ON THE EXISTENCE OF TREES WITH GIVEN DEGREES

By V. V. MENON
Indian Statistical Institute
SUMMARY. A necomary and sufficient condition for the oxistence of nn oriented treo with

given domi-degrees has been given. As a corollary, the problem of oxistence of sn unoriented treo
with givon degrees has bocn solved. Finully, algorithms for the construction of such trecs aro obtained.

1. IxTRODUOTION

Preliminary notions : In the following, by & graph we mean a sot X of elomonts
callod vortices, and a sot I of pairs of clomenta from X.

An oriented graph is a graph in which the membors of [' are ordered pairs
of vertices. 1f (z;, %)) is such a pair, we say that It is an arc directed from z; to z,
and call ; and z; as the initial and terminal vertices, respoctivoly, of tho are. Thoy
togothor constitute tho end-vortices of the aro.

Definition 1: The demi-degrees of the vertex z; is the pair (d},d;), where
df is the numbor of ares whosa initial vertox is z;, and di is the numbor of arcs whosoe
torminal vertox is ;.

Tho pairs (d}, df), $ = 1,2, ..., n, constitute the domi-degrees of the graph
with n vertices z;, i = 1, ..., n, where (df, dr) stands for tho domi-degroos of z;.

On tho othor band, an unoriented graph is a graph where tho membors of T,
called edges, aro unordored pairs of vortices. If (z;, z;) is an edgo, 7, and z; are called
its end-vorticos.

Definition 2: The degree of the vortex z; is the number of edges which have
z; as an end-vortox,

The pumbers d;, § = 1, 2, ..., n, where d,is the degreo of the vertox z;
(i =1,...,n) constituto the dogrees of the graph.

The arcs and edges aro ropresontod respoctively as directed and undirected
lines joining tho portinont vortices. For examplo, in Figure 1(a) is given tho aro
(2, %) and in Figuro 1(b), tho odgo (z;, z)).

X x’ £ X
Fig. 1(a) Fig. 1(b)

In a graph (orionted or unorionted), a chain botween z; and z; is dofinod as a
soquonco of arca (odges) wuy, ..., ¥; such that

(i) z; is an ond vortox of u;, and z, is an ond-vortex of u,,

(i) v, has ono ond-vortox in common with u;_, and the other with u,,, for
1=23,.., k=1
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Tho graph is saic to be connocted if thoro is a chain botweon each pair of vortices.

Definition 3: An oriented (unoriented) free is an orionted {unorionted) con-
noctod graph with n vertices whoro n > 2, and n—1 ares (edges).

The problem : Tho problem wo aro concorned with is that of oxistenco of an
oriented treo with given domi-degroes, that is, of o troe whoso domi-dogroes are some
given pairs of integers.  Tho soluton is givon ns Theorom 1 bolow.

Az a corollary, one solves a related problom : that of tho oxistence of an
unoriented treo with given degrees; in athor wordy, of inding the conditions on a sot
of n integers such that thoy can bo tho degrees of a troe with n vortices (Oro, 1962).
Tho conditions appear as Thoorom 2.

Thoe main results aro stated below.

Thoorom 1: Let (a, b)), § =1, ..., n, be given pairs of non-negative integers.
A necessary and sufficient condition for the existence of an oriented Ires with n vertices
and with demi-degrees (a;, b), $ = 1, ..., n, 18 that

a+b > 1 forall i,

A »
and Ya=3Xb=n—l
-l =l
Theorem 2: Let p, § =1, ..., n, be given non-negalive inlegers. A necessary
and sufficient condition for the existence of an iented tree with n vertices and degrees

Pub=1..n, s that

py» 1 foralli,

and £ po=2n—1).
t=1

2. PROO¥S OF THEOREMS 1 AND 2

Tho nocessity of tho conditions in both tho theorems follows immediately
from the Dofinitions 1, 2 and 3 if woe note that (1) cach aro has one initial and one
tormina! vortox whilo cach edge hns two ond-vortices, and (2) in any tros, at loast
ono chain starts from a vertox z;.

It rorunins to prove tho sufficioncy of tho conditions in both tho theoroms.

(1) Sufficiency of the conditions in Theorem 1: We shall prove the rosult by
induction on n, the numbor of pairs.

Whon 7 = 2, tho conditions imply that

=1=b =0=
eithor (n) { “ ' or (b) { @ !

b=0=a, b=l=aq,

Considor tho trocs (a) =z, z, and {b) =z, 2y,
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respectivoly in thovo cages.  \Wo soo that tho domi-degroes of the tree aro (1, 0), (0, 1),
(tho samo as (a), by), (ay, 4,)) in tho cnso (a), and (0, 1), (1, 0) (tho samo as (a,, b)),
{ay, by)) in tho caso (b). Honco tho thoorem is truo for n = 2. Wo now assumo the
truth of tho thoorom for n—1 pairs.

Considor the n(n > 2) pn(u [CTR AN nlnch nhsl‘y tho conditions. Sinco
a;+b; > 1 for all 4, it follows from 2 (a,+b‘) = Ea,+E b = 2(n—1) that a;+b; > 2
for at most n—2 paire.

In othor words, a;+b; < 2 i.e., a;+b; = 1, for at lonat two pairs. \Without
loss of gonerality we can assumo (by renumbering the peirs, if necossary) that

a, < a,y and g, y+b,y =a,+b, = 1. e (1)

In the following we also make uso of tho fact that a)43; > 2 for at loast one

J» (because othorwiso cach a;+b; = 1 and )?(u;+b,) =n < 2n-1))

Consider n poiats z,, ..., z,. We shall construot an orionted troo with these
vertices and with demi-dogroes

df =g

1=12..,n
dr =¥

In view of (1), thoro are three possiblo cascs.

Case 1: (a,,5,) = (a,.1, bay) = (1,0). Since M b = n—1, it follows that
there i3 a j, such that bl. > 2. Consider tho n—1 vertices 2y, ..., Z; , -+t Zo-y COMTOS-
ponding to (n—1) pairs (a,, by), ..., (o, by, =1 ooos (Bacrs b,.,). These pairs satisfy tho
conditions of the thoorem, oa is easy to verify. Honco a tree T with thoso vortices
and demi-degrees exista by hypothesis of inducti Now idor the graph ob d
by taking the treo T augmonted by the vertex z, and the oro (z,, 2, ) [sce Fig. 2(a)).

This graph is obviously a tree with the required domi-degrees.

,° - =~ \\ , s \“
T x Loy s
\ £ " |\ i K

\ / N ’
T\\ .’ P
Fig. 2(a) Fig. 206)

Case 2: (a,,b,) = (Gpyy bo-y) = (0, 1). Since '):‘. a; = n—1, thore is a j,
such that a4 >2 Considor tho vortices z,, ..., %}, e et with the series of corres-
ponding n—1 pairs (ay, b,), ..., (@, =180 v (auy b,_,), thoso pairs satisfy tho
conditions of tho thoorom whonco a troo 7' with theso vortices and demi-degrees
oxists. If wo augmont T ns in Figuro 2(b) wo verify that the graph obtained is
indood o troo with tho roquired domi-degroos.
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Case 3: (ay b,) =(0,1); (8,1, ba-y) =(1,0). Thoro oxists a j, auch that
a‘.+b,. »2 I L) 1, considor the n—1 vortices x,, Ty ey ey with the pairy
@by s (@) =1, 8y uveey (B0 b..y)- Thoso pairs satisfy the conditions of the
thoorom. Theroforo 8 troe T’y exists with theso verlices and corresponding domi-
dogrees.  Ono verifics that the graph in Figure 3(a) is o troo with roquired domi-

degroos.,
If b,. > | we consider the n—1 verticos z;, e e Fan Ly and pairs

(@5, 8y); vuns (a,.. b,.—l). cons (Begs Bony)y (a,, 6,) and build up the tree Ty with thoso
vertices and domi~logroos, as in othor csses. The graph in Fig. 3(a) is thon the
roquired tree.

7 ~ -
’ > 27T
! /n_’\x‘ ;AT
roA ) { P T
. J 5 K
N\ ’ \ )
~en” \‘_/’

T T

Fig. 3(e) Fig. 3(b)

This proves tho thoorem.
(2) Sufficiency of the conditions for Theorem 2: Wo are given numbers
P> 1,1 €4 n,suchthat £ gy = %n—1). Consider the » pairs {a;, &), 1 i <
1

where
1 for 1< n—1
e =
0 for $=mn
and bi=p—a;, 1&iKn

Then tho pairs (a;, b,) satisfy the conditions of Theorom 1. Honce an orionted
tree with these domi-degroes oxists. Consider tho unoriented graph @ obtained from
this tree by disregarding the oriontation. It is casily verified that G is tho roquired
treo.

3. ALOORITHMS FOR CONSTRUCTING TUE TREES

Tho method of proof for Thoorem 1 suggosts a simple algorithm for construct-
ing troes with givon domi-degrocy.  For tho case of trees with givon degroos, o simplor
algorithm exists.

Algorithm 1{tree with given demi-degrees). Let tho given domi-dogrees (sabis-
l'ying tho conditions of the Thoorem 1) (a; b), 1 € § € n, bo arranged in tho

ling ordor of itudo of a;+5;. Then nocessarily a,_,+b,_y = a,+b, = L.
We tako tho vorticos as z), ..., z,

@) If (a,, b,) = (0, 1) = (8,_y, Duy), find tho largest j, with 4 > 2, Join
%, to z, by the aro (z,a, z,) and for tho noxt stago considor vertices zy, ... ¥a

with the corresponding pairs (a,, b,), o, =1 8)), v (B By
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{ii) if (a,, b,) = (1, 0) = {44y, bpy), find tho Inrgest j, with b, > 2. Join
z, to 7; Dy an aro (z,, %) and for tho noxt stago considor vertices z,, ..., z,_, with
tho pairs (a,, b)),..., (a‘.. b,a—l)...., (Bpm1s bamy)
(iii) If (a,, b,) = (0, ))and (a@,y, b,,) = (1, 0), find tho largest j, with
n,.+b,n >2 If a, > 1, draw the aro (z,.. z,) and considor for the noxt stago the

verticea 2y, ..., 2, ..., Ty togethor with the corresponding paira (a;, by), ..., (2, —1, b’o)'

wvos (Baapy Bacy)e

If &, > 1, draw the are (z..y, ;) and consider noxt tho vortices z,,..., 2,
veey Taugs 2o With tho pairs (a;, b)), ..., (a,., b,q—l), veer (Bacgs bag)s (300 0,).

(iv) If (a,, ) = (1, 0) and (a,_y, b,—,) = (0, 1) apply (iii) with n and n—1
interchanged.

At cach stago, in this mannor, wo go on roducing the number of pairs and
Za, b, each by unity.

Wae go on doing this for n—1 stages, in cach of which an aroin the tree is doter-
mined, and we will obtain the required tree.

Algorithm 2 (lree with given degrees). Lot the required degrocg bo py, 1 i< A,
(which satisfy the conditions in Thoorom 2). Wa renumber them so that py, ..., p.
is a non-asconding sequonce. Considor vertices z;,...,z,. We correspond z; to
Pl <& n Womust have p,_, =p,=1. Take tho largest j such that p, # 1
and join z, to z; by an edgo. Consider next the n—1 vertices ), ..., Zjy .oy Zoey
and the corresponding numbors py, ..., py—1, ..., pay. Apply the above procedure
to theso in the noxt stage.

In n—1 stages wo obtain & tree in this mannor.

4. ExawurLes
Ezample 1: Suppose we aro given tho pairs (1, 0), (0, 1), {1, 1), (2, 1), (0. 1),
satisfying tho conditions of the Thoorom 1, and wo want to construct a troo with these
domi-degroes.  First we rearrange thom and obtain (2, 1), (1, 1), (0, 1), (1, 0), (0, 1).
Assumo tho corresponding vortices to be z,, zy, 7y, z,, 5. Tho following table shows
the application of the algorithm.
TABLE 1. ALGORITIIM 1 APPLIED TO ENAMPLE 1

atage paire availoblo nt stage §
‘ﬁ 1 2 3 4 5 :':d‘:’hd:dlvili‘h'b s .‘::fhoc:‘
1 (2.1 one ©.) 09 (@ A N iy i._}.
2 ans o e poe & % a h
3 {2.0)* t0.1)* (0.1)° n'_*:-'_;l
¢ o o e’

Note : Tho natorisks show ho pairs actually rolevant to corrospanding stago of the algorithm,
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Tho arcs of the troo are, thorefore, (z;, Zy), (21, Z3), (%3, %) and (z,, 2,), 88 in
Figure 4.

Ly x,

Xy

x‘l
Fig. 4
Ezample 2: Lot tho required degrees be 1,2, 1,1, 3.
Wo first rearrango thom as 3, 2, 1, 1, 1. Take verticos z,, xy, xy, 7,, 7,
The following tablo shows tho relovant procedure.

TABLE 2. ALGORITIIM 2 APPLIED TO EXAMPLE 2

ll.:go . p:in nni].n:lb at ILA‘(;B ] - mo.zdxﬁm;m

1 : PO 1o n & B &k
2 » 1 1o 4 & a n

3 2¢ 1 1* S"A_:_;l

4 1* 1¢ i,’—_—;;

Note : Asloriska show the numbors rolovant to the ding stage of the

Thus the treo has the odgos (x,, 2,), (), 73), (2, 2,) and (zy, Z4) as in Figure 5.

Zy Xy
x
y
X
Xy
Fig. &
REFERRNCE
One, 0.(1002):  Theory of Graphs, Amori ical Sodioty Colloqui blications, 38, Chapter
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