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SUMMARY. In this papor are idered somo it i il toortho.
gonal armys introduced by the author sovoral years ago (Rao, 1946a). In an orthogonal armmy, all combina-
Lions of 2 clomenta takon d ol a tima allowing repelitions occur an oqual number of times in every st of d
rows of tho armay. By not allowing ropetitions and relaxing tho coadition that the combinationa should
be ordored coriain now arrngementa enlled orthogonal armys of Typo I and Typo JI have boen obtoin-
od, Their relationships with orthogonal latin equares and their uso in tho construction of BIB designs
havo boen discussed.

1. IxTRODUCTION

In n recent paper the anthor {Rao, 1061a) considered the construction of BIB
designs wnh rephcnhons 11 to 15, Somo solu(ions deponded on cortain types of
gous to orthogonal arrays introduced earlier (Rao, 19404, p.134),
dcvclopcd and applied in the construction of confounded factorial designs (Rao, 1946b,
1947, 1048). Tho recent significant work of Boso, Shrikhande and Parker (1960)
and Parker (1058) on tho falsity of Eulor's conjecturo involvod the pts of ortho-
gonal arrays and closoly rolated arrangoments which may be called orthogonal nrrays
of Typo I.  Tho object of tho present paper is to examino cortain other arrangoments
called orthogonal arrays of Typo II which havo boen found useful in the construction
of dicyclic solutions to BIB designs. (Rao, 1961a).

2. DIFFERENT TYPES OF ORTHOGONAL ARRAYS

Considor & sot S of & symbols and a txX N matrix of cloments of S, Such
a matrix is eallod

(i) an orthogonal array of strongth d, constraints ¢ and index A, and repre-
sonted by (¥, ¢, s, d), if in evory sct of d rows, tho N columns contain each of tho
& ordered combinations of 8 elements taken d at a time allowing repefitions, A
times;

(ii) an orthogonal array of Type I, strength 4, constraints ¢ and indox A,
and reprosented by (X, ¢, 8, d) : I, if in ovory sot of d rows, tho X' columns contain each
of the #!f(s—d)! ordorod combinations of & elemenls taken d al a time without
repelitions, A times;

(iii) an orthogonal array of Type 11, strongth d, constraints ¢ and index A,
and ropresented by (N, ¢, s,d) :I1, if in ovory sot of d rows, tho N columns contain
oach of tho s!/d}s—d)! combinntions of 4 eclements taken d at & time with order ignored
and without repelitions, A timos,
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For cxamplo, when & = 3 orthogonal arrays of strength 2 aro na follows ¢

A A A B B B CCC
A B C A B C A B O
(9,4,3,2 A B C B C A C A B
A B C C A B B C 4
A B C A B C
(6,3,3,2):1 B C A C A B
C 4 B B C 4
4 B C
(3,3,3,2):11 B C 4
¢ A B

For orthogonal arrays of strength 2, tho minimum valuo of N and tho maxi-
mum valuo of ¢, for given s, aro

array mia N max ¢
orthogonal @2 a4l
wo tpo X ale-=1) .

T *% ) G Cond | B P

#a—1)  foracuen

In tho present paper it is shown that arrays of Typo II and strength 2 ean bo cons-
tructed with the optimum values of A" and ¢ when a field with s eloments, GF(s)
oxista. For othor values of s, tho mothods used by Parker (1958), and Bose,
Shrikhande and Parker (1080) for the construction of orthogonal arrays may bo
employed.

3. ARRAYS OF TYPE I AND STRENGTH 2

It is known (Rao, 1046a) that (s2, ¢, 8, 2) == tho existence of (t—2) mutually
orthogonal latin squarea (m.0.)l’s). Theorem 1 contains somo results ostablishing
the relationship botweon Typo I arrays and m.o.l’s.

Theorom 1: (i) (t—1) m.ol's of size 8 = (s(s=1),4,8,2):1
(ii) (s(s—1),4,,2):1 = ({t—2) m.ol.'s of size &
(i) (a%,4,8,2) = (s{s—1),1—1,8,2):1
(iv) (t—2) m.0l’s of size &
with a common directriz &= (s(s—1),1,,2): L.
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A latin squaro of sizo # is said to have a dircetrix if s difforent symbols can Lo
found in & colls with tho property that no two cells aro in tho samo row or column.
Result (iv) of Theorom 1 is importhnt and has been used earlior in the construction of
Quasi-fuctorial desigus (Rao, 1956) and cunfounded designs for asymmeotrieal factorinl
oxperiments {Nair and Rao, 1048), In tho latter paper it has beon shown that
(36, 3, 6, 2) : I exists nlthough thoro aro no orthogonal equares of sizo 8 sinco a latin
squaro of size 6 with a dircctrix con Lo writton down. It is intoresting to noto that
the mothod of construction givon by Bose, Shrikhando and Parkor {1960) always leads
to orthogonal squares with a common directrix.

4. ARRAYS OF TYPE Il AND STRENGTH 2

Theorom 2 contains tho main result in the constructivn of orthogonal arrays
of Typo 1L
Thoorom 2: Ezistence of QF(s)==) (sls—1){2, 4,4, 2} : 1] when & is odd.

When & is oven, tho minimum valuo of X is s{s—1) and a Typo I array
can bo constructod with this valuo of N if GF(s) exists, which is also a Typo II
array with index 2, Tho only intoresting caso is whon s is odd.

Lot ay =0, «;, ..., &, bo tho clomonts of GF(s). Thoy can also bo writlon
88 ag =0, B, o0 Buurii—F +or —Pu-ps When & is odd. Consider tho vectors

By Bty v Bite)s  i= 1,0, (a=1)2- . ()
Tho symmotric differoncos of clomonts occurring in tho (r+41)th and (u+1)-th
positions are

Bz —a —fla—a): =1, (=12 . (1)

Sinco (a,—a,) 5£ 0, the diffcronces (4.2) includo all tho non-zoro clemonts of GF{s)
oxactly onco ench. Honco by an application of & theorom duo to Boso (1039) it
follows that the totality of sots

(Bxatay, s ta ooy Bty ta) e (43)
i=0,..,6-1; i=1..,(s=1)2

aro such that in any two positions all ions of tho & ol takon two at a
timo occur oxactly onco oach. Tho sots (4.3) writton as columny provido
(e{s—1)/2, o, &, 2): 11, which proves Theorom 2.

For examplo, if 4 = &, tho residuo classes 0,1, 2, 3, 4 (mod §) form a field.
Wo wTito the olomonts as 0, 1, 2, —1, =2, and honce tho key sots (4.1) are
0 1, 2 3 4)
o 2 4 1,3
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tho Jatter being oblained from the former multiplying Ly 2. Writing them verti-
cally (us shown bLelow in blocks) and genernting tho other columns by addition of the
cloments of GF(5) us indicated in (4.3) wo obtain tho 10 columns
0]1234{0j123¢4
112340

©

3401
23401)4f0123
3l4012(1(2340

[4jorz3f3f{4012

which is (10, 5, 6, 2): II. This also happens to bo (10, 5, 5, 3) : IL of strength
3, Lut & general method of constructing arrays of Typo 1I and strength 3 has to bo
investigated, Considering only tho first throo rows wo obtain (10, 3, 5, 2): I, which
hay boen used in doriving a cyclic solution to the combinalorial assignment problem
with 36 officers (Rao, 1961b).  Svmo othor applications will bo idored in o subse-
quent communication,
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