ON TESTING THE MEAN OF A DISCRETE LINEAR PROCESS
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SUMMARY. In this papor a mothod of lesling tho moan funclion of a discreto linoar stationary
prooess ia given when tho wpootral donily fupstion is known. Tho ssymptotic distribution of the
proposod tost statistio ks derived,

1. INTRODUCTION

Tho problom of testing tho mean functivn of a linear process has beon solved
by Gronander and Resonblatt (1051) in the case when thoe procoss is Gaussian and
a simplo hypothesis js boing tested agninst a implo altornative. In this papor
wo considor tho problom of testing the null hypothosis that the mean function of an
arbitrary Linoar procoss is zoro against all sltornatives. Tho asymptotis distribution
of the proposod test statistic is derived. Tho test is shown to bo consistont against
cortain alternatives in tho class of Gaussian procosses,

2. THE TEST

Lot [2;, ..., Z,) bo obsorvations on & discroto linear stochastio process [z]
which is of the form
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whore £, aro indopondont and identicslly distributod random variables, oach with
moan zoro and varianco ono. Lot
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is the spectral donsity of the process. Tho problom is to test the null hypothesis
Hyimy=0=...~1,0,1,..) e (23)
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If the procoss [s Gaussian the likelihood ratio test will lond to the statintic 727z,
whero £ = [, 7, ..., x,] ond largo values of tho statistio aro significant. Tho test
basod on this can Lo shown to Lo cunsistont against all altornativos for which

lira {my .. m,]}. [m, -y
e )

= . (29

But this stotistic, oven though its exact distribution is known, is not vory suitable,
sinco for lurgo N it is difticult to computo E™%, Wo suggest horo a more conveniont
altornative procodurs which alsv is cunsislont against allornatives of tho typo just
cuusidorod,
Consider tho oxprossion
X
X b,
N iz e (25)

X bbiprs
.

whore by, by, ..., by are arbitrary constants. If all tho zjs are of expoctation zero
wo expect |.X,] to bo small. If wo waximiso I.Y.l' over all by, ..by wo get X7 2,
Instead we rowrite (2.5) as

X —in
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whoro ¥ "

MA)= X be . . (27
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Now wo maximiso (2.6) ovor all functions k{2), square integrablo with respoct to f(A),

instoad of over A(A) of tho typo (2.7). Assuming that 1/f(A) is integrablo over (—m,m),

wo obtain thus the statistic

a

’ dA e (28)
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Yy = max |X,|?= —
» ’Mx)l = _I'
by an applicstion of Schwartz's inequality.

Tho asymplotio null distribution of Y is given by tho following theorom.

Thoorem 1: Suppose that a, = 0-3), # > 32 and [ [FAY €™ dA = 0(r-1).
Then, under the null hypotheais, the distribution of +/F[(Yxly)=1) converges lo the
normal distribution with mean zero and variance o3 where 03 = E3} —1,
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Proof : Lot

& N
Iy =(1/21X) }; ze . (2.8)
¥ 2
Iyg=0p2r M) £ g &
1

Then, by (2.1), if m, = 0 for all {, wo have

VY § (L0-2f Q) LN UQT A =8 2 3 g4, 210)

ﬁ (, ,tl Nar
whero dpy = S Byl p"™M— % L g E,,p o (211)
Mal Bal Malis Mmlyr
and v
A= T aa . {212)

Thero may bo a lattico rectanglo of points R{¥ of points (n, m) common to tho sums
involvod in (2.11), Tho expressions corresponding to thoso points will cancol. Lot
Ci be tho complemont of RiY with rospect to the sob consisting of all tho lattice
pointa in both the summations. Wo thon have

Eldsl & Z fgtn—m)) . {213)

(nm)eCe)
whore g(k) = tpth]. e (214)

Sincopt = 0{k-1) and a, = 0(¢-?), # > 3/2, by tho analysis carried out by Gronander
and Rosonblatt (1951, chaptor 6, pp, 191-102) wo have

VE § UdA=2010) Lna QU400
in probability as ¥—c0. Wo have
Vit (F In =11 = VF (87 Eg-11 - (215)

An application of tho contral limit theorom shows that the limit distribution of {2.16)
is noral with moan zero and varianco

ot = EEi-1,

This complotes the proof,
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3. CONSISTENCY OF THE TEST WHEN THE £, ABE NORMALLY DISTBIBUTED
The proposed test of tho null hypothesis I, is tho following: Roject If, if and
only if
WY yx)-1]> K, e (30
whore X, ia the uppor @ percont point of tho normal distribution with mean zoro and

variance unity.
Theorom 2: If§, are normally distributed the test given by the critical region

W2 (Yaw=1] > K.

where K, is the a percent point of the normal distribution with mean zero and variance
unity, is consistent againat all alternatives {my (¢ = «—1, 0,1, 2 «..) which salisfy the
condition (2.4),

Proofs Since 2% 2 Yy, we have

Plrejocting Ho|{mdl= PIVIPEUY ss5)—1]1> K. |{m})
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But 2272 = (z—m) =7 (z—my $2m 7 (z—m) +m X o’ -
whoro m = [my, my, ... my).

Since the limiting distributions of
w75 [ (£=m) Y z—m)’ _
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oxist as N—>0, and m 1

i =
N—;n:o VN @

it is easy to soe that, in (3.3), tho loft side of tho inoquality within square brackets
tonds to infinity in probability. Thus the limit of (3.3) 88 N—00 is unity. This
complotes the proof of Theorom 2.
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