
annlysia of diporsion {multivaristo annlysia of varisnco) whion tho expoctation.matrix ia of unil rank is
worked out in & form sufiable for numorical ovaluation of the powoer funstion whan the dovialion parmnoter
is amnlt and dogreos of frocdom for error moderalely Jrge.  An illustrative tabka of the powor function of
\ho analysis of disporsion teat &t fivo porceal lovel of sigaificanco is presented for p m 1,2, 3, 4 varistes
whon tho degroes of freedom for the hypothiosis aro m = 2,3 and the degrees of froedom for orror aro
A - 200,

1. IxTRODUCTION

It is well known that prob) of analysis of dispersion (or, mmltivariato
analysis of variance) can be reduced to the fullowing form: Tho joint probability
donsity funetion of the clements of the random matrices X of form pxn(n 3 p) and ¥
of form pxm is

@M 12 T oxp [=} tr SRRV =INT=I0) ... (1Y)

whore the matrix S of form pXp is positive-definite and unknown and tho problom
is to test tho hypothesis Jfg that tho matrix M of form pXm is & null-matrix, that is,

Hy: M=0 - (1L2)

‘The likelihood-ratio statistic for testing thia hypothesis is duo to Wilks (1932) and can
be put as

]—\,‘\;?i}}-,-l e (13)
The sampling distribution of this statistio in tho null easo whon Il is truo has beon
investigatod extonsively; sco Rao (1933) or Anderson (1057). In tho null caso, wo
shall say that L follows Wilks' clistribution with degreos of frcodom n, m and p and
donoto its probability donsity function by W(L, n, m, p}. In this paper, wo shall be
coneornod with tho non-null distribution of L whon M £ 0. The following proportics
of the null-distribution of L would be wsoful in this connection:

(5,

-1
E(L| 1y = “
(=0

(n—}-m—l—l) (14
2 1
whore {a) = Ma+){T(a).

Under My, the sintistic L is distributed independently of the elements of
(XX'4+ YY) e (LB)
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The non-null distribution of L whon m = 1 was dorived by Boso and Roy
(1038) and Hsu (1038) and tho probability donsity function in this case can bo written
[tH

ip,(ld‘) B(L2=EEL | L) )
4=0)

whoro (0) is tho Doisson probability function :
P0) = e-0 OU[jt e (17)
and B(L,r,s) is tho Beta donsity function

1
Bir, )

At T A

DL re)= {1.8)

and s=rzty e (L9)

Anderson (1946) has shown that, in goneral, whon the rank of the matrix M is
¢, ¢~€ min {p, m), tho distribution of L can involve at most thog paramoters
8,4, ..., 8, dofincd as the positive square-roots of the non-zero roots of the
determinantal equation

| MM —88) = 0. o (L10)

Ho has also dorived the moments of L when ¢ = 1, 2,

2. A LEMMA

To obtain the non-null distribution of L wo mako the Jinoar transformation
[X*: ¥*)=C,BX ; YIC, S ))

whoro tho matrix B of tho form pXp sotisfies
BB =1 . (22)

and orthogonal matrices €y of the form X p and C, of the form mxm aro chesen to
make

(23)

C,BMCy = [o

where O, and O, aro nufl-matrices of the forms px(m—g) and {p—g}X¢ respoctively
and A is a ¢x ¢ dingonal matrix with diagonal ol 8., 831 ..y 8, defined by (1.10).
Tho oxistenco of mntricos C; and C, is proved by Deomer and Olkin (1951} Writing
Y* in tho partitioned form

Yo =[] T} o 20
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ANALYSIS OF DISPERSION : NON-NULL CASE
whoro Y3 'is of tho form pX{m—q) and Y} is of the form pxg, it follows that
L= —-TJL:‘.LF/—
EOGES A
and that tho joint probability density function of X*, Y7, Yz is
)" e [~y or {Xox0+ )’;1’;'+(y;—[2'])()';—[OA'])'}]. e (20)

Now lot

o xe _ 124 01

O RO G I PR A A e

whero Z,=[X*: Y]} Z,= Y} . (28)
80 that L=L L, o (2.9)

Obviously L, follows Wilks’ distribution with #, m—gq and p degroos of froodom and
from (1.5) it is oasy to sco that the distribution of L, is independont of L, Wo thus
have tho

Lomma 2.1: The probability distribution of the statistic L defined by (1.3)
is the same as the product of two independent statistics Ly and Ly where L, follows Wilks'
distribution with degrees of frecdom n, m—q and p and Ly ia defined as the dclerminantal
ratio (2.7) tchere the joint probability density function of the clements of Zy of form
pX(n+m—q) and Z, of form pxq is

(@™ exp (= tr (2,2 +H(Zy— MNZy— I} . (210)
whoro M, = [OA']

The problom of deriving tho distribution of L, is simpler than that of Z
bocauso the value of m is now reduced to only g.

3. TUE OASE g =1
In this case, tho probability density function of Z, is

Z';PI(W)B(L:: "_.*"!2‘—_1’,%.;__,-) o (3
=0

whero p,{0) is dofined by (1.7), and & is the singlo paramoter involved. Also, L, follows
indopondently Wilks® distribution with degrees of freedom n, m—1 and p.
Consequently, tho probability that the product L = L, L, is less thona preassigned
constant z, 0 < z < 1, may bo evaluated as

Prob (L < 2) = E’a 2P, (x) - 3:2)
whero

Pi)= | IV(L,,n,m—l,p)B(L,,"""#,—";-+j):lL,rIL,. - (33
Liags- 2
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To ovaluato Fj(r) wo noto that tho problem is tho samo as finding tho
cumulative distribution function of tho statistio

Ly=1I,.Ly e (3.4)

where L, and Ly aro distributed indopondently,~L, having the probability density
function W(L;, », m—=1, p) and Ly having the probability doneity function

B( L., ’i+_i';1'l’ ) 72'+J) Consequontly the ¢-th t of Ly is givon by

(54257, i _(3-1)
(Fe], = )

E(LY,) = E(LL)E(LY) = (3.5)

t
whero (1), is as dofined in (1.4).

It is known, howover, {Roy, 1951), that for any statistic ¥ distributed in tho
interval (0, 1) with {-th momont about origin givon by

G
E(Vy= ] = ) . (36)
i=1 ?-I- ¢ :
where ¢ > &, j =1, 2, ..., 8 aro conslants not involving n,
Prob(V < 2) = Q(x*)+terms O(n-?) . (37
where 3¢ = ~(n—A)logx, r=2r, A=(n—r)n, . (3.8)
7= ‘i:l G-t t=1,2 . (39)

and Qy{z) is tho probability for a Chi-square with r dogroes of frecdom to excecd z,
that is,

Q= | ""I‘lﬂr) etub-idn, e (3.10)
Thus Py(z) = Qumsnf( X))+ torms O(n-1) e (8.11)
where I = ~(n+m—2)) logz . {3.12)
3= Prlpdmt DAY 4 e ihemd o e (3.13)

pmt2j
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ANALYSIS OF DISPERSION : NON.-NULL CASE

Formulro (3.2) and (3.12) give a vory conveniont mothod for computation
whon n is largo and & small. Sinco

X L3
[Prob (L < 2)= % pAsHPAR] < 1= 2 18" e (3.14)
and when & is small, ovon for comparatively small valuos of k tho difforonco
1— )kip,(lb") is rather small, wo ncod consider only s very fow torms in tho
-0

expansion (3.2).

If » is 80 Inrgo that torms O(r-1) may o neglocted, Py(x) ean be computed
from Tables of tho incompleto Gamma function or from Hartley and Pearson’s (1950)
Tables of tho Chisquare integral. The p's can bo read off from Molina'a (1943)
Tablos of Poisson probabilitios.

4. DPOWER FUNCTION OF ANALYSIS OF DISPERSION TEST
Formula (3.2) can bo used to ovaluato tho power function of tho analysis of
dixpersion test whon tho alternative hypothesis is of rank one. To illustrate, consider
the caso where there are p = 4 variates, the dogrees of froedom for error and hypotheses
are n = 200 and m == 2 respectively, the lovel of significanco is fixed at five porcont
(2 = 0.05) and tho alternative hypothesis of unit rank apecifies that 82 = 2. Using
Rao’s (1051) approximation |seo Rao, 1053) to tho null distribution of L, namely

that — ( n+ m_,,—"_l) X log, L follows tho Chi-square distribution with pm dogreos
of freodom, tho lower five percont point of tho distribution of L is found to be
z = 0.02486.

Tho power of the test is thus given by Prob (L < z). To compute this, we propare
first tho following tablo of values of pm+4-2j, A, and X, for j =0, 1,2,3,4,5:

i Pt Y] Xy

0 8 3.5 15.5073
1 10 3.0 13,5404
2 12 2.8 13.6089
3 N 1181818 13.6834
4 10 [ 13,7807
s 18 —1.307092  15.8820

Writing p; = p,(18%) and Q; = Qyns5{X;) wo road off tho values of p; and @, from
Hartloy and Poarson’s (1950) Tables :

2l L]

0.36788 0.03000
0.36788 0.11338
0.18304 0.20081
0.00131 0.33238
0.01333 0.40430
0.00307 000070

IR TR A
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Tho power of tho test is thus given Ly
Trob (L < 1) = T @y = 0.12812 - 0.13
to two places of decimaly,
Tho following tablo gives tho powor of analysis of dispersion tests at the five
percont lovel of significanco forp =1,2,3,4, m=2,3, n=1200, &= o{L)s.

POWER OF ANALYSIS OF DISYERSION TEST WMEN TI(E
ALTERNATIVE I{YPOTLES!S IS OF UNIT RANK

n - 200 am.05

probability of rejootion of tho hypothosis

LICE] mel
81 numbor of variates {p) numbor of vusiales (p)
1 2 3 4 1 H 3 4
0 .05 .08 08 .03 05 .03 .03 .05
1 .3 .10 09 .09 A1 .00 08 .08
2 .22 16 N 13 A9 W4 2 .t
3 3. 20 W17 20 0 7 LG
4 40 31 26 .2 35 .2 .2
5 .49 .38 . .8 L E T L R ¢ - )
6 .57 45 .39 L3 L0030 32 .8
7 .84 52 4F W0 57 43 38 )
8 .70 .39 .52 .40 L1 N> S & ]
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