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SUMMARY. General efficiency balanced designs, introduced by Das and Ghosh (1985),
constructed by the reinforcement of balanced incomplete block designs are characterized to unify
the concept of reinforced designs and supplemented designs.

1. INTRODUOCTION

In available literature on incomplete block designs, the concept of
balanced designs has been put forth differently in different contexts. There
are, for example, balanced incomplete block (BIB) designs, variance-balanced

(VB) designs, efficiency-balanced (EB) designs and so on (cf. Calinski (1971,

1977), Calinski and Ceranka (1974), Puri and Nigam (1975), Saha (1976),
Williams (1975)). For some discussion on the practical utility of such designs,
see Clarke and Ricketts (1982). Recently, Das and Ghosh (1985) introduced
the concept of “general efficiency balanced (GEB) designs” to unify the above-
mentioned balanced designs and constructed several series of VB designs
and EB designs as subclasses of GEB designs. These constructions are based
on a technique of reinforcement, which was first defined by Das (1958) with
stress on the importance of this approach in applied field.

Consider a block design in v treatments and b blocks with replication
numbers 7y, ..., 7, and block sizes ky, ..., kp. Let N be the incidence matrix
of the design, r = (ry, ..., )", R = Diag(r,...,r), K = Diag(ky, ..., k).
Let C = R—NK-IN’ be the usual C-matrix of the design. The design will
be called general efficiency balanced (GEB) in the sense of Das and Ghosh
(1985) if for some a, sy, ..., 8, (> 0), C is of the form

C = a(S—g~1ss’), .. (1)
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where S = Diag(s;, ..., sp), § = (81, ..., ) and g = 2”!. 8. In particular, if
i=1

in (1.1) s = r, then the design will be called efficiency-balanced (EB) and if

s = 1{*D = (1, ..., 1), then the design will be called variance-balanced (VB).

Let d, be a BIB design with parameters v, b, 7, k, A, and having incidence
matrix .N;,. To avoid trivialities, we shall assume A > 0. Suppose ¢ (> 1)
treatments are added, each p (> 0) times, to each block of d,. Then = (> 0)
more blocks are taken in each of which each of the original » treatments
oceurs u, (> 0) times and each of the ¢ new treatments occurs u, (> 0) times.
The resulting design d with parameters (¢, p, n, u,, u,) (in addition to the
original parameters v, b, r, k, A) will be said to have been obtained through
a reinforcement of d,. Note that if » = 0 (in this case the resulting design

is called a supplemented design, see e.g. Calinski and Ceranka (1974), Puri,
Nigam and Narain (1977)), then automatically wu, = u, = 0; otherwise, at
least one of u, and w, is positive. Also (p, n) 5 (0, 0), for otherwise d becomes
the same as d,.

In this paper, we consider the construction of VB, EB and GEB designs
based on reinforcement of a BIB design. It is attempted to develop a unified
theory considering all possible choices of f, p, n, u; and u,. Among other
things it has been analytically shown that starting from a BIB design in »
treatments one cannot construct a VB or an EB design in (v+2) or more
treatments through reinforcement. This provides a theoretical justification
to a statement in Das and Ghosh (1985, p. 71, lines 25-28). It is, however,
seen that GEB designs with (v+2) or more treatments can be constructed in
abundance. Special attention has been given to the construction of binary

designs.
2. THE CASE (n = 0)

Consider first the situation when » = 0. Then p > 0, and the C-matrix
of the design d, obtained through reinforcement, is given by
TID 0 A ONO 7'Z7Jvt
= —(k+pt)~ 2.1
where Iy is the identity matrix of order % and Jh,,: is the A XA’ matrix with
all unity.
Theorem 2.1: If n =0, then d cannot be @ VB or an EB design.
Proof : If d is a VB design then by (2.1), A/(k+pt) = rp/(k-+pt), which
is impossible as » > A and p > 1. If 4 is an EB design then by (2.1), for

some a > 0,
AJ(k+pt) = ar[ry, rp[(k+pt) = arpbr,
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where 7, = rv+pbt. But the above yields 7> = Ab, which is impossible as
12—Ab = r(b—r)/(v—1) > 0. .. (2.2)

Theorem 2.2: (i) If n =0 and ¢t > 2, then d cannot be a GEB design.
(i) If n = 0 and t = 1, then d is always a GEB design.

Proof : (i) If d is a GEB design, then from (1.1) a little reflexion shows
that ¢ must be of the form

C—a [( ‘:)I" :It ) =gt ( :l" ) (s1, 21)) ] .. (23)

where ¢ = ws-+-tz, and 1 = J5;. Comparing the off-diagonal elements of

(2.1) with those of (2.3)
Al(k+pt) = as?fg,

rp/(k-+pt) = asz/g,
p?/(k+pt) = az?]y, e (2.4)

whence it follows that 72 = Ab, which is impossible by (2.2). This proves (i).
Note that the last relation in (2.4) can arise only when ¢ > 2.

(ii) With ¢ = 1, by (2.1),

o= (1 o )—tern (0 )
() (e 9] e

where s = A/(k+p), z = rp/(k-+p), g = vs+z, a = (vs+z)/s. The detailed
verification of (2.5) follows from elementary considerations. The proof of (ii)
follows from (1.1) and (2.5).

3. CONSTRUCTION OF VB AND EB DESIGNS (n > 0)

In the rest of the paper we shall consider the situation » > 0. Then
as noted earlier (p, u,) 7 (0, 0) and (uy, uy) # (0,0). The C-matrix of the
design d obtained through reinforcement is now given by

NN, rpdyt )
rpdy p*d

(r-Fun)I, 0

¢= ( 0 (pb+ugn)Iy )

— (1)1 (

Indyy J
— (uyv+uyt) ™t ( e vt M) (3.1)

U usndpy ugnd
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This section will deal with the construction problems for VB and EB designs.
The same problems for GEB designs will be taken up in the next section.

Theorem 3.1 : (i) If n > 0, t > 2, then d cannot be @ VB design. (ii) If
n>0,t=1, then d is a VB design if and only if

(rp—A)[(k+p) = uyn(ug—uy)/(uyv+u,).
Proof : (i) Let ¢t > 2. Ifd is VB then by (3.1),

Al(k+pt)+uin/(uw-+ust) = rp/(k+pt)-+uusn/(uv+uyt)
= p2b[(k+pt)+uln/(uv+uyt). .o (3.2)

The above follows by considering the off-diagonal elements in (3.1). Note
that the third term in (3.2) can arise only when ¢ > 2.

If p = 0, then from the second equality in (3.2), usn(u;—u,) = 0. Since
(p, up) # (0, 0), this yields u; = u,. Now, with p = 0, the first equality in
(3.2) reduces to A = 0, which is impossible.

Suppose now p > 1. Then p% > rp > A, and by (3.2),
Uy > Uy > 0. ... (3.3)

Since by (3.2), (rp—A)/(p?b—1rp) = u,/u,, it follows from (3.3) that p2—2rp-+A
< 0, which implies that p < [r+(r2—bA)¥/2]/b. This is, however, impossible
as [r+(2—bA)2]/b £ 1 and p > 1. This completes the proof of (i).

(ii) Follows trivially from the first equality in (3.2) noting that the third
term in (3.2) cannot arise when ¢ = 1.

Remark 3.1 : The designs in Sections 5.1 and 5.2 of Das and Ghosh
(1985) follow from Theorem 3.1(ii) taking p = 0, u; = 1, u, = 14A(v+1)/
(rk—A) and p > 1, u; = v(rp—A)/[n(k+Dp)], uy = O respectively.

Remark 3.2 : It is interesting to examine whether Theorem 3.1(ii) may
be employed to generate binary VB designs. In order that d is binary each
of p, u,, u, must be 0 or 1. Since (p, uy) 7~ (0, 0), (u;, us) 7~ (0, 0), one has .
the following possibilities: (A)p=u4;, =0, u,=1,(B) p=0, 4, = u, = 1,
C)p=1 uy=0 uy=1 (D) p=u, =1, =0, (B) p=u; =u,=1.
Among these under (A), (B), (C) and (E), the condition stated in Theorem
3.1(ii) cannot hold as one can easily verify. In the situation (D) the condition
reduces to n = v(r—A)/(k+1) and this has been considered in Section 5.4.2
of Das and Ghosh (1985).
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Theorem 3.2 : (i) If n > 0, ¢t > 2, then d cannot be an EB design. (i) If
n > 0,t =1, then d is an EB design if and only if

wn(pbuy—riuy) [ (wv+-uy) = [rp(r+-uyn) —A(pb+uyn)/(k-+p).

Proof : Let ¢ > 2 and if possible suppose d is an EB design. Then
considering the off-diagonal elements in (3.1) one has

Al(k4pt)Fuin/(uwtult) = a(r4um)?[ry, ... (3.4a)
7p/(k+pt)+uguan/(ww+ust) = a(r+um)(Pb-+ugn)/ry, oo (3.4b)
22[(k+pt)+uzn/(ww-+ugt) = a(pb-+uyn)?|ry, oo (3.40)

where 7y = v(r-+un)-Ht(pb+uyn). Observe that (3.4c) can arise only when
t> 2. By (3.4a,b,c),

pr(pbuy—ruy) | (k+pt) = ugn(pbuy—ruy)[(wyo+ugt), ... (3.52)
[rp(r+uin)—A(pb+uyn)]/(k+pt) = un(pbu; —ruy)/(wv+ust). ... (3.5b)
First suppose pbu, # ru,. Then by (3.5a),

l(k4-pt) = us/(uv4-ust),

which, on simplification, yields pbu; = ru,. Thus pbu, # ru, is impossible
and one must have

pbu, = ru,. ... (3.6)
Under (3.6), u;, uy > 0, for otherwise (u,, u,) = (0, 0) which is impossible.
By (3.5b), (3.6), rp(r+um) = A(pb+usn) = (Augfu;)(r+wum), and hence
7p = Au,/u,, which, together with (3.6), yields 2 = Ab; but this is impossible
by (2.2). This completes the proof of (i). The proof of (ii) is straightforward
and follows along the line of the proof of Theorem 2.2(ii).

Remark 3.3 : The designs in Sections 3.2 and 3.3 of Das and Ghosh
(1985) follow from Theorem 3.2(ii) taking p = 0, u; = 1, u, = (r—A)/A and
p > 1, uy = (r—2A)/(np), uy = 0 respectively.

Remark 3.4: It is interesting to investigate the derivation of binary
EB designs from Theorem 3.2(ii). As in Remark 3.2, the situations (A)—(E)
listed there have to be considered. It is easy to see that under (A) the condi-
tion stated in Theorem 3.2(ii) cannot hold. Under (B) the condition becomes
r = 2], and there are many choices of d, satisfying this relation. In parti-
cular, the series of BIB designs with v = b = 4143, r = k = 2142, A = [+1,
where 4/ 3 is a prime or prime power, satisfies r = 2A. Under (C) the condi-
tion reduces to n = (#2—bA)/A, and construction is possible if (r*—bA)/A is a
positive integer. This integrality condition is seen to hold for many choices
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of d, (in particular it holds for every d, with A = 1). Similarly, under (D)
the condition in Theorem 3.2(ii) becomes n = r—A, and clearly construction
is possible for every choice of d;. Finally, under (E) one obtains a simplified
form of the condition in Theorem 3.2(ii) as n = r(v+1)/(v—2k—1), and cons-
truction is possible provided r(v-+1)/(v—2k—1) is a positive integer. There
are again many choices of d, satisfying this integrality condition (e.g. some
possible choices of dy are v =6, b=15,r=5, k=2, A=1v=17b=21,
r=206, k=2 A=1; v=15 b=235, r=17, k=38, A=1; and so on).
Observe that if the integrality condition under (C) or (E) is satisfied by some
BIB design d, then the same condition is satisfied by BIB design obtained
by repeating d, several times. Das and Ghosh (1985) considered some aspects
of the situations (B) and (D) above, while the findings under (C) and (E) appear
to be new.

Theorems 2.1, 3.1(i), 3.2(i) show that it is impossible to construct a VB
or an EB design in (v+2) or more treatments through the reinforcement of a
BIB design in v treatments. These theorems also imply that the result is
fairly strong in the sense that the impossibility holds even when non-binary
designs are allowed (with values of p, u;, u, possibly greater than unity).
This provides a theoretical justification to a statement in Das and Ghosh
(1985, p. 71, lines 25-28).

4. ConstruUcTiON OF GEB DESiGNs (n > 0)

With n > 0, we shall explore in this section the situations under which
d can be a GEB design in the sense of Das and Ghosh (1985).

Theorem 4.1: (i) If n> 0, t =1, then d ts always a GEB design.
(ii) If n> 0, t > 2, then d is a GEB design if and only if
[A/(k-+pt)+uin| (uyw+ugt) [ %] (k+pi)+ugn| (uy0+ugt)]
= [rp[(k-+pt)+uusn/(uw-+ust)]?
Proof :  The proof of (i) follows along the line of proof of Theorem 2.2(ii).

The validity of (ii) is an immediate consequence of (3.1) and the following
lemma :

Lerama :  Suppose a design d in v+t treatments (v, t > 2) has a C-matriz
of the form
fl ’D—f2J'U’I) _f3J'Dt )
—fsJw Jle—fsTu
where fi, far f1 5 > 0, and obviously f, = foo-+fst, f=fsv+fst. Then d is a
GEB design if and only if fofs = f2.
B 3-12

o~
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The proof of the lemma follows from (1.1) and the details are omitted here.

Remark 4.1 : Theorems 2.2(ii) and 4.1(i) show that if a single new treat-
ment is added then the reinforcement of a BIB design always leads to a GEB
design. If further the condition in Theorem 3.1(ii) or that in Theorem 3.2(ii)
holds then this GEB design is actually a VB or an EB design.

Remark 4.2 : For n > 0, ¢t > 2, as before we shall give special attention
to the construction of binary GEB designs considering the situations (A)-(E)
listed in Remark 3.2. Under (A) or (B) it may be seen that the condition
stated in Theorem 4.1(ii) can never be realized. Under (C), (D) or (E) this
condition reduces to

n = (r2—bA)[[A(k-+1)], . (41
n = (r—_A)/(k41), .. (42)
or n = (r2—bA)(v+1)/[(b—2r-+A)(k-+-1)], o (43)

respectively and for a fixed ¢ and a fixed d, construction is possible whenever
the right-hand number in one of the above is a positive integer. These
integrality conditions are seen to hold in a large number of cases. For
example, the right-hand member of (4.1) is a positive integer if ¢ = s, v = 2,
b=s"4s, r=s+1, k=s, A=1, s being an odd prime or prime power.
Similarly, the integrality condition (4.2) holds if, in particular, ¢ = 3(I—1),
v =643, b = (3l41)2I1+1), r =3l+1, k=3, A =1, where [(> 2) is an
integer. Some examples where the right-hand member of (4.3) is a positive
integerare : f =4, v =4, 0=6,r=3, k=2, A=1t=21,v=9,b=12,
r=4,k=3,A=1;1=10,v=8,b=14,r="7, k=4, A = 3, and so on.
Numerous further examples may be given (see e.g. Raghavarao (1971, Ch. 5))
where the right-hand members of (4.1)-(4.3) are positve integers. Also if
for some ¢ and for some BIB design d, the right-hand member of (4.1), (4.2)
or (4.3) is a positive integer, then the same holds for the same ¢ and a BIB
design obtained by repeating d, several times. Thus starting from a BIB
design with » treatments although one cannot obtain through reinforcement
a VB or an EB design in (v+42) or more treatments, GEB designs in (v+2)
or more treatments can be constructed in abundance and this is true even if
one restricts only to binary GEB designs. This shows that reinforcement
is a very powerful tool in the construction of GEB designs.

Acknowledgement. The second author is thankful to the Indian National
Science Academy and the Japan Society for the Promotion of Science for
grants that enabled him to carry out the work at the Hiroshima University.



GENERAL BALANCED DESIGNS THROUGH REINFORCEMENT »387

REFERENCES
CarNskr, T. (1971) :  On some desirable patterns in block designs. Biometrics, 27, 275-292.
(1977) :  On the notion of balance in block designs. In: Recent Developments in Statis-
tics (J. R. Barra et al. ed.), 365-374, North-Holland, Amsterdam.
CariNskr, T. and CERANKA, B, (1974) :  Supplemented block designs. Biom. J., 16, 299-305.

CLARKE, (. M. and RICKETTS, S. A. (1982) : A case study in the efficiency of experimental design.
The Statistician, 31, 333-337.

Das, M. N. (1958): Reinforced incomplete block designs. J. Ind. Soc. Agr. Statist., 10, 73-77.

Das, M. N. and GrosH, D. K. (1985) : Balancing incomplete block designs. Sankhya, Ser. B,
47, 67-717.

Puri, P. D. and N1cam, A. K. (1975): A note on efficiency balanced designs. Sankhya, Ser. B,
37, 457-460.

Purr, P. D., Nicam, A. K. and Narain, P. (1977): Supplemented block designs. Sankhya,
Ser. B, 39, 189-195.

RagEAVARAO, D. (1971): Constructions and Combinatorial Problems in Design of Experiments,
John Wiley, New York.

Sama, G. M. (1976): On Calinski’s patterns in block designs. Sankhya, 88, Ser. B, 383-392,
Wirniams, E. R. (1975): Efficiency-balanced designs. Biometrika, 62, 686-689.

Paper received : October, 1985.
Revised : July, 1986.



	Contents
	[380]
	381
	382
	383
	384
	385
	386
	387

	Issue Table of Contents
	卡湫桹ā㨠周攠䥮摩慮⁊潵牮慬⁯映却慴楳瑩捳Ⱐ卥物敳⁂Ⱐ噯氮‴㠬⁎漮″ 䑥挮Ⱐㄹ㠶⤬⁰瀮′㤷ⴴ㔰
	Front Matter
	Characterisation of the Parent Distribution by Inequality Measures on Its Truncations [pp. 297-300]
	Some Discrete Distributions Involving Stirling Numbers [pp. 301-314]
	An Analysis of Diversity Using Rao's Quadratic Entropy [pp. 315-330]
	On Testing against Restricted Alternatives about the Means of Gaussian Models with Common Unknown Variance [pp. 331-341]
	An Almost Unbiased Ridge Estimator [pp. 342-346]
	Matching and Linear Regression Adjustment in Imputation and Observational Studies [pp. 347-367]
	A Simple Approach to Analysis of Certain Non-Orthogonal Data [pp. 368-372]
	Composite Generalized Cyclic Row-Column Designs [pp. 373-379]
	General Balanced Designs through Reinforcement [pp. 380-387]
	Proportional and Optimum Allocation in Two-Stage Sampling [pp. 388-391]
	A Note on Asymptotic Solution to Bayesian Three-Decision Plan by Attributes [pp. 392-400]
	A Stochastic Approximation Algorithm for a Class of Nonlinear Dynamical Econometric System [pp. 401-426]
	A Class of Hyperbolic Lorenz Curves [pp. 427-436]
	Notes
	Another Look at the Efficiency and Partially-Efficiency-Balanced Designs [pp. 437-438]
	䕦晥捴猠潦⁎潮湯牭慬楴礠潮⁘̄⁃桡牴猺⁓楮杬攠䅳獩杮慢汥⁃慵獥⁍潤敬⁛灰⸠㐳㤭㐴㑝

	Corrigendum: On the Estimation of the Biological Parameters of the Human Reproductive Process from the Data of the Time of Live Births [p. 445-445]
	Publications Received: 1985-86 [pp. 448-449]
	Back Matter





